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Non comparison between a.s and L!-convergence

,—[Proposition 23.] \

One can find

@ {X,; n> 1} sequence of random variables such that

11
X, 25 X, but X, A X

@ {Y,; n> 1} sequence of random variables such that

a.s

Y, 55y, but Y, AY
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Counler example 2 Conxder (Xaluse
Jequevie L rv wdin

Xn, N @(T‘q’,)
Then
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EL K, = Elxd =1 550

n



Proof of counter-example for X, (1)

Definition of a sequence (repeated):
We consider independent r.v with

P(X,,:n3>:l, P(X,=0)=1— =

n2
Convergence: We have

QO X, 50

@ X, does not converge in L1
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Proof of counter-example for X, (2)
Some notation: For ¢ > 0 set:
Ale) = {IXc—X| > ¢}

Almost sure convergence: We have

NE
)

f:lp (As(e)) = (X, = n®)

3
Il
N

1
n?

Al
23

Thus
Xp =20
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Proof of counter-example for X, (3)

Non convergence in L*(2): We have already seen that
E[|Xa|] = E[Xs] = n

Thus
Ll
X, /40
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Outline

© Modes of convergence

2.4 Cases of inverse relations for modes of convergence
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(d)

Case for which — yields —

,—{Proposition 24.] \

Consider
e {X,; n> 1} sequence of random variables
Assume
(d) .
X, —= ¢, where c is a constant

Then we have:

X,— ¢
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Proof of Proposition 24

Expression in terms of cdf: We have

P(|X,—c|>¢) = PX,<c—¢e)+P(X,>c+¢)
= PXy<c—¢)+1-P(X,<c+e)

Convergence: Since X, ﬂ) X, we get

lim P(|X,—c|>¢)=0

n—o0
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Case for which —— yields 25

,—[Proposition 25.] \

Consider

e {X,; n > 1} sequence of random variables
Assume
X, — X
Then there exists a subsequence {ny; k > 1} such that:

Xo, 25 X
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Troof  Consider event  (Jk-Xq1 >& )
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Proof of Proposition 25 (1)

Definition of n,: Recursively we set

1 1
= 1 N J— <
Nk mf{n >ne1; P <|X,, X| > k) k2}

Some notation: For € > 0 define:

Yi = X
Ale) = Y= X|>¢}
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Proof of Proposition 25 (2)

Almost sure convergence: We have

S PAE) = 3 P(1X-XI>)

k=e—1 k=e—1
> 1
< > 5
k=1 k2
< o0
Thus
Y 25 X
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Case for which —— yields L

,—[Proposition 26.]

Consider
e {X,; n > 1} sequence of random variables
befier 7 -
Assume (bounded convergence) —> domina fed
cowéraene
X, — X , and |X,| < k as for all n> 1 and a given k > 0

Then for all r > 1 we have:

X, — X
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Proof of Proposition 26 (1)

Boundedness of X: For § > 0, set
Bs = (|X| < k+9)
Then for all n > 1 we have

P(|Xn| S k)_P(|X_Xn| >5)
1-P (X = X,| > 0)

2
=

Taking limits in n, o we get

P(IX| <k =1
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Proof of Proposition 26 (2)

Decomposition of X,, — X: For e > 0 and n > 1 set
Ane ={|Xs — X| > ¢}

Then
|Xn — X|r S €r ]'Aﬁ,s + (2k)r ]'An,e

Taking expectations: We obtain

E[IX, — X|'] <e"1ac + (2k)" P (Ane)

Taking limits: With n — oo and ¢ — 0 we end up with

lim E[|X, — X|] =0
n—o0o
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Outline

© Modes of convergence

2.5

Inverse method for simulation

=] & = E DA
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Right inverse (1)

~ Definition 27.

Let F : R — [0, 1] continuous cdf
We define the right inverse F~1 as

F71:(0,1) >R, y—inf{acR; F(a)>y}
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Right inverse (2)

Remarks on right inverse:
(i) If F is strictly increasing, F~! is the inverse of F
< ie. FoF'=FloF=1Id
(ii) Graphical method to construct F—1:
Q@ Symmetry wrt diagonal
© Then erase vertical parts

Example: F(x) = (x — 1)1j12)(x) + 1p2,00)(X)
= FH(y) = 1+ y)Lon)
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