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Probability space

Probability space: (2, F,P) with
o (2 set

e F a o-algebra

@ P probability measure

=] =) = £ 9OHQC
Samy T. Convergence of r.v



Complete probability space

Hypothesis: We assume that P is complete, i.e

A € F such that P(A) =0, and BC A
—
B e Fand P(B) =0.

Remark: A probability can always be completed
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Simple examples (1)

Tossing 2 dice:
e Q=1{1,2,3456}

° F=7P(Q)
o P(4) =4l

Uniform distribution on [0, 1]:
o Q=[0,1]
o F =B([0,1])

o P =)\, Lebesgue measure
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Simple examples (2)

Gaussian law on R:
e =R
o F =B(R)

X7“2
o P(A) = gz fae  # dx, for A€ F
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Typical example for this course

,—[Proposition 1.] \
Let Q = ¢P with p € (1,00). We set:

1/p
d(u,v) = (Z’Un—VnVJ) :

n>1

Then € is a complete metric separable space.

\ J
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Random variables

~ Definition 2. \

Let
e (Q,F,P) complete probability space
@ A function X : Q - R

Then

X is said to be a random variable if X is measurable
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Independence (1)

Independence of r.v: Let (X)jey r.vin R".
Those r.v are said to be independent if for all m > 2:

o Forevery ji,....jm € J, the rv (X,..., X;,) are 1L

7 m

@ Otherwise stated: for all A;,... A, € B(R") we have

P(Xj, € A1,.... X, € An) = [[ P (X, € Ax)

k=1
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Independence (2)

Independence of o-algebras: Let (F;);cs o-algebras, F; C F.
Those o-algebras are said to be independent if for all m > 2:

e Forall ji,...,jm € J, the o-algebras (Fj,, ..., F;,) are 1L

o Otherwise stated: for all By € Fj,, ..., B, € Fj, we have

P (ﬁ Bk> = ﬁ P (By)

k=1
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m-systems and A\-systems

m-system: Let P family of subsets of 2. P is a m-system if:

ABeP = ANBEeP

A-system: Let £ family of subsets of Q2. L is a A-system if:
Q Qc’l
Q@ IfAc L, then A€ L
© If for j > 1 we have:
> Aj eL
s ANA =2 ifj£i
Then U 1Aj € £
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Dynkin's -\ lemma

,—{Proposition 3.} \
Let P et L such that:
@ P is a m-system

@ L is a A-system
e PCL
Then o(P) C L
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Application of Dynkin's -\ lemma

,—[Proposition 4.] \
Let:
e Xi,...,X, r.vwith values in R™.

o X =(Xq,...,X,) € R™*",
o ux, = L(X;) and pux = L(X).
Then the two following assertions are equivalent:
Q@ Xi,..., X, are independent
Q x = px, ® - ® px, on B(R™")
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Proof (1)

Definition of two systems: We set

p = px, and  po = fixg ® - @ pix,,
and
P = {A€BR™"); A=A x - x A, where A; € B(R™)}
L = {BeB®R™"); u(B) = p2AB)} .
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Proof (2)

Application of Dynkin's lemma: We have
@ P is a m-system
@ L is a \-system
@ 11(C) = up(C) forall CeP

Thus o(P) C L, and o(P) = B(R™*")
Conclusion:

p1(A) = pa(A) for all A € B(R™")
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Experiment

Procedure:
o Consider a plane ruled by lines y = k, with k € Z
o Take a needle with length 1
@ Fling the needle n times on the plane

Outcome: We record, for i=1,...,n,
e X; =1,, where A; = (i-th needle intersect a line)

@ S, = # times the needle intersects the line

Simulation:

This website from UIUC
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https://mste.illinois.edu/activity/buffon/

Limiting result

,—[Proposition 5.] \

Under the above conditions we have

2

PA,‘ = -
(&) = =
S 2
— H —

n ™

Samy T. Convergence of r.v Probability Theory 21/118



Bernoulli random variable (1)

Notation:
X ~ B(p) with p € (0,1)

State space:

{0,1}

Pmf:
P(X=0)=1-p, PX=1)=p

Expected value, variance, generating function:

E[X]=p, Var(X)=p(l-p), Gx(s)=(1—p)+ps
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Bernoulli random variable (2)

Use 1, success in a binary game:

@ Example 1: coin tossing
» X=1ifH, X=0if T
» We get X ~ B(1/2)

@ Example 2: dice rolling

» X =1 if outcome = 3, X = 0 otherwise
» We get X ~ 5(1/6)

Use 2, answer yes/no in a poll
e X =1 if a person feels optimistic about the future
o X = 0 otherwise

o We get X ~ B(p), with unknown p
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Jacob Bernoulli

Some facts about Bernoulli:

@ Lifespan: 1654-1705, in Switzerland
@ Discovers constant e

Establishes divergence of Z%
Contributions in diff. eq

First law of large numbers

Bernoulli:
family of 8 prominent mathematicians

@ Fierce math fights between brothers
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Binomial random variable (1)

Notation:

X ~ Bin(n, p), forn>1, p € (0,1)

State space:

n

P(X =k) = (k) pF(l—p)" % 0<k<n

Expected value, variance and generating function:

E[X] =np,  Var(X)=np(1—-p),  Gx(s)=I[1—-p)+ps]

Samy T. Convergence of r.v
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Binomial random variable (2)

Use 1, Number of successes in a Bernoulli trial:
@ Example: Roll a dice 9 times.
e X = # of 3 obtained
o We get X ~ Bin(9,1/6)
e P(X=2)=0.28

Use 2: Counting a feature in a repeated trial:
@ Example: stock of 1000 pants with 10% defects
@ Draw 15 times a pant at random
@ X = # of pants with a defect
@ We get X ~ Bin(15,1/10)
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Binomial random variable (3)

Figure: Pmf for Bin(6;0.5). x-axis: k. y-axis: P(X = k)

m] = = =
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Binomial random variable (4)

1
Figure: Pmf for Bin(30; 0.5). x-axis: k. y-axis: P(X = k)
o> <> «=» <= 2a0




Uniform random variable (1)

Notation:

X ~U([e, B]), with o < B

State space:

[a, A

Density:
1

f(x) = 7 a Lo, 6(x)

Expected value and variance:

a+f

e = 27

Var(X) = w
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Uniform random variable (2)

Use:

e U([0,1]) only r.v directly accessible on a computer
— rand function

Example of computation: if X ~ #/([8,10]), then

1 (95  95-8 3
P(7.5<X<9.5):—/ dx =

2 Js 2 4
fla) F(a)
1
_1
B
1 1 a 1 a
a B (4] B
Samy T. Convergence of r.v Probability Theory
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Experiment (repeated)

Procedure:
o Consider a plane ruled by lines y = k, with k € Z
@ Take a needle with length 1

@ Fling the needle n times on the plane

Outcome: We record, fori=1,...,n,
@ X; =14, where A; = (i-th needle intersects a line)

@ S5, = # times the needle intersects the line
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Proof of Proposition 5 (1)

Notation: We define
@ (X;,Y;) = Coordinates of the center of the i-th needle
@ O; = angle (i-th needle, x-axis)
e Z; = d((Xi,Y:), nearest line underneath) = Y; — | Y}]

Model: We assume
Q Z ~U([0,1])
@ 0, ~ ([0, )
Q Z 1 ©;
Q {Z;i>1}i.id sequence
Q@ {©;; i > 1} i.i.d sequence
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Proof of Proposition 5 (2)

Expression for A;: We have

A= A7 UAT
with
_ 1 1.
A = {z,- <. and 7 < 2sm(e,-)}
AIJr = {Z, > ;, and 1 — Z,' < ;sin (@,)}

o = = DQC
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Proof of Proposition 5 (3)

Computing P(A;): We write

P(A) = P(A7)+P(Ah)
= 2P(A))

2w Lsin()
- —/ d0/2 dz
™ Jo 0

2
s

Thus
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Proof of Proposition 5 (4)

Some laws: We have

T
S, ~ Bin <n,2>
T

Sn
n

Limit: By De Moivre,

2
_> —
s

Samy T. Convergence of r.v
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Aim of this chapter

Problem with limit statement:
@ Forevery n>1,we have 5,: Q - R
@ S, is thus a function

2

@ We don't know exactly what 57 — = means!

Aim of this chapter:

@ Explore different modes of convergence for random variables

Preliminary step:

@ Explore different modes of convergence for functions
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Setting for convergence of functions

Sequence of functions: We consider
e A sequence {f,; n > 1} with

f,:[0,1] — R

Aim of subsection: Review modes for

lim £,
n—oo
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Pointwise convergence

~ Definition 6. | w
Let
e {f,; n> 1} sequence of measurable functions

We assume

lim f,(x) = f(x), for all x € [0,1]

n—oo

Then we say that

f, — f pointwise

Samy T. Convergence of r.v Probability Theory 39/118



Almost everywhere convergence

~ Definition 7.} \
Let
e {f,; n> 1} sequence of measurable functions

We assume

lim f,(x) = f(x), for almost every x € [0, 1]

n—oo

Then we say that

f, — f almost everywhere
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LP convergence

~ Definition 8. | w
Let
e {f,; n > 1} sequence of measurable functions

We assume
nango ||fn — f||Lp([071]) =0

Then we say that

f, — fin LP([0,1])
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Convergence in measure

—~ Definition 9. N

Let
e {f,; n > 1} sequence of measurable functions

We assume that for all € > 0
lim A ({u € [0, 11; () — F()| > }) =0
Then we say that

f, — f in measure
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Relations between convergences (1)

Examples of relations for functions on [0, 1]:
o fu(x)=x"
— converges almost everywhere, not pointwise

® gn(x) = nljo/n(x)
< converges almost everywhere, not in [!
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Relations between convergences (2)
Another example of relation for functions on [0, 1]:

® hy =101, Lo1/2 . /210 Ljo,1/3) i3z - -
< converges in measure, not almost everywhere

h f2 fs
1 1 11 —
+ —_—
e
i Wz 1 2 1
fi fs fo
1 1 ——o 1 —o
S+——t—t gt
Vs Y 1 Ys o Y a Yy Uy 1
fr fe fio

]

Yo Y My 1

! U v o 1 Vo Yy Y1
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Almost sure convergence

r—[Definition 10.]

Let

We assume

P({weQ;

Then we say that

e {X,; n> 1} sequence of random variables on (Q2, F, P)
@ Another random variable X defined on (22, 7, P)

lim X,(w) = X(w)}) 1

X, — X almost surely

Samy T. Convergence of r.v Probability Theory
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Convergence in LP

r—[Definition 11.]
Let

e {X,; n> 1} sequence of r.vin L"()

@ Another random variable X € L"()

We assume
nILngO E[|X,— X|]=0.

Then we say that

X, — X in L"(Q) (or in r-th mean)
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Convergence in probability

r—[Definition 12.]
Let

e {X,; n> 1} sequence of random variables on (Q2, F, P)
@ Another random variable X defined on (2, 7, P)

We assume that for all e > 0

lim P (|X,— X| >¢) =0.

n—oo

Then we say that

X, — X in probability
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Convergence in distribution

r—[Definition 13.] \
Let
e {X,; n > 1} sequence of random variables on (2, 7, P)
@ Another random variable X defined on (2, F, P)

We assume that for all points x € R such that Fx is continuous,

lim Fx, (x) = Fx(x).

n—oo

Then we say that

X, — X in distribution
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Remarks about convergence in distribution

@ The central limit theorem
< is a convergence in distribution

@ Ergodic theorems for Markov chains
— are convergences in distributions

© Convergence in distribution
— does not refer to a specific (Q2, F, P)
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A Bernoulli example

A Bernoulli sequence: We consider
o X~ B(1/2)
e X,=Xforalln>1
e Y=1—-X
Convergences:
@ We have
X, 2 x

© X, does not converge to X in any other mode
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Relations between modes of convergence

r—[Theorem 14.}

Pointwise Almost sure Convergence Convergence
convergence convergence in probability in distribution
L' convergence
\ 7
Samy T. Convergence of r.v Probability Theory
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© Modes of convergence

2.2 Results for P and LP convergences
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Convergence in probability and in distribution

,—[Proposition 15.] \

Let
@ X, sequence of random variables

@ Assume X, Pox

Then

x, 9 x
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Proof of Proposition 15 (1)

Notation: Set

F.(x) = P(X, < x), F(x) = P(X < x)

Aim: Prove that

lim, o0 Fa(x) = F(x) if F is continuous at x
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Proof of Proposition 15 (2)

1st decomposition: We have
Fa(x) = P(X, <x, X<x+e)+P(X,<x, X>x+¢)
< F(x+e)+P(|Xa—X|>¢)
2nd decomposition: We have
Fix—¢e) = PX<x—¢, X, <x)+P(X<x—¢, X,>x)
< Fa(x)+P(|X,—X| >¢)
Summary:

F(x—¢)=P(X,—X|>e) < Fy(x) < F(x+¢)+P(|X,— X| >¢)
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Proof of Proposition 15 (3)

Limits as n — oo: Since X, ﬂ X, we have

F(x —¢) < lim inf Fn(x) <limsup Fo(x) < F(x +¢)

n—oo
Limits as € — 0: If F is continuous at x, we get

F(x)= lim inf Fn(x) = limsup F,(x) = F(x)

n—oo
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Convergence in LP(Q)

,—{Proposition 16.] \

Let
@ X, sequence of random variables

LS
@ Assume X, — X for s > r

Then
X, — X
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Proof of Proposition 16

Inequality on norms: We have

”Xn - X”r S ||Xn - X”s

=] & = E DA
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Counter-example

Definition of a sequence: We consider independent r.v with

1 1
P(Xn:n):m, P(XnZO):l—m

NI

Convergence: If r < s we have
LI’
Q X,—0

@ X, does not converge in L*
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Markov's inequality

,—[Proposition 17.}

Let
X random variable with X € [*(Q)
Then for all a > 0 we have

E X1

P(|X]>a) < ;
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Andrey Markov

Andrey Markov's life:
@ Lifespan: 1856-1922, ~ St Petersburg
e Not a very good student
— except in math
@ Contributions in analysis and probability

@ Used chains for
— appearance of vowels

@ Professor in St Petersburg
» Suspended after 1908 students riots
» Resumed teaching in 1917

Fact: More than 50 mathematical objects named after Markov!!
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Proof of Proposition 17

Deterministic inequality: Set
A={IX| > 2}

Then we have
|X| > als, almost surely

Expectations: Taking expectations above, we get

E[[X]] = aP(A)
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Convergence in LP(€2) and in probablity

,—[Proposition 18.}

Let
@ X, sequence of random variables

Ll
@ Assume X, — X

Then
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Proof of Proposition 18

Applying Markov's inequality: For ¢ > 0, we have
< E[|Xn - X|]

P(|X,—X|>¢) -

Then take n — oo
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Counter-example

Definition of a sequence: We consider independent r.v with

Convergence: We have
P
Q@ X,—0
@ X, does not converge in L1
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Proof of counter-example for X, (1)

Some notation: For € > 0 and X = 0 set:
Ace) = {IXi = X| > ¢}
Convergence in probability: We have

im P(A(E) = Jim P (X, =)
1

= lim —
n—o00 n2

Thus
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Proof of counter-example for X, (2)

Non convergence in L': We have
E[[Xol] = E[X:] =n

Thus
Ll
X, /0
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2.3 Results for almost sure convergence
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Limsup of sets

~ Definition 19. | \
Let
e {A,; n> 1} sequence in F

We define o .
limsup A, = ﬂ U Ay
n—00

n=1 k=n

\. J

Interpretation: We also have

limsup A, = {w € Q; w belongs to an infinity of A,'s}

n—o0
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Borel-Cantelli lemma

r—[Theorem 20.} \

Let
e {A,; n> 1} sequence in F

We assume

oo

> P(A,) < o0

Then we have
P (Iim sup A,,) =0

n—oo
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Emile Borel

Emile Borel's life:
@ Lifespan: 1872-1956, ~ Paris

@ # 1 student in France
— for his academic year

Contributions in analysis and probability
Active in politics
Minister of Navy in 1924-25

Resistance against nazi occupation

Introduced the co monkey theorem

Fact: "Only" 14 mathematical objects named after Borel . ..
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Proof of Theorem 20 (1)

A non-increasing sequence: For N > 1 define
Bn = |J A«
k=N

Then
@ N — By is non-increasing

Q limsup, . A, = N3-1 Bn
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Proof of Theorem 20 (2)

Computing the probability: We have

P (IimsupAn> - P(ﬁ BN>

n—oo
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A.s convergence and limsup
,—[Proposition 21.]

Consider
e {X,; n> 1} sequence of random variables
@ For e > 0set A,(e) = {| X, — X]| > ¢}

Then
@ We have

n—oo

X, 23X <+« P (Iim sup A,,(e)) =0foralle >0

Q It holds:

ZP(An(&T)) <ocoforalle >0 = X, X
n=1

\.

Samy T. Convergence of r.v Probability Theory
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Proof of Proposition 21 (1)

Claim: Let

c - {w € Q; lim X,(w) = X(w)}
Ale) = limsupA,(e)
n—oo
Then we have
1

c=neEer=n(a%))

£>0 m>1 m
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Proof of Proposition 21 (2)

Application for almost sure convergence: We have

P(C)=0 P(U A(%)) —0

— ne(a(})

s P(A(%)):o, for all m > 1

This proves item 1
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Proof of Proposition 21 (3)

Proof of item 2: We write

o0

Z P(A,(g)) < o forall e >0

n=1

— P <Iim SUPAn(e?)) =0foralle >0
n—o00

:>P<Iim xnzx>:1

n—o0
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A.s convergence and convergence in probability

,—[Proposition 22.]

Consider
e {X,; n> 1} sequence of random variables

Then we have:

X, 25X — X X
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Proof of Proposition 22

Defining some sets: For € > 0 set:

Ace) = {IXk = X| > ¢}
Bi(e) = U Ale)
k>n
Evaluating some probabilities: We have seen
X, 2 X = nIi_)rg()P (B,(e))=0
Thus

lim P(A,(¢)) =0, foralle >0

n—o0
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Counter-example

Definition of a sequence: We consider independent r.v with
1
o)
n
Convergence: We have

P
Q X,—0
@ X, does not converge almost surely
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Proof of counter-example
Recalling notation: For € > 0 set:

Ade) = {IXk=X[>¢}
B(e) = U Ale)

k>n

Convergence in probability: We have

nILngOP(An(s)) = nILngOP(X,, =1)
1
= lim —
n—oo n
=0
Thus
X, — 0
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Proof of counter-example

Almost sure convergence: We have

P(Ba(c)) = 1—=P((Bx(e)))

Thus
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Non comparison between a.s and L!-convergence

,—[Proposition 23.] \

One can find

@ {X,; n> 1} sequence of random variables such that

11
X, 25 X, but X, A X

@ {Y,; n> 1} sequence of random variables such that

a.s

Y, 55y, but Y, AY
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Proof of counter-example for X, (1)

Definition of a sequence (repeated):
We consider independent r.v with

P(X,,:n3>:l, P(X,=0)=1— =

n2
Convergence: We have

Q X, 50

@ X, does not converge in L1
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Proof of counter-example for X, (2)
Some notation: For ¢ > 0 set:
Ale) = {IXc—X| > ¢}

Almost sure convergence: We have

K
0

f:lp (As(e)) = (X, = n®)

3
Il
N

1
n?

Al
23

Thus
X, =20
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Proof of counter-example for X, (3)

Non convergence in L*(2): We have already seen that
E[|Xa|] = E[Xs] = n

Thus
Ll
X, /40
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Outline

© Modes of convergence

2.4 Cases of inverse relations for modes of convergence
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(d)

Case for which — yields —

,—{Proposition 24.] \

Consider
e {X,; n> 1} sequence of random variables
Assume
(d) .
X, —= ¢, where c is a constant

Then we have:

X,— ¢
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Proof of Proposition 24

Expression in terms of cdf: We have

P(|X,—c|>¢) = PX,<c—¢e)+P(X,>c+¢)
= PXy<c—¢)+1-P(X,<c+e)

Convergence: Since X, ﬂ) X, we get

lim P(|X,—c|>¢)=0

n—o0
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Case for which —— yields 25

,—[Proposition 25.] \

Consider

e {X,; n> 1} sequence of random variables
Assume
X, — X
Then there exists a subsequence {ny; k > 1} such that:

Xo, 25 X
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Proof of Proposition 25 (1)

Definition of n,: Recursively we set

1 1
= 1 N J— <
Nk mf{n >ne1; P <|X,, X| > k) k2}

Some notation: For € > 0 define:

Yi = X
Ale) = {IYe—X|>¢}
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Proof of Proposition 25 (2)

Almost sure convergence: We have

S PAE) = 3 P(X X )

k=e—1 k=e—1
> 1
< > 5
k=1 k2
< o0
Thus
Y 25 X
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Case for which —— yields L

,—[Proposition 26.] \

Consider

e {X,; n> 1} sequence of random variables

Assume (bounded convergence)
X, — X , and |X,| < k a.s for all n > 1 and a given k > 0

Then for all r > 1 we have:

X, — X
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Proof of Proposition 26 (1)

Boundedness of X: For § > 0, set
Bs = (|X| < k+9)
Then for all n > 1 we have

P(|Xn| S k)_P(|X_Xn| >5)
1-P(|X = X,| > 9)

2
=

Taking limits in n, o we get

P(IX| <k =1
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Proof of Proposition 26 (2)

Decomposition of X, — X: For e > 0 and n > 1 set
Ane ={|Xs — X| > ¢}

Then
|Xn — X|r S €r ]'Aﬁ,s + (2k)r ]'An,e

Taking expectations: We obtain

E[IX, — X|'] <e"1ac +(2k)" P (Ane)

Taking limits: With n — oo and ¢ — 0 we end up with

lim E[|X, — X|]=0
n—o0o
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2.5

Inverse method for simulation
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Right inverse (1)

~ Definition 27.

Let F: R — [0, 1] continuous cdf
We define the right inverse F~1 as

F71:(0,1) =R, y—inf{acR; F(a)>y}
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Right inverse (2)

Remarks on right inverse:
(i) If F is strictly increasing, F~! is the inverse of F
< ie. FoF'=FloF=1Id
(ii) Graphical method to construct F—!:
Q@ Symmetry wrt diagonal
© Then erase vertical parts

Example: F(x) = (x — 1)1j12)(x) + 1j2,00)(X)
= FH(y) = 1+ y)Lon)
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Right inverse (3)

More remarks:
(iii) Interpretation:
@ In above example, F = cdf of U([1,2])
@ Domain of interest: x € [1,2]
@ In this domain, we do have F~1(F(x)) = x

(iv) Generalization:

If 1u(dx) = f(x)dx with Supp(f) = [a, b], then
@ F is strictly increasing on [a, b]
e F:(a b)— (0,1) is invertible

@ One can ignore the set (a, b) in order to compute F!
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Inverse method for simulation

,—[Proposition 28.] \

Let
@ 4, a continuous probability measure on R
e F(x) = u((—o0, x]) with right inverse F~!
e U~U(0,1])

Then

X = F~Y(U) is distributed according to p
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Proof of Proposition 28 (1)

Strategy: We will prove that
P(X < x) P(FH(U) < x)

P(U < F(x))= F(x)

—
*
~
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Details for (x)

We wish to show that for x € R,

{u € (0,1); F'(u) < x} ={uve(0,1); u < F(x)}

Inclusion C:

F'(u)<x = inf{a; F(a) > u} <x

= There exists a; < x such that F(a;) > u
= F(X)ZF(al)ZU

Inclusion D:
u<F(x) = F(x)>u
= inf{a; F(a) > u} <x
= FYu)<x
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Examples

Example 1:
Let i = U([a, b]). Then on [a, b]

X —a

b—a’

F(x) = and Fl(y)=a+(b—a)y

One can check that X = a+ (b — a)U ~ U([a, b])

Example 2:
Let u = E(N). Then on R
Py A —Ax -1 In(1—y)
F(x):/ AeMdu=1-e, and Fl(y) =P
0

One can check that X = —M ~ E(N)
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Comments on inverse method

Pros:
@ Unique call to rand

@ Excellent simulation method . ..when it works!

Cons:
@ Explicit computation of F, F~! not always possible
@ Typical example: A/(0,1)

Examples of application:
Exponential, Weibull, Cauchy
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2.6 Results for convergence in distribution
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Skorohod's representation theorem

,—[Proposition 29.]

Consider

e {X,; n > 1} sequence such that X, ﬂ> X

Then one can construct
@ A probability space (2, F, P)
© Random variables Y, : Q2 — R satisfying Y, @ X,
Q@ Y :Q — R satisfying Y @

such that the following holds true:

Y, 2% Y
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Proof of Proposition 29 (1)

Definition of (2, F, P): We take

Q=10,1], F = Borel o-algebra, P =\
Definition of Y, and Y: We take
Yo(w)=F 1 (w),  Y(w)=F(w)

n

Distributions of Y, and Y: According to Proposition 28,

Yo~ Fn, Y ~F
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Proof of Proposition 29 (2)

Claim 1: If w is a point of continuity of F~!, we have

. o 100y — F-L0)
Jim Yo(w) = lim F, (w)=F (w) =Y(w) (1)
Proof of claim 1: Consider

e we0,]1]

@ x point of continuity of F such that Y(w) —e¢ < x < Y(w)
We have

Fllw)>x = Fx)<w
— Fu(x) <w, forlargen
— x < F,Y(w), forlarge n
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Proof of Proposition 29 (3)
Proof of claim 1 - ctd: We have seen, for n large enough,
Y(w)—e<x < F Y (w) <:> Fl(w) > Y(w) - 5)

Partial conclusion: We get

lim inf Yo(w) > Y(w)—e, foralle >0

= liminf Y, (w) > Y(w)
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Proof of Proposition 29 (4)

Proof of claim 1 - ctd: We have proved

liminf Y,(w) > Y(w)

n—oo

Along the same lines, for w’ > w one has

limsup Y,(w) < Y (')

n—oo

Conclusion: Claim 1 is true, that is
< If w is a point of continuity of F~!, we have

lim Yo(w) = Y(w) (2)
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Proof of Proposition 29 (5)

Almost sure convergence: Let
D= {points of discontinuity of F’l}
Since F~! non decreasing,
P(D)=X(D)=0

Hence
Y, =35Y
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Characterization of convergence in distribution
,—[Proposition 30.] \

Consider

e {X,; n> 1} sequence of random variables

Then the statements 1-2-3 are equivalent:

o x, % x
@ For any f € Cp(R), we have

lim E[£(X,)] = E[f(X)]
Q@ u—E [e“’x} cont. at 0, and for every u € R we have

lim E {e“’x"} =E {e“’x}

n—o0

\.

v
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Proof of Proposition 30 (1)
Application of Skorohod: One can find

such that

Convergence of g(Y,): Since g is continuous, we have

g (Yn) = g(Y)

Proof of 1 = 2: By bounded convergence,
Elg(Ya)] — Efg(Y)]
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Proof of Proposition 30 (2)

Next step:

Proof of 1 = 2

Approximation of 1(_ ,j: For ¢ > 0 we set

1, if y <x
ge,x()/): 0, ify>x+e
linear, ifx<y<x+e¢

Upper bound for F,: For x € R we have

8x E(y) 1(}’<X)
= Fa(x) = E [1(x,<0] < E[g-x(X,)]
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Proof of Proposition 30 (3)

Taking lim sup: Since we assume 2 holds,

limsup Fo(x) < limsup E [gyc(X,)]
n—oo

n—oo

< P(X<x+¢)

= F(x+¢)

Taking limits in e: For all x we end up with

limsup Fn(x) < F(x)

n—oo
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Proof of Proposition 30 (4)

Taking liminf: By considering g._. . we obtain

lim inf Fo(x) = liminfE[g.(X,)]
> P(X<x—¢)

= F(x—¢)

Taking limits in €: For a continuity point x of F, we get

lim inf F.(x) > F(x)

Conclusion: For a continuity point x of F, we have

lim Fn(x) = F(x)
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