Relations between convergences (1)

Examples of relations for functions on [0, 1]:
o fu(x)=x"
— converges almost everywhere, not pointwise

® gn(x) = nljo/n(x)
< converges almost everywhere, not in [!
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Relations between convergences (2)

Another example of relation for functions on [0, 1]:

® hy =11, Lo1/2 /210 Ljo1/3) Liayzzzas- - -
< converges in measure, not almost everywhere
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Outline

© Modes of convergence

2.1 Reviewing the modes of convergence

2.2 Results for P and LP convergences

2.3 Results for almost sure convergence

2.4 Cases of inverse relations for modes of convergence
2.5 Inverse method for simulation

2.6 Results for convergence in distribution
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Outline

© Modes of convergence

2.1 Reviewing the modes of convergence
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Almost sure convergence (=~ a.c cwwergeace

{W Mchw )

r—[Definition 10.}
Let
e {X,; n > 1} sequence of random variables on (Q2, F, P)
@ Another random variable X defined on (22, 7, P)
Pantwce : Y , Xalw) = Xlw)

We assume
P <{w € lim Xy(w) = X(w)}) — ik
Then we say that

X, — X almost surely
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Convergence in LP

r—[Definition 11.]
Let

e {X,; n> 1} sequence of r.vin L"()

@ Another random variable X € L"()

We assume
nILngO E[|X,— X|]=0.

Then we say that

X, — X in L"(Q) (or in r-th mean)
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Convergence in probability = Convergne i meaure

{or funchins

r—[Definition 12.}
Let

e {X,; n> 1} sequence of random variables on (Q2, F, P)
@ Another random variable X defined on (2, 7, P)

We assume that for all e > 0

lim P (|X,— X| >¢) =0.

n—oo

Then we say that

X, Q X in probability
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Convergence in distribution Fxn— ﬁ"#

of X

r—[Definition 13.]
Let
e {X,; n > 1} sequence of random variables on (2, 7, P)
@ Another random variable X defined on (2, F, P)

lim Fx, (x) = Fx(x).

n—oo

Then we say that

X, (d—)> X in distribution

We assume that for all points x € R such that Fx is continuous,
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Exam I{ X~ ®(p) . Then
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Remarks about convergence in distribution

@ The central limit theorem
< is a convergence in distribution

@ Ergodic theorems for Markov chains
— are convergences in distributions

© Convergence in distribution
— does not refer to a specific (Q, F, P)
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A Bernoulli example

A Bernoulli sequence: We consider
o X ~ B(1/2)
e X,=Xforalln>1
e Y=1—-X
Convergences:
@ We have
X, 2 x

© X, does not converge to X in any other mode

Samy T. Convergence of r.v Probability Theory 52/118



Scuaton : we ke Xe = X wil
X O(%)

Sef V- I-X

Then_ TP(Y—O)-' R x=1)=2
PC ¥=1) = P(x=0) = é

= Y w @(JZ)

= (X B Y

i — | if =l
HO(L@VCV X—Y = -ZX"" 3{_" 1’4 X:O
= W('&’YIzl):‘




Conclin. -
_(«% ‘ I‘{ lX'YI = |
. P IX-YI>E) =5 O

as,

° /- EE

E (— /Xn’ ylr]: ' 7?0 T

o @ n -
[Xn-A He O a.s T



Relations between modes of convergence

r—[Theorem 14.}

Almost sure
convergence

—

Convergence
in probability

Convergence
in distribution

\_/
Poi 3
convgfience

\
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L' convergence
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Outline

© Modes of convergence

2.2 Results for P and LP convergences

=] F = = Qe
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Convergence in probability and in distribution

,—[Proposition 15.] \

Let
@ X, sequence of random variables

@ Assume X, Pox

Then

x, 9 x
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