Aim : T4 x €L'(w) , ¢ o-algebra

exiente + |unquenes) a{ ECxIE?
L> oroved

Tool: Consider w << . Then
3 4 20, meawrabl uch
Hig /_{or all o € ®,

plg) = u(fq)
(In porticular (44 ) = w (4 4,))



Conditional expectation: existence

,—{Proposition 12.}
On the probability space (€2, Fo, P) consider
o A o-algebra F C Fy.
e X € Fy such that E[|X]] < oo.

fofiey 7
Then the random variable dfIHey ——
A L) E(xiF]EL

EXIF1 (i) €Ty 4, ]

exists and is uniquely defined. VA Z gé x 443

\
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Praof

(1) efoe a mewure v on (R, )
by e ffmg

D(A) = Elx 4,1 |, VAEF
Cluim: v 0 a meawure ,i-e
v(@)=0 _ dajon union
L OAD) = 5 LilA)
vA) 20 ¥ AER



Here (a) and (c) ave clear.
Morearer vf A's are dis ok

p(JA) = Elx 474 ]



Reall - w(A) = ECX 447

Take  wu=P. u 0 a pbbilly
on (,6&), tuwraloor Q,F)
We com wrle lA) = EC 447
Questit - To we hwe [p << o 7
T4 w(A1=0, then 4y -O a..
= X 44 =0 a.. Yes !
= LW(A) = Elx44T:-0




Padon -Nybodym :  Stnce << p |
FVer yT ¥ AEF

U(dA) = E[YJAI
Thay and dJor all A€
EL X A, = &7 v 4,7

Conclwsion: Y= EZ x( F]




Proof of existence

Hypothesis: We have
o A o-algebra F C Fy.
e X € Fy such that E[|X]|] < oo.
e X >0.

Defining two measures: we set
© 1 = P, measure on (Q,F).
Q@ v(A)=E[X1,4] = [, XdP.
Then v is a measure (owing to Beppo-Levi).
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Proof of existence (2)

Absolute continuity: we have

P(A)=0=1,=0 P-as.
= X1,=0 P-as.
=v(A)=0

Thus v < P
Conclusion: invoking Radon-Nykodym, there exists f € F such that,

for all A€ F, we have v(A) = [, f dP.
— We set f = E[X]|F].
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Outline

@ Conditional expectation: properties

=] & = E DA
Samy T. Conditional expectation



Linearity, expectation

,—[Proposition 13.] \
Let X € LY(Q). Then  shill . rov.

~~
E{E[X|F]} = E[X].

\ J

,—[Proposition 14.]
Let « € R, and X, Y € L}(Q2). Then

E[aX + Y|F] = « E[X|F] + E[Y|F] as.
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?rw{ o'f (L’ﬂamfg. Sel
2= L E(XIF)+ ELVIF)
We want fo prore  (c) and (cc) {or2
ZE€ G |, wne
E(xIF)E &, E(¥YIFlerF

and 2 0 a Lnear combiakin of
fhe Two.



2= L E(XIF)+ ELYIFD
Take A E€ F. Then
El 2 447 ., rv.
= €4« ETX(6)s ECvi€] ) 4,
E lipenr 1 E{ E(x181 4, + &{EEFILY
D o Bl x AN €T Y A,T
by BT xry) 441

= vercdeed



Troof Har EE(x €)Y = FLX)
¥

We have Hol ¥ 4 EF,
E(LY 4,3 = ECXx 4,73
In prhewlar, L e F We ger
FL Y 433 = &L x 4,73
= ElY) = EL X3



Proof

Strategy: Check (i) and (ii) in the definition for the r.v
Z = o E[X|F] + E[Y|F].

Verification: we have
(i) Z is a linear combination of E[X|F] and E[Y|F]
—ZeF.
(i) For all A€ F, we have

E[Z1s] = E{(aE[X|F]+E[Y|F])1af
= aE{E[X|F]1a} + E{E[Y|F]1a}
= aE[X14] + E[Y 14]
E[(aX + Y)14].
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Monotonicity

,—[Proposition 15.] \
Let X, Y € L1(Q) such that X < Y almost surely. We have

E[X|F] < E[Y|F],

almost surely.

\ J

Proof: Along the same lines as proof of uniqueness for the
conditional expectation.For instance if we set

A. = {E[X|F] — E[Y|F] > £ > 0},
then it is readily checked that
P(A.) =0.
Probability Theory 6191



Yol Tabe X <Y . we wan/
o prore ot

E(XIF) € ELY IF]
IO enough o proe Hob Ve >0,
1J

Ae- (EIxIF)- ECVIF] 2 e ),
Hien
PCAs) =0



Ac- (BIxiF)- (Y] 2 ) EF

We  have
£ Plh) s E{(ELxIFI-ECYIE] ) g,
Lm:n’fs"(- €L IF] E< ElGe-y) 1€ ’1& 3
= &L &-v)A44]

Thus & A ) <O




Monotone convergence

,—[Proposition 16.}

Let {X,; n > 1} be a sequence of random variables such that
°© X, 20 7 Xowe 2 X Q). and X—¥ a.).

° aImost surely
e E[X] < .
Then

E[X,|F] 7 E[X|F]. a-s.
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Recaall: X, 7 Xa.s. we et
Ya= X- X . We have Ya O a..

Set Z2n= ECYa IFY . we
have.

() Xuwe &[- €)Y 0 monokre
and 7S , we have

2n ( Znw €2 Q- )
(ic) Ya=20 = (Y F] =20
Th.u) 3 ioo )h 24_ \> &,o




mmary © Yoz X- X
2‘«1,5 E[ %‘@]
20 ™ %,o a.l.
2w =20 a..

We woh b prove : 2= O

Bmk: T4 2, 20, . order b
ve H'Ia.f' 2o =O 1t
O enough fo prove £ 2,7-0

However & 2,3 = &{ Fl{¥%(F1)
= EL Yal

T oddchim , Y% NO = E(MI SO




We. have cbhuned

Bl 2.3 » O
T addckon,

2o N 25 A
=> El2,) > E(2.]
Thas

El20] =0 = 3, = O a..
= |Begp- lev /_ﬂ.w\ &(- lGr-S_l




Proof

Strategy: Set Y, = X — X,,. We are reduced to show
Z, = E[Y,|F] \/ 0.

Existence of a limit: n— Y, is decreasing, and Y, > 0
— Z, is decreasing and Z, > 0.
— Z, admits a limit a.s, denoted by Z.

Aim: Show that Z,, = 0.
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Proof (2)

Expectation of Z..: we will show that E[Z.,] = 0. Indeed
@ X, converges a.s. to X.
e 0< X, < XelQ).
Thus, by dominated convergence, E[X,] — E[X].
We deduce:
e E[Y,] =0
@ Since E[Y,] = E[Z,], we also have E[Z,] — 0.
@ By monotone convergence, we have E[Z,] — E[Z.]
This yields E[Z,] = 0.

Conclusion: Z,, > 0 and E[Z,] =0
— Z, = 0 almost surely.
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