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Inverse method for simulation
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Right inverse (1)

~ Definition 27.

Let F : R — [0, 1] continuous cdf
We define the right inverse F~1 as

F71:(0,1) >R, y—inf{acR; F(a)>y}
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Right inverse (2)

Remarks on right inverse:
(i) If F is strictly increasing, F~! is the inverse of F
< ie. FoF'=FloF=1Id
(ii) Graphical method to construct F—1:
Q@ Symmetry wrt diagonal
© Then erase vertical parts

Example: F(x) = (x — 1)1j12)(x) + 1p2,00)(X)
= FH(y) = 1+ y)Lon)
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Right inverse (3)

More remarks: {I/’ 4(1) ‘>Oj

(iii) Interpretation:

@ In above example, F = cdf of
@ Domain of interest: x € [1,
@ In this domain, we do have
(iv) Generalization:
If p(dx) = f(x) dx with
@ F is strictly increasing on [a, b]
e F:(a,b) — (0,1) is invertible

@ One can ignore the set (a, b) in order to compute F!
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Inverse method for simulation

,—[Proposition 28.] \

Let
@ 4, a continuous probability measure on R
e F(x) = u((—o0, x]) with right inverse F~!
e U~U(0,1])

Then

X = F~Y(U) is distributed according to p
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Toof  Sef Xx= F(U). Then

P(x<x) = TF'W <x)
= P( v ¢ Flx))

PC 0O U £ F(z))

I LF(L) C(Ll

= F()




™ Fw <z )sP( U ¢ Flx))
One. @ proe o skronaer reulr:
Auelon, F'u) ¢l = A

= Auelon, uyc¢ F(L)J = A,

/\Fa)
A| C A; b i //-/_>a

F'lul € x = mf{a, Fla)zu§y <=
= Jda<z W F@)2u

= Flx)zF@a)zu = Fxlzu



ALC A‘ :

U £ Fx) = Flx) =z U

= wmila; Fla)zuy <x

= F'lu) <=z

|

Concluxion - Fllwr» €2 = U s Flz)
we analio pove  Fllw>z & U> F(x)



Proof of Proposition 28 (1)

Strategy: We will prove that
P(X < x) P(FH(U) < x)

P(U < F(x))= F(x)

—
*
~
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Details for (x)

We wish to show that for x € R,

{u € (0,1); Fl(u) < x} ={uve(0,1); u < F(x)}

Inclusion C:

F'(u)<x = inf{a; F(a) > u} <x

= There exists a; < x such that F(a;) > u
= F(X)ZF(al)ZU

Inclusion D:
u<F(x) = F(x)>u
= inf{a; F(a) > u} <x
= FYu)<x
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Example :  p= U ({ab7)
{Z(X):: b~;a. i[alb) ()L)
= On [ob6) , Flx)- % =[{(Hd"
= On [CL,bj
= —_— x'_-q =
Hx)= y ® T 9
e x= o+ (ba)y:=Fly)
=> I£ U~ U (0N) and
X= o+ (é-a)u = Xa UQ&«S?)



Example 2 Exporential (&), densuty

A= A €Y dp, (1)
I# X € (02), g\
F(l)z 49(':-\ 6—Ardt’ i I“é-

Flx)= Y & I—C_Ar' = Y

o &Y= -y e x= —Zn((—g)
=|T{ O u@qa), and X- IIn(l—c/)
we have Xao EQ)




Examples

Example 1:
Let = U([a, b]). Then on [a, b]

X —a

b—a’

F(x) = and Fl(y)=a+(b—a)y

One can check that X = a+ (b — a)U ~ U([a, b])

Example 2:
Let u = E(N). Then on R
Py A —Ax -1 In(1—y)
F(x):/ AeMdu=1-e, and Fl(y)= -
0

One can check that X = —M ~ E(N)
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Comments on inverse method

Pros:
@ Unique call to rand

@ Excellent simulation method . ..when it works!

Cons:
@ Explicit computation of F, F~! not always possible
@ Typical example: A/(0,1)

Examples of application:
Exponential, Weibull, Cauchy

Samy T. Convergence of r.v Probability Theory 106 /118



Outline

© Modes of convergence

2.6 Results for convergence in distribution
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Skorohod's representation theorem

,—[Proposition 29.]

Consider

e {X,; n> 1} sequence such that X, ﬂ> X

Then one can construct
@ A probability space (2, F, P)
© Random variables Y, : Q2 — R satisfying Y, @ X,
Q@ Y :Q — R satisfying Y @

such that the following holds true:

Y, 2% Y
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Letesyue measuye

Proof We fake )
&: CO,I] ) G: ®([O/lj) ) P: A

> anoncal spce lor UQ)
Reall © Each Xu has a cdf B,

X hw o cdf F
Define
Wlw) = F'(w) ~ X,
Vi = F'w) ~ X



Clam : T{ w 0 o pt of by

of ', hen
/&WL Ya (W) = I 67 (w)
n->¢0 n=>0
= ‘:_‘CU.)) = Y(UJ)

1V step of proof . Take o € L0400
%“” 2 2 Fw) =)

N W of
c

Cd/lh}’l,w)' Y

Fllw) v x = w >Flx) = FI<w
= ) <w for n luge = 2 <R(w)



Scm_mlg for n Iarge enwgh,
Vwle < 2<F(w) = Yalw)

1 ,&'%mﬁ Vo () = Yw)-¢&

= |Imirf Y (w) 2 w)

Fis 7 = Fhsa m a cunlebl # of
ponly of  diontinudgy



ummary 2 We e  proved
Lmind Yo (w) 2 Mw)
one. @n oo poe Mok f @' rw

[maup Yalw) € VY(w')
Thus , for all w’>w
Y € fimind Yilw) € Lonup ¥ (ol € Mw?)
T{ w g a pid . for F?, vege
bom Yo (w) = ¥(w)




T{ w g a pibdd et for P, veger
lom Y (w) = Y(w)

Define D= fw€R,; F' 0 dowthwau
atf w §

F' O nom ™ = D aof mt camkbl
= A(D) =0 = AD)=0
= ad W a o pnhof onknudy

for

=D yn. — y Q).



Proof of Proposition 29 (1)

Definition of (2, F, P): We take

Q=10,1], F = Borel o-algebra, P =\
Definition of Y, and Y: We take
Yo(w)=F (W),  Y(w)=F(w)

n

Distributions of Y, and Y: According to Proposition 28,

Yo~ Fn, Y ~F
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Proof of Proposition 29 (2)

Claim 1: If w is a point of continuity of F~!, we have

. e L0y — L0 —
Jim Yo(w) = lim F, (w)=F (w) =Y(w) (1)
Proof of claim 1: Consider

e we0,]1]

@ x point of continuity of F such that Y(w) —e¢ < x < Y(w)
We have

Fllw)>x = F(x)<w
— Fu(x) <w, forlargen
— x < F,Y(w), forlarge n
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Proof of Proposition 29 (3)
Proof of claim 1 - ctd: We have seen, for n large enough,
Y(w)—e<x < F Y (w) <:> Fl(w) > Y(w) - 5)

Partial conclusion: We get

lim inf Yo(w) > Y(w)—e, foralle >0

= liminf Y, (w) > Y(w)
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Proof of Proposition 29 (4)

Proof of claim 1 - ctd: We have proved

liminf Y,(w) > Y(w)

n—oo

Along the same lines, for w’ > w one has

limsup Y,(w) < Y (')

n—oo

Conclusion: Claim 1 is true, that is
< If w is a point of continuity of F~!, we have

lim Yo(w) = Y(w) (2)
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Proof of Proposition 29 (5)

Almost sure convergence: Let
D= {points of discontinuity of F’l}
Since F~! non decreasing,
P(D)=X(D)=0

Hence
Y, =5Y
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Characterization of convergence in distribution

,—[Proposition 30.] \

Consider

e {X,; n> 1} sequence of random variables

Then the statements 1-2-3 are equivalent:

o X, % x //Conhnuau + baunded

@ For any f € Cy(R), we have (weak vengence )

lim E[£(X,)] = E[F(X)
© For every u € R we have

lim E {e“’x"} =E {e“’x}

n—o0

\.
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