Continuous example

Exponential law case: Let
o X~¢&(l)and Y ~ &(1)
e X 1Y

Weset S=X-+Y.
Then

CRL of X given S is U([0, S]).

Samy T. Conditional expectation Probability Theory 99 /104



Step):  Compuhag &y (x) 18T
we wil we o mula. Lrom our
ef o eoanpk 1/};1# { Kw
pok * denxly of (X, 55, Hhen
EL w(x)133= g(s)
where

J wix) £(xe) dz
Q(A) =

J 4(x,4) dx




Nep0 : omple { . Here
Xo EC) Y wEl) , X 1LY
Tn oder o comple { wve ewlute
EL (%Y - ELh(x x+v)3
= Jpe Al ,x+9 )5 Ay (x) €24 (y) drdy
L Alx xg) €7 deay



Necall
€O LM A e 2ey) €77 deay

X =
e/ W= x $T Xty '5-3 w

omacn : Ocwg A <00
Joobian : szldel-(_', ?)) -
Thu

FLh(xs)3= 4 da € JJ{,(‘*’A) dew

(co,4)

/—\
= Jo /o /’L(&),A) e ’-{(oscos.soo)dwdl



Vi e 4 <
(0( £3
L —d)

Fo
r ooyt funchion
J wix) £(x8) dz

g(A) =

J
] Jm L(/(L) e—s 4@%(1/4) dL
= ‘ cx <) d
e deoca¢y) d

= 2i ) —_
£ L ‘l Yi(zx) de
e A "3 r
= wle/de




nclugon - EZWXNSﬁ"_SL !Sa(/(udx
Queom: ) Pis wel defired? - Yes  ince
(c) S:=0)- Jaa G =0
(ic) P(S=x0) = |- /ﬁ& F(x) =0
Bock b CRL
fr dixed ¢ e quankly

W g, ‘[;o ¢(x) 4 esen ) de

0 meaurable



T{ w dixed , He Juckon
Y EGIN) — o Z
defines o dohrbukise  wibh  danxly
) = 35 4 o salx
we gef a UL X)) dihbein

They  Ul10,31) defvier a CRL
dor L(xt3),



Continuous example

Proof: The joint density of (X, S) is given by
f(x,s) = e *lipcx<s-
Let then ¢ € Bp(R). Thanks to Example 5, we have
E[¢(X)[S] = u($),
with

Jr, P(x)f(x,s)dx 1y
u(s) = ez F(x, 5)dx = g/o P(x)dx.
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Proof

In addition, S # 0 almost surely, and thus if A € B(R) we have:

S
Ef)ls] = PRI

Considering the state space as = R, S = B(R,) and setting

o) = g [

one can verify that we have defined a conditional regular law.
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Existence of the CRL

r—[Theorem 29.}

Let
e X a random variable on (2, Fo, P).
@ Taking values in a space of the form (R”, B(R")).
e G C Fy a o-algebra.

Then the CRL of X given G exists.

Proof: nontrivial and omitted.
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Computation rules for CRL

(1) If G =0o(Y), with Y random variable with values in R™, we have

A,

N(w7 f) = M(Y(w)ﬂ f)>

and one can define a CRL of X given Y as a family
{iily,.);y € R™} of probabilities on R", such that for all
f € Co(R") the function  Fack: /L(&jl- ) = L(xi Y=y)

y = u(y,f)

is measurable.
(2) If Y is a discrete r.v, this can be reduced to:
EL /4;( (<) 1243

7

P(XEAY=y
Wy A) =P (X € AlY = y)= 4 )

P(Y=y)
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Computation rules for CRL (2)

(3) When one knows the CRL, quantities like the following (for
¢ € B(R")) can be computed:

E[0()IG] = [ 6()n(w, o)
E[()Y] = [ o()u(Y.d)
(4) The-€RE—s—not-tmique:

Hewever if Ny, N, are 2 CRL of X given G
— we have w-almost surely:

Ni(w, f) = Na(w, f)  for all f e Cp(R").
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