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Problem 6. Let X = {X,;n € N} be a stochastic process such that for £ > 2 and
0=mng <mny <--- < ny, the random variables (0X,, n, ,)o<j<n—1 are independent (here
we have set 60X .n,,, = Xn,,, — an). We also assume that Xo = 0. Show that for all
0 <m < n < oo, the random variable §X,,, is in fact independent of the whole o-field
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Problem 14. Give a rigorous proof that E[XY| = E[X]E[Y] for any pair X,Y of indepen-
dent non-negative random variables in L' ().

Hint: For k > 0,n > 1, define X,, = k/nif k/n < X < (k+1)/n, and similarly for Y,,. Show
that X,, and Y, are independent, and X,, < X, and Y,, < Y. Deduce that E[X,] — E[X]
and E[Y,] — E[Y], and also E [X,,Y,,] — E[XY].
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33.2. Let {X,,} be a stationary Markov chain on the positive integers with transition prob-

abilities '
o = Jjﬁ ifk=7+1
g 2. ifk=1

j+2
(1) Find the stationary distribution of the chain, and show that it has infinite mean.
(2) Show that limsup,_,., X,/r <1 almost surely.
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