Characterization of convergence in distribution
,—[Proposition 30.] \

Consider

e {X,; n> 1} sequence of random variables

Then the statements 1-2-3 are equivalent:

@ X, % X y Iy
@ For any f € Cp(R), we have

lim E[£(X,)] = E[f(X)]
Q@ u—E [e“’x} cont. at 0, and for every u € R we have

lim E {e“’x"} =E {e“’x}

n—o0

\.

v
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Proof of Proposition 30 (1)
Application of Skorohod: One can find

such that

Convergence of g(Y,): Since g is continuous, we have

g (Yn) = g(Y)

Proof of 1 = 2: By bounded convergence,
Elg(Ya)] — Efg(Y)]

Samy T. Convergence of r.v Probability Theory 115/118



Atm = Asume E[ f(x,)] — EL0T
dor all £E C. Yroe rar

F(x) — Fx) ¥ port of ant.
Probten
Fo ()= FL A ur3(5)3

. However, 2 P Afwejlz) o
no e knuaes N

Stafeay: approxmale De-nzy by G-

Junctios



9z,6(E)
= )4 [# 2 <

Oy ()=
wa {O t‘{. & >AtE
| | [gmr befwvenn
+ — L ond Zt+&
We hwe , for all e>0
ﬁ(—‘o,l«] (XL) -.< %z.g (XL)

=) [

jac EL Aor3 () € FLgpe (0]
= Aoy £.G) < ﬁ»}',np EL Geye (5,03

= EL95e ()]
€ Bl o (o ree3 O35 F (24D




we hae cbluved
Amup G(x) € Flue) v¥e>o
= Winup &) £ F(x)




S,U,C(U\ 0,{ &M(Vlf

< 4

&5 hae € L grg
! 2

e x
Liwz23 (50) 2 heg (x,)
£> “—n,(.x.) = f[hx,g (X,J]
= Aimof ) = E7 hyy (x)]

> Fz-¢)

T x ppir f cot o £, we gef
Hmod kT = F (z))




mmaro M/e e cbhuved cf x
Do pul of il of F(
Fa) £ /&m'(i:t.ﬁ G )

< lomwp Falx) <€ Fla)

= Adm k) = Flx)

n=>2




Proof of Proposition 30 (2)

Next step:

Proof of 1 = 2

Approximation of 1(_ ,j: For ¢ > 0 we set

1, if y <x
ge,x()/): 0, ify>x+e
linear, ifx<y<x+¢

Upper bound for F,: For x € R we have

8x E(y) 1(}’<X)
= Fa(x) = E [1(x,<0] < E[g-x(X,)]
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Proof of Proposition 30 (3)

Taking lim sup: Since we assume 2 holds,

limsup Fo(x) < limsup E [gyc(X,)]
n—oo

n—oo

< P(X<x+¢)

= F(x+¢)

Taking limits in e: For all x we end up with

limsup Fn(x) < F(x)

n—o0
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Proof of Proposition 30 (4)

Taking liminf: By considering g._. . we obtain

lim inf Fo(x) = liminfE[gc.(X,)]
> P(X<x—¢)

= F(x—¢)

Taking limits in €: For a continuity point x of F, we get

lim inf F.(x) > F(x)

Conclusion: For a continuity point x of F, we have

lim Fn(x) = F(x)
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