Borel-Cantelli lemma

r—[Theorem 20.} \

Let
e {A,; n> 1} sequence in F

We assume

oo

> P(A,) < o0

Then we have
P (Iim sup A,,) =0

n—oo
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Emile Borel

Emile Borel's life:
@ Lifespan: 1872-1956, ~ Paris

@ # 1 student in France
— for his academic year

Contributions in analysis and probability
Active in politics
Minister of Navy in 1924-25

Resistance against nazi occupation

Introduced the co monkey theorem

Fact: "Only" 14 mathematical objects named after Borel ...
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Proof of Theorem 20 (1)

A non-increasing sequence: For N > 1 define
Bn = |J A«
k=N

Then
@ N — By is non-increasing

Q limsup, . A, = N3-1 Bn
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Proof of Theorem 20 (2)

Computing the probability: We have

P (IimsupAn> - P(ﬁ BN>

n—oo
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A.s convergence and limsup

,—[Proposition 21.]

Consider
e {X,; n> 1} sequence of random variables
@ For e > 0set A,(e) = {| X, — X]| > ¢}

Then

°W,f'131e,( = P(Alk)) - 0O ¥e>0

X, 23X <+« P (Iim sup A,,(e)) =0foralle >0

n—oo

Q It holds:

ZP(An(&T)) <ocoforalle >0 = X, 33X
n=1

\.
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Proof of Proposition 21 (1)

Claim: Let

c - {w € Q; lim X,(w) = X(w)}
Ale) = limsupA,(e)
n—oo
Then we have
1

c=neEer=n(aL))

£>0 m>1 m
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Proof of Proposition 21 (2)

Application for almost sure convergence: We have

P(C)=0 P(U A(%)) —0

— ne(a(})

s P(A(%)):o, for all m > 1

This proves item 1
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Proof of Proposition 21 (3)

Proof of item 2: We write

o0

Z P(A,(g)) < o forall e >0

n=1

— P <Iim SUPAn(e?)) =0foralle >0
n—o00

:>P<Iim xnzx>:1

n—o0
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A.s convergence and convergence in probability

,—[Proposition 22.]

Consider
e {X,; n> 1} sequence of random variables

Then we have:

X, 25X — X X
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