
Claim If En ; n21] requence

of iid Cauchy r. v.
then

P
En 41 z

But
En

,
In u Cauchy

En Y
Density

f(x)=+(1+x)



Cauchy random variable (1)
Notation:

Cauchy(ω), with ω → R

State space:

R

Density:

f (x) =
1

ε

1

1 + (x ↑ ω)2

Expected value and variance:

Not defined (divergent integrals)!
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Fact If Xv Cauchy , XEL1 :

E[x]= if - noro

divergent

Recall xEL'(r) Elki] <o

Here g(xi
ELIX1] = 160xc =

It(2

Riemann's rule. If ato we have

glasvi ,
then jo glance

↓ it < >
fim g( = 1

x+0x
=x



Cauchy random variable (2)

Use 1: Trigonometric function of a uniform r.v

Namely if

X → U([↑ω
2
, ω

2
])

Y = tan(X )

Then Y → Cauchy ↓ Cauchy(0)

Use 2:

Typical example of r.v with no mean
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check at home
↑

(not in L'CR)



Example: beam (1)

Experiment:

Narrow-beam flashlight spun around its center

Center located a unit distance from the x -axis

X = point at which the beam intersects the x -axis

when the flashlight has stopped spinning
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X= Van (0/

If OvU([*])
When ~ Cauchy



Characteristic function of X-Cauchy

Define Iti = Electx]

Here
= cos(tx)+ is in (tx)

P(t) = Sin e c

Method to compute I
> Residues



(E)= Such

Set gelz) =

eitz
+(+ zz)

gi has 2 poles : z = 1 i

Natural contour :
Rule : If (9(z)1_IZIP
with P > 1

,~ then

-R
7

i tim /get.
Ifo, Igezilz2Er
=> lima (c9e(z) =0



Thus &(t) > for >o
=

lim /gt(x)ck = ZiRes (ge ,
i)

R->g

= Ci lim (i) ge(z) = C
- E

z-> 2

9 (z) =Cittettis
limigm

eith
Tz+ i)

= e
- t

2it



For <O
,

we get

& (t) = et

conclusion : if xv Cauchy

Plt)= e-



Example: beam (2)

Model:

We assume ω → U([↑ω
2
, ω

2
])

We have X → tan(ω)

Conclusion:

X → Cauchy
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Example with no WLLN

We consider

{Xn; n ↓ 1} sequence of i.i.d random variables

Sn =
∑n

i=1
Xi and X̄n =

1

nSn

X1 → Cauchy

Then

X̄n
(d)↑↔ Cauchy, but X̄n does not converge in P

Proposition 19.
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umb : This an example of X. KL' , for which LIN

is far from being satisfied



Char· function of In

Pu(t) = EleitEn] =
Ele]

#Ele** ]
= e-

= 2
- 1

This is the char
. function of Cauchy.

Thus En Cauchy In

=> In " Caucky



Why don't we have Ens ?

For this we have seen In t u iff
either

1 n(K, 1>n) < 0 + other condition

Here iP(1x, 1 >n) =2 its che
T

= /de d = t
Thus nP((, 1 >n)> 0



2 P(t) is differentiable ato
and d'(0) = iM

Here Plt) = e-
1)

,
not

differentiable at o

Thus

In



Next StepProve that

x, e('(2)=nu = E[x,
]

strategy : We already know

* EL"(r) = En e
We will thus truncate the Xj's
and thenrake limits



Truncation
.
Assume Xj?0 . Then

S

define Here truncation depends

Y = Xn 1n <)
on u

Fact .
Set

An = (Xn + Yu)

Then True if [PAnI
by B-C

#) An occurs i-0)
1

= P) limsup An) = 0



Here

An)= P(Xzn)
id(X,n)
163E[X] Ko

Conclusion

P(Xn + Yni .0) = 0


