o ?fOb Space CJZ,G v )
o Fltralwr {6, nz205 ,Gc G
oTake  T: —> (0§ U{edf

o We H‘UJ' T U @ 3} )
n.mﬂ& v oo

{T=nY € &

oEqw'va(CVl}'@ (cleck) , T JIOWLMQ
fime L

{T<n) € G Vn



Exomple of  Slopig FKime
° Q%)n;t adap}'ed (Xne@)
T= mfdnzl; X.:-29

Second ecampte Xu-0O and
T, = ml( nzl= X, ¢ [—S, 4—5)




Stopped martingales
naN = inf {n, VY

~ Theorem 8.

Let
@ X martingale
e N stopping time

We set Y,, = X,an. Then Y is a martingale.

\.

A

Xulw)
7 Vo (w)
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Reaal: Tf X i) o workigale
H O predchible U € G

=> HX u «a marfmgafe, where
ZH'XJA-‘- hé’ Ht AXL

Here vl Yoz Xpaw we hawe
AV = M- Y = A% AGaew)
= Y - %+§A>ﬁ Ha
= Yo + én: m Axe



G C ®sy
Summary V= ,LZ H, Ax

u/GHL Hk = 4 (U > h_()

The mart. I i
HL: ew 2 anfam  if

€ G Jme W Soping hine
Ve huwe W>b)- (U <br)®

=2 4Q>k—4) e &,
Conclswr ; [Ya= Xaanw o a

martnda e
Sropp(,‘ng fime. : Zf (Vgk) € G




Proof
Decomposition of Y: We have
Yi = Y1 = (X = Xj1) Lj-1<m).-

Expression as transformed martingale: Set H; = 1(;_;-n). Then
n
Yo = Yo+ (Y= Y1)
j=1

= Yo+ 2 (X = Xi1) Ljoaem)

j=1

= Yo+ HAX

Jj=1

In addition H is predictable. Thus Y is a martingale.

Samy T. Martingales Probability Theory 18 /52



© Convergence

Samy T. Martingales



Corvergene phc‘/owp/tg) ;
. Submartingules ave .~
.If we hae o popr bund or

the. Equene , we wil gel
conyergence



Convergence in L?

~ Theorem 9. \

Let X such that
e {X,; n> 1} is a martingale.
e For all n we have X, € L*(Q) and

sup{E[X,f]; n> 0} =M < oc. (2)

Then
Q L2 —limp e X = Xoo
@ For all n> 0, we have X, = E[X| F,].
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I'irsi am Poe Hat Koozt
Couchy equeace v L*R).

That D
é)v% El K- X )t = O
L gi&‘{ S 3m 16 Y )

= Xm E‘an G:M
We hove - gl i '%]b

EZ(&- Xin )23: El ¥y J-2E (3 om] + €T
= EZY.,ﬂ = E[K.j]



Summary  for nzm,

FLXn-%p )= ELXF)- BTN
About” sequene @ude2s . We have
(1) aw © A e au-ay = €/ quare]
() ow 0 bownded Hyp: El%6 3 €M<=
= @) 0 cowergeal, Hws Couchy
Conclwsam : (Xn) o Cauchy v

14()
and Xn = Xo . ()




Seond aon: prove Xp= EZ:X”I(E:]

for tho , set V= [Elxo1GH) -X0 |
e V20 ,we houe
v=0 a»- f ELVvI-O . MNow

ELV): E{ 1E D) G- %,1 Y
= FllEl%lGY - EL X161 S
= E{IE[X&'XArblg;l},&

Jenen
< E< EZ/X‘:O')QHL’ “Fnlj

= &L I%o-Xnnrl] E£ E[gi‘lggn




Readl : Xp—> Xa 1 (2(LR)

oclwor  We lhove Jeen

ELV]Y € &[] Xeo~ Xnul]
<€ E 7 1% - I°)

we. det ELV]-O =V=0 a..
= |El{XolGal= X, a-).




Proof

Step 1: We set a, = E[X?]. We will show that if n > m, then
E (X0 — Xm)?| = a0 — am.

Indeed,
E[XmX,] = E{Xn E[X,| F]} = E [X2].

Therefore
E[(X,— Xn)?] = E[X2|+E[X2] - 2E[XX,]
= E[X}]-E[X2]

= a,— anm.
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Proof (2)

Step 2: Convergence in L.

® a,;1 — a, = E[(Xoy1 — X,)?] = n+ a, increasing.

e Inequality (2) = (a,)n>0 bounded = (a,),>0 convergent.
e E[(X, — Xn)?] = a, — am = (X,))n>0 Cauchy in L3(Q)

Conclusion: (X,),>0 converges in L?(Q) towards X.
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Proof (3)
Step 3: We have X, = E[X| F,].

Set
V= ’E[Xoo‘ fn] - Xn| :
We are reduced to show that E[V] = 0.

Computation: For n, k > 0,

V= [E[Xs| Fn] — E[Xnyk| Fil|
|E[Xoo _Xn—l—k‘fn” < E[|Xoo _Xn-l-kl "Fn]

Hence

E[V] < E[[Xac — Xniul] < BV [(Xoo = Xos)?]

We get E[V] = 0 whenever k — oo above.
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+ .
Alrpcpst/sure convergence X = max (O,% )

e

r—[Theorem 10.}
Let X satisfying

upermar(fmga(e,

e {X,; n> 0} is a martingale or‘a submartingale.

Jqp{Ean’]I‘nZOS sl <=0
sup{E[X:]; n20}5/\/]<oo. (3)

@ We have

Then
Q as—Ilimpue X, = X
@ We have E[|X]|] < oc.
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‘o 4 . Take X, mar/c'ngaé
& whlt X =0O. Thew

(i) % 0 a xpearmrlingae

() X =0 = X, €M ao.

Thuw (X —0w €2') a-).

Mole. X, e.' ,but we dou'C
have necenarcly X, & %o




Applicalin 2 Take
(¢) Xo maftmgaé
Cca)CE[(Km)‘] )t <M <o

Then

}A

ECXEN € ECIxi]) € E0%E3 <H
Thu

-
Xe —> Xo

Z

Xn, L) Xoo




Particular cases

Particular case 1:
(Xn)n>0 positive martingale = a.s — lim,_,, X, = X.

Particular case 2:

sup{E[X?]; n > 0} = M < 00 = a.5 — limy_00 X = Xox.
< We have both a.s and L? convergence.
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Convergence counterexample

,—{ Example 11.

Let

e {&,; n>1} i.i.d Rademacher sequence
e {S,; n> 0} defined by
- So=1
» Sp=S-1+&, forn>1
e N=inf{n>1,S,=0}
o X, = Span
Then the following holds true:

@ X, converges almost surely to 0
@ X, does not converge in L}(Q)
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