MA 538 - Review session 1 for the Final

Problem 56. Let X, X5, ..., X, n be some real valued integrable random variables, inde
pendent and equally distributed. We set m = E[X;] and S,, = > " | X;.

56.1. Compute E[S,|X;] for all i,1 <i < n.
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56.2. Compute E[X;|S,] for all i,1 <i <n.
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56.3. We assume now that n = 2 and that the random variables X; have a common density
. Compute the conditional density of X; given S;. Give a specific expression whenever the
aw of each X; is an exponential law.
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Problem 58. Let X and Y be two real valued random variables, such that Y follows an
exponential law. We assume that given Y, X is distributed according to a Poisson law with
parameter Y (given as a conditional regular law).

58.1. Compute the law of the couple (X,Y), the law of X, and the law of Y given X as a
conditional regular law.
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Problem 64. Let {Y,;n > 1} be a iid sequence of positive random variables such that
EY;]=1,P(Y;=1) <1land P(Y; =0) =0. We set
Xn = lj<nY.

64.1. Show that X is a martingale.
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64.2. Show that lim,_,., X,, =0 a.s
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Problem 69. Let (Y},),>1 be a sequence of independent random variables with a common
law given by P(Y,, =1) =p=1—-P(Y, = —1) = 1 — q. We define (S,,)nen by So = 0 and
Sn — ZZ:l Yk’

69.1. We assume that p = ¢ = 5. We set 7, = inf{n > 0, S, = a} (a € Z*). Show that
E(T,) = +oo0.
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69.2. Let T' =T, =inf{n >0, S, = —aor S, =b} (a,b € N). Using the value of E(S7),
compute the probability of the event (Sp = —a).
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69.3. Show that Z, = S2 — n is a martingale, and from the value of E(Zy) compute E(T).
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