Cauchy-Schwarz inequality
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Let(X, Y € L?(Q2). JThen

E’[X Y|F] < E[X?|F]E[Y?|F] as.
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Proof of Cauchy-Schwarz (1)

A family positive random variables:
For all 8 € R, we have

E[(X+0Y)’|F] >0 as.
Thus almost surely we have: for all 0 € Q,

E[(X +0Y)?F] >0,
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Proof of Cauchy-Schwarz (2)

Expansion: For all 6 € Q

E[Y?|F]6* + 2E[XY|F]0 + E[X?|F] > 0.
Recall: If a polynomial satisfies af#? 4+ b +c > 0 for all 6 € Q
< then we have b®> —4ac <0

Application: Almost surely, we have

E?[XY|F] — E[X? F]E[Y?F] <O.

Samy T. Conditional expectation Probability Theory 67/93



Jensen's inequality |/
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,—{Proposition 18.}

Let X € LY(Q), and ¢ : R — R such that p(X) € L}(Q) and
© convex. Then

p(E[X|F]) < E[p(X)|F] as.

Typical ecomple of crvex ¢
lal= (xIP pz)
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Contraction in LP(2)
12000y = (&121PT )P

Proposition 19.]

The conditional expectation is a

contraction in LP(Q2) for all p > 1

l.e ”E[XI(F]”LF(&) < I xlecq)
or E[ |ECxIFNIPT < EQx)P]

Conditional expectation Probability Theory

69 /93



Aum E[ |£x1CTIPT < Egx)P]
Hoofs By Jenen
ELECx1€3|TY ¢ EECixrIE] ]
= &L 1xPY



Proof of contraction in LP

Application of Jensen's inequality: We have
X € LP(Q) = E[X|F] € LP(Q)
and

EX|FIP <E[X]PlF] = E{[E[X|F]IP} < E[IX]"]
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Successive conditionings

r—[Theorem 20.}

I{ A€G, Mhen A€ G

Let
e Two U—algebra
e X e LYQ).
Then
E{E[X|A]|F} = E[X|F] (2)
E{E[X|7]|F1} = E[X|F] (3)
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Proof

Proof of (2): We set Z = E[X]|F;]. Then
Z e FL CFo.
According to Example 1, we have E[Z|F,] = Z, i.e. (2).

Proof of (3): We set U = E[X|F,].
— We will show that E[U|F;] = Z, via (i) and (ii) of Definition 6.

(I) Z € Fi.
(i) If A€ Fi, we have A € F; C F,, and thus

E[Z14] = E[X1,] = E[UL,].
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Conditional expectation for products
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Theorem 21.]

Let X, Y € L?(Q2), such that X € F. Then

E[X Y|F] = X E[Y|7F].

Proof: We use a 4 steps methodology
(17 X = cndecakor
(2) X = Aiear combouzhn of indicalors
(3) X20 , Xu ~AX
) X with arbirary xgn
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Proof

Step 1: Assume X = 1, with B F
We check (i) and (ii) of Definition 6.

(i) We have 1E[Y|F] € F.
(i) For A € F, we have

E{(1E[Y|F]) 1a} = E{E[Y[F]1lans}

= E[Y 1AmB]
= E[(1gY)14],
and thus
1z E[Y|F] = E[1g Y|F].
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Proof (2)
Step 2: If X is of the form

X = Z(I,'IB,.,

i<n
with o; € R and B; € F, then, by linearity we also get

E[XY|F] = X E[Y|F].

Step3: If X, Y >0
< There exists a sequence {X,; n > 1} of simple random variables
such that

Xo X

Then applying the monotone convergence we end up with:
E[XY|F] = XE[Y|F].
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Proof (3)

Step 4: General case X € [?
— Decompose X = XT — X~ and Y = Y — Y, which gives

E[XY|F] = XE[Y|F]

by linearity.
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