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Let

General definition

@ (X,Y) couple of discrete random variables

e Joint pmf p = pm( aﬁ x

e Marginal pmf's px, py 74 X=X, Y=y ): P(’r“ﬂ)
°

y such that py(y) >0 ﬁ?(y:a ) Py (y)
/)

Then the conditional pmf of X giyen Y = y is defined by

_p(x Ly = = PXY)
pX\Y(X|y)_P(X_ |Y_y)_ PY(}/)
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Example ctd: tossing 3 coins (1)

Q: ALB?
Experiment: 'ﬁt’ n cowy , A KB unty n=3
Tossing a coin 3 times

Events: We consider

A = "At most one Head"
B = "At least one Head and one Tail"

Random variables: Set

Xl - 1A7 X2 - ]-Ba X = (X17X2)

Natqrol Sa.m_p(e Jpae - = (h, 633
Vrofn.bc(éhj: Uud{wm an X
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Example ctd: tossing 3 coins (2)

Joint distribution of (X, X5):

X1\X2 0 1 Marg. X]_
0 1/8(3/8 1/2
1 1/813/8 1/2
Marg. X; [1/4[3/4 | 1

Conditional probabilities given X; = 0:

18 _

1
4a

PX2|X1(1| O)

Conditional probabilities given X, = 1:

3/8

PX1|X2(0‘ ) 3/4

1
27

PX1|X2(1| 1)
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Conditioning Poisson random variables

,—{Proposition 2.}
Let
@ X ~P(A1), Y ~P(X\)
e X 1Y

_ A\
®P=x

Then

L(X|X+Y = n)=Bin(n, p)
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Am: Compule tee wrditionl pm/

Ovteny (£ 1) = P(X=b | Xsy=n)
A x=k , Xt¥=n)
W(X+Y=Vl)
ﬂ?( X:k, \/: YZ'L)
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L Ax=k) PC¥=nlk)
WX+ Y=n)
Neall : X+ Yo CA+L)
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we. hue bloaved

Wz omd of a Bunln, p)
px“‘**’&w (or dosbrbubion )

= [L(X X v=n)= Bin(n,p)
(vdenkily tetween & proubilily
meaures )




Proof (1)

Expression for the conditional probabilities:
Let 0 < k < n. Then invoking X 1L Y,

P(X=kKP(Y=n—k)
P(X+Y =n)

P(X=klX+Y=n)=

Law of X + Y: One can prove that

X+Y ~PL+ A)

Samy T. Conditional expectation Probability Theory 9/88



Proof (2)

Computation of the conditional probabilities:
P(X=kl|X+Y =n)

_)\1)\_’1(6_)\2 )\gik e—(AH—)\z) ()\1 + )\2),1
k! (n — k)! nl

= (Z) pra—p)

Conclusion:

=€

L(X|X+Y = n)=Bin(n, p)
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Cond. expectation in the discrete case

— Definition 3. \

Let

(X, Y) couple of discrete random variables
Joint pmf p

Marginal pmf’s px, py, y such that py(y) >0
px|y (x| y) conditional distribution

Then the conditional exp. of X given Y = y is defined by

E[X|Y =y] :ZXPX\Y(XW)

xe€

Samy T. Conditional expectation Probability Theory 11/88



Then L(X | xty=n)= P (n,p)
= |E(X| X+Y=-n3= np
= t:ZO k. Wxzk| Xxt¥=n)




Binomial example (1)

Situation: Let
e X,Y ~ Bin(n,p)
e X 1LY
e /=X+Y

Problem: We wish to compute

E[X|Z = m]
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Binomial example (2) ’

Distribution for Z:

n n

Z=> Xi+>_Y;~Bin(2n,p)

i=1 j=1

Computation for conditional pmf: For k < min(n, m) we have

PX=k X+Y=

P(Z=m)
_ P(X=k Y=m—k)
B P(Z =m)

(D))
()
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Hypergeometric random variable (1)

Use: Consider the experiment
@ Urn containing N balls
e m white balls, N — m black balls
@ Sample of size n is drawn without replacement
@ Set X = # white balls drawn

Then
X ~ HypG(n, N, m)
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Hypergeometric random variable (2)
Notation:

X ~ HypG(n,N,m), for Ne N*, mn<N
State space:
{0,...,n}
Pmf: .
P(X:k):<k)(”‘k) 0<k<n

O

Expected value and variance: Set p = 5. Then

ElX] = o, Var(X) =1 p) (1)
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Binomial example (3)

Conditional pmf: For k < min(n, m) we have seen

px|z(k| m) = %
Recall: If V ~ HypG(n, N, m) then
P(X = k) = %
" E(X)E=m])= mx %L

Identification of the conditional pmf: We have =m
7 2

px|z(k| m) = Pmf of HypG(m, 2n, n)

Samy T. Conditional expectation Probability Theory 16 /88



Binomial example (4)

Conditional expectation: Let V ~ HypG(2n:, n). Then
m Z2an
E[X|Z = m] = E[V]

Numerical value:
According to the values for hypergeometric distributions,
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Outline

@ Definition

@ Baby conditional distributions: continuous case
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General definition

— Definition 4. | \
Let
@ (X, Y) couple of continuous random variables

@ Joint density f
@ Marginal densities fx, fy
e y such that fy(y) >0

Then the conditional density of X given Y = y is defined by

f(x,y)
fy(y)

fxiy(xly) =
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Justification of the definition

Heuristics: fx|y(x|y) can be interpreted as

f(x,y) dxdy

fy(y) dy
P(x<X<x+dx,y<Y <y+dy)

fxv (x| y) dx

P(y <Y <y+dy)
= P(x<X<x+dx|ly<Y<y+dy)

Use of the conditional probability: compute probabilities like
P(XEAlY=y)= /A v (x| y) dx

Rigorous definition: see next sections
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