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Dice throwing
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Example: We consider 4

o Q= {1,2,3,4,5,6}, A= {4}, B ="even number".
Then 1
P(AIF) = ; 1a.

Conditional expectation
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Conditioning a r.v by another r.v

— Definition 8. \
Let
@ X random variable such that X € L}(Q)

@ Y random variable

We set
E[X|Y] = E[X|o(Y)].

a¥)= A Y (R) BEBIMY
= smalless - algebva whichk mohes ¥ meauraste
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Characterizing o(Y)

How to know if A€ o(Y):  {ar BE ELIND
We have A € o(Y) iff 77

A= {w; Y(w) € B}, or 1,=15(Y)

How to know if Z € o(Y):
Let Z and Y be two random variables. Then

Zeco(Y) iffwecanwrite Z=U(Y), with U e B(R).

Mole: U: R—MN 0 a geneycic mecurab@
{uudcm
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Conditioning a r.v by a discrete r.v
aly) 1 deneraled by 4% 321y where 2= (Y= y; )

Example 4: Whenever X and Y are discrete random variables
— Computation of E[X|Y] can be handled as in example 3.
- Typical eampleof £: € = {1,-,65
More specifically: {0, n)
@ Assume Y € E with E = {y;; i > 1} N
@ Hypothesis: P(Y =y;) > 0 for all i > 1.

Then E[X|Y] = h(Y) with h: E — R defined by:

h(y) = Ep[)(<yl (:Yyy))].

rv. X: 2 —E
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Y=y

We. check

(c) |z =4(Y) € a(Y)
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Conditioning a r.v by a continuous r.v

Example 5: Let (X, Y) couple of real random variables with
measurable density f : R2—R,. We assume that

/ f(x,y)dx >0, forallycRR.
R

Let g : R — R a measurable function such that g(X) € L}(Q2). Then
E[g(X)|Y] = h(Y), with h: R — R defined by:

_ Jrg(xX)f(x,y)dx
") = Fxy)ae
= E[fj(x)l )/:3] {Vom &Lf}j c:.'ndd/?.'om'hg
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Heuristic proof

Formally one can use a conditional density:

v ZPX=xY=y)  f(xy)
PX=xY =)= P(Y=y)  [f(x,y)dx’

Integrating against this density we get:

Elg(X)|Y =y = [g(X)P(X =x|Y =) dx
J &(x)f(x,y)dx

Jf(x, y)dx
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Rigorous proof
Strategy: Check (i) and (ii) in the definition for the r.v h(Y).

(i) If h € B(R), we have seen that h(Y) € o(Y).
(i) Let A€ o(Y) Then

A={w Y(w)eB} = 14=15Y)
Thus

E[h(Y)1a] = E[h(Y)15(Y)]
= //h(y)fx y)dxdy

- Lo [ s

= [ dy [ e2)f(z,y)dz= Elg(X)15(Y)]
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