Amh  Tn genemf
X,y dewrrebled 9@ X Ly
re if X ¥ ar ceqlered
E(xY)=0 3 XU1Y

Howewer 24 (x,¥) & a Gaus. vecky
x,Y decorrelaled => X LY



Avother way o stk His  properly:

X, ¥Y) hw o umronce malrex

whick &  daagoal
= X 1Y
(kYY) = VEX) uxyj)
E/(xY) V(IY)



Exampl o (X,¥) wh
EX ¥3I=0 ,bur xpy
Take
X WO, Elxy Ple-*1)=4%
Y= &X
Then ELXYI- ELex*]
= EL[e BEIX*) =0
ur (X kY




Pack b our @(anp/e we. have
een. thad”

El k-xY) ¥YI =0  (deorrechion )

In addchr (XwY, ¥ ) U
a  Craus). vector

Thas (X-ay) L Y
=  (x-x¥Y) UL wly)

= E (x-«¥) ()30
= XY = ELXIY]




Rk
T XY awe cedered , XLV ,bhen
ELxYY= EIX &IV3 - O



Proof

Step 1: We look for « such that

Z=X—-aY — Z1Y.

Recall: If (Z,Y) is a Gaussian vector
— Z 1l Yiffcov(Z,Y)=0

Application: cov(Z,Y) =E[Z Y]. Thus
cov(Z,Y) = E[(X — aY) Y] = E[X Y] — aV(Y),
et

_E[XY]

cov(Z,Y)=0 iff VY)"
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Proof (2)

Step 2: We invoke (i) in the definition of .
< Let V € L?(o(Y)). Then

YL (X—aY) = VI (X—aY)

and
E[(X — aY) V] = E[X — aY] E[V] =0.
Thus
aY = Wg(y)(X) = E[X‘ Y]

Probability Theory 85 /104



Outline

@ Conditional regular laws
@ Probability laws and expectations
@ Definition of the CRL
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Aim of this section

Recall: We have seen that if
() X ~ P()\l), Y ~ P()\Q)
e X 1Y

_ M
®P=xTn

then
L(X|X+Y = n)=Bin(n,p)

Question:
How to translate this
— to the non-baby conditional expectation language?
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Tmk __LI/L He ®on e
of[Xl)(»ry =nl= Db (n,p)
ronlafin (xS ) = Bon (S, p)
2 Problems

(£) We have conpualted E7p(x) 157
— Ffnd & way P go frm € I L
(i) whol O o random  probubility

mewure. 7




Outline

@ Conditional regular laws

@ Probability laws and expectations

=] F = = Qe
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Characterizing r.v by expected values

Notation:
Cp(R) = set of continuous and bounded functions on R.

r—[Theorem 25.] w
Let X be a r.v. We assume that

E[o(X)] = /IR o(x) f(x) dx, for all functions ¢ € Cy(R).

Then X is continuous, with density f.

Here  we chamcdercee L0x) rougl
J ECo)T ] ¢vEG(R)S
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Application: change of variable

Soandard method: P Y € y) = P(hix) €y)
~ we gel He cdf o;ﬁ\/ (R )
Problem: Let

@ X random variable with density f.
@ Set Y = h(X) with h: R — R.
We wish to find the density of Y.

Conditional expectation



Application: change of variable (2)

Y= h(x)
Recipe: One proceeds as follows /< hee C%WJL'@ :f
Q For ¢ € Cp(R), write

Elp(Y)] = E[p(h(X))] :/Rgo(/l(_i))f(x) dx.

@ Change variables y = h(x) in the integral.
After some elementary computations we get

E[p(Y)] = /]R ©(y)g(y)dy.

© This characterizes Y, which admits a density g
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Example: normal r.v and linear transformations

,—[Proposition 26.]
Let
e X ~N(0,1)
e peRando >0
@ Set Y=0X+p

Then

Y ~ N(u,0%)

Samy T. Conditional expectation
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Tl xo WO | V= Txrpm.

Take ¢ € G(M) Then

EC ()1 = & te(<r><+/uﬂ

= ,_Jﬂ'\ (e(ql, +/LL) 62 ax

Z7
cv: Y= G‘L—f-/b( = r= 3(7:!/( dx= 44
] o 4 1

= Ja Ke(g) T 9 V%é@(ﬂ)

2T
= dJenxhy ol Vv: e 92"-’51‘ A
@M‘)’f— \l/(,u,cl)




Proof

Recipe, item 1: for ¢ € Cp(R), write

e—x2/2

E[(Y)] = Ele(0X + )] = [ o(ox+ ) N

Recipe, item 2: Change of variable: y = ox + pu:

o~ (r—1)2/(20)

Ele(V)] = [ o) a0) d, with g(y) =" ——

Recipe, item 3:
Y is continuous with density g, therefore Y ~ A/ (1, 0?).
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Characterizing r.v by expected values (ctd)

Theorem 27.]
Let X : Q2 =R bearwv. Then

{E[p(X)]; ¢ € Cp(R)} characterizes the law of X

{Eze'LUX] /.u6m3
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Outline

@ Conditional regular laws

@ Definition of the CRL

o = = £ DA
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CRL

r—[Definition 28.} \
Let
e (2, F, P) a probability space
e (S,8) a measurable space of the form R4, Z¢
e X :(Q,F)— (S,8) a random variable in L}(Q)
@ G a o-algebra such that G C F.
We say that 11 : Q x S — [0, 1] is a Conditional regular law of
X given G if
(i) For all f € Cy(S), the map w — u(w, f) is a random
variable, equal to E[f(X)|J] a:s.
(i) w-a.s. f— p(w, f) is a probability measure on (S, S).
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Discrete example

Poisson law case: Let
e X ~P(A\) and Y ~ P(u)
e X 1Y

Weset S=X+Y.
Then

CRL of X given S is Bin(S, p), with p = 3

m
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‘roof : we know Fhat
L(X13:-n) = Bonlnp)
We hae abo xen (for ¢ EGIR))
EL @(x) ) ST g- ¢(3)
> i
- 2 (B) st
Clain 4 : (¢) o the definckor &
Jatofed ie  for a fied @,
EleC)(S3 0 a rv



Tlclecaton S: R — R meaunble
W f—> S(w)

< funckor
J

Tho 0 a rv (meaurabl )



Jukficator of (). Tf we fix o,
R St XY FA)
Mw) e N

ond L (x) S)Iw)
o Boe (O p)
T o a pr‘o&;.éc(c/g dosfrcbubion
Cncdlwir © we an wile kel
£(X15) = BnlS,p)




Proof for the discrete example

Proof: we have seen that for n < m

m n m—n . _ A
P(X:n|S:m):<n>p(1—p) W|thp——)\+u.

Then we consider
@ State space =N, G = d(S)
and we verify that these conditional probabilities define a CRL.
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