Conditional expectation and independence

r—[Theorem 22.] ‘
Let
e X, Y two independent random variables
e a:R? — R such that a(X, Y) € L}(Q)
We set, for x € R,

8(x) = Ela(x, Y)].

Then )/_11,)( /., @=’ 0.0()
‘ E[o(X, V) = g(X).
2 §r€ [: Take

Proof: with 4 steps method applied to a. o((k ¥) = 4,4 (*) ﬁg (»
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Generalization of the previous theorem

r—[Theorem 23.}
Let
o FC K
e X € Fand Y L F two random variables
e a:RR? — R such that a(X, Y) € LY(Q)
We set, for x € R,

g(x) = E[a(x, Y.

Then

Ela(X, Y)|F] = &(X).
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Outline

© Conditional expectation as a projection

=] & = E DA
Samy T. Conditional expectation



Orthogonal projection Awﬁ‘mh:u: H= (3(R)
In o problem: <x,v>= E(XYI 0 an
thner pmdud'

Definition: Let nclwen: L¥AR) 5y o Hclberk Jpoe

e H Hilbert space
— complete vectorial space equipped with inner product.
@ F closed subspace of H.
Then, for all x €¢ H
@ There exists a unique y € F, denoted by y = m¢(x)
Satisfying one of the equivalent conditions (i) or (ii).
(i) For all z € F, we have (x — y,z) = 0.

(ii) For all z € F, we have ||x — y||y < ||x — z|| 4.
7r(x) is denoted orthogonal projection of x onto F.
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Quesenr : Tf H 4 a Hllert space,
wlzaié a clhed JaﬁJpcgaF‘o#H?

S b ;. Fo b b d
i m:éfcp(ocafm J b‘;-a. Cfbrc’a.&r

Closed : I.f x, €EF and 2, —>=x
i A
Hen x GF



A
= '
13 T

Y= Te(x)  safofes @i «) )
() dag 2> <O W 2 EF
(cc) Ix~ylly, = ma {lx-20; 2€EFS




Conditional expectation and projection

r—[Theorem 24.}
Consider

@ The space L?(Fy) = {Y € Fo; E[Y?] < o0}.

o X € L*(Fo).

e F CFo
Then

@ L?(F) is a Hilbert space

— Inner product (X, Y) = E[XY].
Q@ [*(F)is a closed subspace of [*(Fp).
© msn(X) = EIX|F]. => bk agrorunajen off x

\.
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@ (AF) U a cloed xbypate of LAE)
Subspace : I{ W,z ave Fwo rv.r
i LB(F) and o, ,4 € R,
rhen
oW+ o2 oo cohinuay
dunckinr o (W, &) => oF o F-mea.

It G alo M (¢ e L¢P O a
veckr ppe




Clrd: Take X, &lt2(F) ).+
Xn_ —> X w ¢
I E [Xu-XxI1?] =0
N—%d

Th M we we kmow Hatb Xé L3AE)

In addchin, L‘.ﬁ Xn 55 > , 3 N,
S Xy, — X a.s.

Jne x, € ¢, we hwe X666 .
Cnclwin - [(2(F) bed xbyoce




® EIXIFY: T0c) , F= L2(F)

Fr M ,uwe need o proe Pk
for all "2e (3F), "we houe

< X-€aF), 2> =0
& E{ (x-&x1®)) 2y =0



We.  hove

E{ (x- Elx1F)) 2§ =0

- Elx2)- F{ EIxIF) &
- Elx2)- &{ ECx2 1F3)

= Bl XZ) - Elx2T]
= O

E’ZX’&j = 7711(6:) ()()

J




Proof

Proof of 2:
If X, — X in L2 = There exists a subsequence X,, — X a.s.
Thus, if X, € F, we also have X € F.

Proof of 3: Let us check (i) in our definition of projection

Let Z € [2(F).
— We have E[Z X|F] = Z E[X|F], and thus

E{ZE[X|F|} = E{E[XZ|F]} = E[X Z],

which ensures (i) and E[X|F] = 7m2(7)(X).
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Application to Gaussian vectors

Example: Let
@ (X, Y) centered Gaussian vector in R?
e Hypothesis: V(Y) > 0.

Then

B . _ E[XY]
E[X|]Y]=aY, with o= V(Y)
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el (xy) O a cem/éreo( Grausiauwe
vecror of “, BEMN ,the

(o<X+ pY ) ~ W(0, a5 )

Example | : X~ W©O,6G2)  YValWOG)
B g Ly . Then
Xt BY ~ W(O, atqte Brar )

= X V) Goawian veckor




Example 2 X n W(0,1)
E > W(e-t1)=-5 | £dx

and Y= & X  Then
(¢) )(N\lf(oﬂ) (z¢) Yw \Lf(O,l)

(ccc) (X, YY) not a Gowxan veck.

Take =1, R=+I. Thea
O(X‘I'BV: X+yY = Q‘f'é))(

Tndeed P(Lfeix. O)s Plhe =0
4+ = X+ Y roF Gouw.



In cur eampl, we ajume X ¥)

v Goauy. vedkr
Chim : FIXIY): Y

WOH'L [ S &Y
V(YY)

we wdl pove. Har &y proving Mok
0( \/: _"ZL(“\/,)(X)

-e| V& € (Ha(») we hove
Fl x-oY) 27 =0




A= &ECx>)
Am :  proee Z0ye]

Ve (Hal») we hove
Fl x-xY) 23 =0

Amk : lkﬁ ?:6 L"(cr(y)) can be
wrc L{/(V)

Toke W= Td. we WCJ‘L
E(x—xY) y] =




Proof

Step 1: We look for « such that

Z=X—-aY — Z1Y.

Recall: If (Z,Y) is a Gaussian vector
— Z 1l Yiffcov(Z,Y)=0

Application: cov(Z,Y) =E[Z Y]. Thus
cov(Z,Y) = E[(X — aY) Y] = E[X Y] — aV(Y),
et

_E[XY]

cov(Z,Y)=0 iff VY)"
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Proof (2)

Step 2: We invoke (i) in the definition of .
< Let V € L?(o(Y)). Then

YL (X—aY) = VI (X—aY)

and
E[(X — aY) V] = E[X — aY] E[V] =0.
Thus
aY = Wg(y)(X) = E[X‘ Y]
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