Probability space

Probability space: (€2, F,P) with
o (2 set

e F a o-algebra

@ P probability measure

=] =) = £ 9OHQC
Samy T. Convergence of r.v



Complete probability space
Tdea: Ay del which has “P(A) =0" s declared
—  meanyubk, > Hat P(A) can fe compu/"ed

Hypothesis: We assume that P is complete, i.e we don’l brow Flo)

— BErF
A € F such that P(A) =0, and BC A

=
B e Fand P(B) =0.

Remark: A probability can always be completed
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Simple examples (1)

Tossing 2 dice:
e Q=1{1,2,3456}

o F=7P(Q)
o P(4) =4l

Uniform distribution on [0, 1]:
o Q=[0,1]
e F =B([0,1])

o P =)\, Lebesgue measure
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Simple examples (2)

Hrobubility gien by W (u, 72)

Gaussian law on R: 4 WCHt denschy | - &l
°e Q=R /("’C%z)é e °
o F=B(R)

X7“2
o P(A) = o I e % dx for A F
Erez Jt
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Pmk  ITu He > eonpls we how
seen,  He  notual 2 woeo
ynple eneugh ( 41.6% 00 M)

Grenerall abing, 2 can be e
amplicated medng d o ouzm:cq{redr.Ej

Example : for eweriment gien by volling

e ce ,we hae |t
R= 4, 68 . Huever, 2 yhould

=4 pth of & died roled



N _
'Typlcal example for this course
o9
[P: 4)€QU~£WC€J(U4,)M, /~ é lan,IF <00.5

,—{Proposition 1.} \
Let Q = ¢P with p € (1,00). We set:

1/p
d(u,v) = (Z|un—vn|p> :

n>1

Then € is a complete metric separable space.

\ J

(ome(’ef‘ei 14 U Cauchy jequece it Ll Ve
U" >0 and U € £F

sepurable: 3} U n21y dewe ve £°
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Random variables

~ Definition 2. \

Let
e (2, F,P) complete probability space
@ A function X : Q - R

Then

X is said to be a random variable if X is measurable
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Tl T{ X @F) —@BR) we x
_-grhal’ f X 0 meaxu’aife(. i /

¥ AE B(M) )
X'(A) e &
Jwel; Xlw)eAl

Rk Unmally we wrie R xeA)
mlead of T we uweed Mk be 0/:{ G

71 we

PxeA): P(lwel, X(w) EAS ) vent
rhe  probublily (o moke Jenme



Tmbk  QRelokd b He nokim of mewure-
bllry, we have

. Xmple vandom varabes
L7(R) paces
Tlonokme  corvergence

minated converdence



Independence (1)
Hop: 3 & caunlable

Independence of r.v: Let (X)jey r.vin R".
Those r.v are said to be independent if for all m > 2:

o Forevery ji,...,.jm € J, the rv (X,..., X;,) are 1L

@ Otherwise stated: for all Ay,..., A, € B(R") we have

P(Xj, € A1,.... X, € An) = [[ P (X, € Ax)

k=1
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Independence (2)
4 BEe G, Hen Be

~
Independence of o-algebras: Let (F;);cs o-algebras, F; C F.
Those o-algebras are said to be independent if for all m > 2:

e Forall ji,...,jm € J, the o-algebras (Fj,, ..., F;,) are 1L

o Otherwise stated: for all By € Fj,, ..., B, € Fj, we have
P(ﬂ&):HPwo
k=1 k=1

\/
The T should be A
a  eveqh
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m-systems and A\-systems

m-system: Let P family of subsets of 2. P is a m-system if:

ABeP — ANBegP

A-system: Let £ family of subsets of Q2. L is a A-system if:
Q Qe In_applicahony:
@ fAcL thnAccr () I 0 a fomly ofeh
. ) WhCCh MM#(,‘&) oL “/lC'CC 4
© If for j > 1 we have: pI’OFCVfg

S Al o) @ ler st
I L a Jmolker J
> ANA =Dt £ : whech Hee prdferl’yalg
Then szlAj eL Cw )"o Vove
Game: exleud Hee property from
P b L
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Dynkin's -\ lemma

,—{Proposition 3.}
Let P et L such that:
@ P is a m-system

@ L is a A-system
e PCL
Then o(P) C L

Z
R

T(P)z 0- algebn geveraled by @
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Samy T. Convergence of r.v

Application of Dynkin's -\ lemma

I volab. meaure o ™ whock o He
Mg Do p d’;rnﬁﬂm’ww&wuﬁ >
L e(A) = PLXEA)
)

,—[ Proposition

Let:
e Xi,.../X, r.v with values in R™.
o X =[Xq,...,X,) € R™*",

Then the two following assertions are equivalent:

Q@ Xi,..., X, are independent
Q iix = px, ® - ® pux, on B(R™")
\

\.

The baw of X > the produch of He waryiral luw) J

Probability Theory
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Def lek p v te meawres o B”
Then pwouv O o meaure o
R » R uch Pt f A B are
m GCR") ,we hove

pOL(Axb) = u(A) p(B)



X= (,)q,.-,kn) i
Arm nxder rwo mweawmres on IR

/"(4 = /L(x ) /UL ://()(,9 ~ @ e
We wout P powe wor u =4,
1-€

M (B ) = g(2) e BIR™)

Thuy nabwml candidate for o
L-4De ®(M"), m(B)= s (B)]




Notural. anddale {or ¢

= { producr b5 41 a BR™)

= ACRR™) Az A xxAn

IT{ A O o produd el  we have
o (A) =, (A) =P(XxeA)

- RX€EA X, €A .., X €A))

= PXeA) -~ P(X EA,)

= M (A) - e (An) =, (A)




Now we prove
WP D a T-xyien
)d 0 a A- xpfem
we.  wnclude
L 2 a(P)= &R™)
We by ger
(B =y (B) # BE BR™)

> check af home



Proof (1)

Definition of two systems: We set

p = px, and  po = fixg ® - @ pix,,
and
P = {A€BR™"); A=A x - x A, where A; € B(R™)}
L = {BeB®R™"); u(B) = p2AB)} .
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Proof (2)

Application of Dynkin's lemma: We have
@ P is a m-system
@ L is a \-system
@ 11(C) = up(C) forall CeP

Thus o(P) C L, and o(P) = B(R™*")
Conclusion:

p1(A) = pa(A) for all A € B(R™")
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