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Adaptation

Context: We are given
A probability space (!, F , P)
A filtration {Fn; n → 0}
ω↑ Sequence of ε-algebras such that Fn ↓ Fn+1.

A sequence of random variables {Xn; n → 0} is adapted if:

Xn ↔ Fn.

Definition 1.
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Interpretation :

En =
" information up to timea "

XnEFn : Xu = function of the information we have

today. Does not anticipate .



Martingales, Supermartingales, Submartingales

We consider a sequence of random variables X = {Xn; n → 0}
such that

1 {Xn; n → 0} is adapted.
2 Xn ↔ L

1(!) for all n → 0.
Then

X is a martingale if Xn = E[Xn+1| Fn].
X is a supermartingale if Xn → E[Xn+1| Fn].
X is a submartingale if Xn ↗ E[Xn+1| Fn].

Definition 2.
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Interpretation
Sub 2

Martingale : E[XnrlEn] = Xn

Best approx of Xua given the information
we have at time n isXn

-> We expect Xn = constant + fluctuations
increasing + fluctiation

unt



Interpretation

Adaptation: The data Xn only depends on information until instant n.

Martingale: n →↑ Xn constant plus fluctuations.

Submartingale: n →↑ Xn increasing plus fluctuations.

Supermartingale: n →↑ Xn decreasing plus fluctuations.
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Random walk

Definition: Let
{Zi ; i ↓ 1} independent Rademacher r.v
ω↑ P(Zi = ↔1) = P(Zi = 1) = 1/2
We set X0 = 0, and for n ↓ 1,

Xn =
n∑

i=1
Zi .

X is called random walk in Z.

Property: X is a martingale.
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Proof X= Zi
.

Then

(i) If we take En = +X, .., 4) ,
When XnE Fr

We can also take
Fr = + (E .. .., En) .

Then

X= Zi = Y (z, , . ., En) = XEFh

In fact we have En = En



(ii)XnZi ,
and XEL'(R) :

E[AnD SEIzi1] = n So

(iii) El Xno 1Fn]

= Elz: 1Fn] = ElXn+Znalfn]
EEr #En

linearity E[Xn1FnT + ElZnalEn]
8

= Xn + ElZna]

= Xu (n) is a martingale



Rimk we have seen 3 types of
Sequences

(i) independent r. v.

(ii) Markor chains

E[y(Xnc) /Enj = ETy(Ana) /Xn]

(iii) Martingales
E [ Xn 1 Fn] = Xa


