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Proof of Proposition 15 (1)

Notation: Set

F.(x) = P(X, < x), F(x) = P(X < x)

Aim: Prove that

lim, o0 Fa(x) = F(x) if F is continuous at x
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Proof of Proposition 15 (2)

1st decomposition: We have
Fa(x) = P(X, <x, X<x+e)+P(X,<x, X>x+¢)
< F(x+e)+P(|Xa—X|>¢)
2nd decomposition: We have
Fix—¢) = PX<x—, X, <x)+P(X<x—¢, X,>x)
< F(x)+P(X,—X| >¢)
Summary:

F(x—¢)=P(X,—X| >e) < Fy(x) < F(x+¢)+P(|X,— X| > ¢)
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Proof of Proposition 15 (3)

Limits as n — oo: Since X, ﬂ X, we have

F(x —¢) < lim inf Fn(x) <limsup Fo(x) < F(x +¢)

n—oo
Limits as € — 0: If F is continuous at x, we get

F(x)= lim inf Fn(x) = limsup F,(x) = F(x)

n—oo
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Convergence in LP(Q)

,—{Proposition 16.] \

Let
@ X, sequence of random variables

LS
@ Assume X, — X for s > r

Then
X, — X
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Proof of Proposition 16

Inequality on norms: We have

”Xn - X”r S ||Xn - X”s
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Counter-example

Definition of a sequence: We consider independent r.v with

1 1
P(Xn:n):m, P(XnZO):l—m

NI

Convergence: If r < s we have
LI’
Q X,—0

@ X, does not converge in L®
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Markov's inequality

,—[Proposition 17.}

Let
X random variable with X € [*(Q)
Then for all a > 0 we have

E X1

P(|X]>a) < ;
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Proof of Proposition 17

Deterministic inequality: Set
A={IX| > 2}

Then we have
|X| > als, almost surely

Expectations: Taking expectations above, we get

E[[X]] = aP(A)
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Convergence in LP(€2) and in probablity

,—[Proposition 18.}

Let
@ X, sequence of random variables

Ll
@ Assume X, — X

Then
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Proof of Proposition 18

Applying Markov's inequality: For ¢ > 0, we have
< E[|Xn - X|]

P(|X,—X|>¢) .

Then take n — oo
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Counter-example

Definition of a sequence: We consider independent r.v with

Convergence: We have
P
Q X,—0
@ X, does not converge in L1
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Proof of counter-example for X, (1)

Some notation: For € > 0 and X = 0 set:
A(e) = {IXk = X|>¢€}

Convergence in probability: We have

i P(A) = Jim P (X, =)
1
= Jim —
-0
Thus
X, 50
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Proof of counter-example for X, (2)

Non convergence in L': We have
E[[Xol] = E[X:] =n

Thus
Ll
X, /0
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Outline

© Modes of convergence

2.3 Results for almost sure convergence
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Let

e {A,; n> 1} sequence in F

We define

limsupA, = () |J Ak & ¢
=€2 n=1 k=n

\.

Interpretation: We also have

limsup A, = {w € Q; w belongs to an infinity of A,'s}

n—o0
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Borel-Cantelli lemma

r—[Theorem 20.} w

Let
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