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Simple example of continuous conditioning (1)

e vre v

Density: Let (X, Y) be a random vector with density
Question: Compute

(0,00 (%) L(0,00)(¥)

(=» x20

V> o a-J)
PIX>1|Y =y)= £04, 00 )y]
o0
= J, ffxly(l—/g) dx



Marginal for Y : Take y >0
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Simple example of continuous conditioning (2)

Marginal distribution of Y: We have
fr(y) =

-y 00 x
= </o e dX> Lio,00)(¥)
= e’ 1(0,00) (.y)

f(x,y)dx

k‘mﬁ

Conditional density: For y > 0 we have

fxiy(x]y) =

Namely L(X|Y =y) = 5(%)
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Simple example of continuous conditioning (3)

Conditional probability:

PX>1Y=y) = /1 v (x| y) dx
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Cond. expectation in the continuous case

—~ Definition 5.

Let

(X, Y) couple of continuous random variables
Joint density f

Marginal densities fx, fy, y such that fy(y) > 0
fx|v(x| y) conditional density

Then the conditional exp. of X given Y = y is defined by

E[X|Y =y] :'/H%XfX\Y(X“/)dX
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Example of continuous conditional expectation (1)

Density: Let (X, Y) be a random vector with density

X

e vre v

1(0,00)(x) L(0,00)(¥)

Question: Compute
EX]Y =y]
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Example of continuous conditional expectation (2)

Conditional density: For y > 0 we have seen that

fxy(xly) = ff(:(;/y)) = eyy 1(0,00) (%)

Namely L(X|Y =y) = 5(%)
Conditional expectation: We have

EX|]Y=y] = fo|y(x]y) dx

T

X
o0 e v

= X
y
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Outline

@ Definition

@ Definition with measure theory

o = = £ DA
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Formal definition

— Definition 6. | \
We are given a probability space (2,(Fo, P) and

@ A o-algebra F C Fo.

e X € Fy such that E[|X]] < oc.
Conditional expectation of X given F: _

E(xIF)=
@ Denoted by E[X|F] XIF)2Y
o Defined by: E[X|F] is the L}(Q2) r.v Y such that

(i) Y eF.
(ii) For all A€ F, we have

E[X14] = E[Y1,],

or otherwise stated [, X dP = [, Y dP.

\.
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Remarks

Notation: We use the notation Y € F to say that a random variable
Y is F-measurable.

Interpretation: More intuitively
@ F represents a given information
@ Y is the best prediction of X given the information in F.

Existence and uniqueness:
To be seen after the examples.
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Outline

© Examples
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Easy examples (1)

Example 1: Assume

Then

XeF

E[X|F] = X

o = = £ DA
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Independence of a r.v and a o-field

—~ Definition 7. \

We say that X Il F if
— for all A€ F and B € B(R), we have

P((X € B)N A) = P(X € B)P(A),

or otherwise stated:

X 1 1,4
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Easy examples (2)

Example 2: Assume

Then

X 1 F.

E[X|F] = E[X]

o = = £ DA
Samy T. Conditional expectation



Proof: example 2

We have
(i) E[X] € F since E[X] is a constant.
(i) If Ae F,

E[X 1] = E[X] E[14] = E[E[X] 14.
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Discrete conditional expectation

Example 3: We consider
° {Qj;j > 1} partition of Q such that P(€;) > 0 for all j > 1.
o F=0(Qj>1).

Then EIX 1o
ElXIA] = 3 g

Jj=1

1QJ' =Y. (1)
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Elx4dz:]
Yz S B Ay By- ,p(ﬂa,%‘
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ElY 45,8 = EL (2 B 4e; ) 42,3
= E[ B. 13,7}
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= E( X 42,

= () proed
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Proof: example 3

Strategy: Verify (i) and (ii) for the random variable Y.

(i) Forall j > 1, we have 1, € F. Thus, for any sequence (a;);>1,

ZO&,‘].QJ. e F.

>1
(i) It is enough to verify (1) for A = Q, and n > 1 fixed. However,

E[Xlo], | _E[Xla]
P(2,) "}_ P(2,)

E[Y 1] = E{ Ello,] = E[X1p].
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Undergrad conditional probability

Definition: For a generic measurable set A € F, we set
P(A|F) = E[14]F]

Discrete example setting:
Let B, B¢ be a partition of €2, and A € Fy. Then

@ F=0(B)={Q0,B B}

@ We have
P(A|F) =P(AB)1g + P(A|B) 1.
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