MA 539 - PROBLEM LIST

DISCRETE TIME PROCESSES AND BROWNIAN MOTION

1. GAUSSIAN VECTORS AND CLT
Problem 1. Let v,; be the function:

xa—le—x/bl{x>o}’

Yas(w) = ['(a)b®

where a,b > 0 and T'(z) = [~ e "t""'dt.
1.1. Show that ~,; is a density.

1.2. Let X a random variable with density 7,3. Check, for A > 0:

1
E[e—/\X] — m’ E[X] = ab’ VCITX = ab2-

1.3. Let X (resp. X’) a random variable with density 7,5 (resp. Vup). We assume X and
X' independent. Show that X + X’ admits the density Yota/p-

1.4. Application: Let X1, Xy, ..., X,,,n i.i.d random variables, with law N(0,1). Show that
X? + X2+ ...+ X? is Gamma distributed.

Problem 2. Let X be a random variable distributed as A7(m,o?) .
2.1. Assume m = 0. We set Y = ¢**” with o # 0. Compute E[Y™].
2.2. Find the density of | X — 1| when m =2 and 0 = 1.

Problem 3. Let € be a Rademacher random variable, that is:
Ple=1)=P(e=-1)=1/2.

Assume that € is independent of X, where X ~ A;(0, 1).

3.1. Show that the law of X is still Gaussian.

3.2. Show that X 4+ ¢ X is not a Gaussian variable. Deduce that the random vector (X, eX)
is not a Gaussian vector.

Problem 4. Let X,Y be two independent standard Gaussian random variables.

4.1. Show that % is well-defined, and is distributed according to a Cauchy law.

4.2. If t > 0, compute P(|X| < t]Y]).
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Problem 5. If (X,Y) is a centered Gaussian vector in R? with E[X?] = E[Y?] = 1 and if
E[XY] =rwithr € (—1,1), compute P(XY > 0). Hint: one can prove and use the following
claim: (X,Y) = (X, sX + V1 — s?Z) with X, Z ~ N(0, 1) independent and s € (0,1) to be
determined. Then we invoke the result shown in Problem 4.

Problem 6. Let X,Y ~ N(0,1) be two independent random variables. For all a € (—1,1),
show that:

E [exp (aXY)] =E [exp (gX2>] E [exp (—%Y2>] :

Problem 7. Let X and Y two independent standard Gaussian random variables N(0,1).
Weset U=X2+Y2and V = \% Show that U and V' are independent, and compute their

law.

Problem 8. Let A be the matrix defined by

11 1
1 5 -1
1 -1 2

8.1. Show that there exist a centered Gaussian vector G with covariance matrix A. The
coordinates of GG are denoted by X,Y and Z.

8.2. Is G a random variable with density? Compute the characteristic function of G.
8.3. Characterize the law of U = X +Y + Z.

8.4. Show that (X — Y, X + Z) is a Gaussian vector.

8.5. Determine the set of random variables £ = a X + bY + ¢Z, independent of U.

Problem 9. Let ) be a positive definite quadratic form defined on R™. We introduce a

function f given as
f(z) = Aexp (—@) , r € R".

9.1. According to (), compute the unique value A such that f is a density. Hint: show that
f can be seen as the density of a Gaussian vector.

9.2. Application: n = 2, Q(z,y) = 32> + 3> + 2zy.

Problem 10. Let X = (X3,...,X,,) be a centered Gaussian vector with covariance matrix
Id,,.

10.1. Show that the random vector (X; — X,..., X, — X)* is independent of X, where
X=, 2 im1 Xie

10.2. Deduce that the random variables X and W = maxj<j<n X; — Minj<;<, X; are inde-
pendent. Why is this result (somewhat) surprising?
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Problem 11. A restaurant can serve 75 meals. In practice, it has been established that
20% of customers with a reservation do not show up.

11.1. The restaurant owner has accepted 90 reservations. What is the probability that more
than 65 persons will come?

11.2. What is the maximal number of reservations which can be accepted if we wish to serve
all customers with probability > 0.97

Problem 12. Let (X,;n > 1) be a sequence of i.i.d RF-valued random variables, which
are assumed to be square integrable. In the sequel (§,;n > 1) designates a sequence of
i.i.d bounded real-valued random variables. We assume that (X,,;n > 1) is independent of
(&n;m > 1) and also that either X7 or & is centered. We set

1 n
Vo= —5 ) &Xi
=1

Show that Y, converges in distribution as n goes to infinity. Characterize the limiting law.

Problem 13. The aim of this problem is to show that the Laplace transform characterizes
probability laws on R, . To this aim, for all £ > 0 and = > 0 we set,

n/t ,n—1,.n
yr T
o(@,t) = vy,
(@, %) /0 (”_D!e Y

13.1. Invoking the law of large numbers (resp. central limit theorem), show that

{1{$>t} if x 75 t

lim a,(z,t) =

v L et

13.2. Let X be a random variable with values in R, . We set G(6) = E[e%X].
(1) Using Question 13.1, show that:

n/t n—1 n
, n Yy "G 1
Jim (~1) /0 L o Wy =GP 1)+ P(X > 1),

(2) Deduce that G characterizes the distribution of X.

Problem 14. Let X and Y two real valued i.i.d random variables. We assume that X—}QY

has the same law as X and Y. We also suppose that this common law admits a variance,
denoted by o2
14.1. Show that X is centered random variable.

14.2. Show that if X, X5, Y7 and Y, are independent random variables having the same
law as X, then %(Xl + X5 + Y] + Y3) has the same law as X.

14.3. Applying the central limit theorem, show that X is distributed as N'(0, 0?).
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Problem 15. The aim of this problem is to give an example of application for the multidi-
mensional central limit theorem. Let (Y;; @ > 1) be a sequence of i.i.d real valued random
variables. We will denote by F' common cumulative distribution function and F), the empir-
ical cumulative distribution function for the n-sample (Y3,...,Y,):

. 1
Fn(llf) = E Z 1{Y¢§z}7 xr € ]R
=1

15.1. Let z a fixed real number. Show that:

e F,(x) converges a.s. to F(x), when n — oo;

o /n(E,(z) — F(x)) converges in law, when n — oo, to a centered Gaussian random
variable with variance F'(z)(1 — F(x)).

15.2. We will generalize this result to a multidimensional setting. Let xy,x9,...,24 be a

sequence of real numbers such that z; < x5 < ... < x4, and X,, be the random vector in R¢,

with coordinates XT(LD, X,(f), e ,X,(Zd) where:

X0 = Liy,<ay; 1 <0<,
for all n > 1. Show that:

(VaFa(e) = F@), ... ValFu(wa) = F(za))

converges in law, when n — oo, to a centered Gaussian vector for which we will compute
the covariance matrix.

2. CONDITIONAL EXPECTATION
Problem 16. Let X; and X5 two independent random variables, both following a Poisson
law with parameter A. Let Y = X; + X,. Compute
P(X; =ilY).

Problem 17. Let (X,Y) be a vector of R?, distributed uniformly over the unit disc. Com-
pute the conditional density of X given Y.

Problem 18. Let (X,Y") be a couple of random variables with joint density
fx,y) = 4y(z — y) exp(=(2 + y)) Lo<y<a-

18.1. Compute E[XY].

18.2. Compute P(X < 1|Y).

Problem 19. We consider a head or tail type game, where the probability of getting head
(resp. tail) is p (resp. 1 —p), with 0 < p < 1. Player A throws the dice. He wins as soon as
the number of heads exceeds the number of tails by a quantity of 2. He looses if the number
of tails exceeds the number of heads by a quantity of 2. The game is stopped whenever A
has won or lost.



MA 539 - PROBLEM LIST 5

19.1. Let E, be the event: "the game is not over after 2n throws", n > 1. Show that
P(E,) = r™ where r is a real number to be determined.

19.2. Compute the probability that the player A wins and show that the game will stop a.s.

Problem 20. Let N be a random variable with values in {0,1,...,n}; we denote by ay =
P(N = k). We consider a sequence (€,;n > 0) of independent random variables, whose
common law is given by P(eg = 1) = p;P(¢g =0) = ¢, withp+¢=1,p > 0,¢ > 0. We
assume that N is independent of the family (e,;n > 1). We define a random variable X by
the relation: X = 31, ;.

20.1. Compute the law of X. Express
e E[X] in terms of E[N].
e E[X?] in terms of E[N] and E[N?].

20.2. Let p’ €]0,1[. Determine the law of N if we wish the conditional law of N given X =0
to be a binomial law B(n,p’).

Problem 21. We consider the relations:
P(X:O):%; P(X — 2" :P(X:—zn):%; Wn > 1. (1)

21.1. Show that the relations (1) define a probability law for a random variable X.

21.2. Consider the following transition probability:

QO.) =5 +02), Q)= +5),  TER,

where 9, designates a Dirac measure in a. Let Y be a second real valued random variable
such that the conditional law of Y given X is given by the transition probability ). Show
that E(Y|X) = X and that Y and X share the same law.

Problem 22. We note B, the set of Borel sets of R”, and let S,, be the set of symmetric
Borel sets A of R, i.e. —A = A.

22.1. Show that S, is a sub og-algebra of B,, and that a random variable Y is S,,-measurable
if and only if Y(—x) = Y (z).

22.2. We say that a probability measure P over (R", B,,) is is symmetric if P(A) = P(—A)
for all A lying in B,,. Show that if ¢ is a real valued integrable random variable defined on
(R", By, P), we have: E[¢|S,](z) = 5(¢(z) + ¢(—2)).

22.3. We assume n = 1 and we denote by X the identity application of R onto R. Determine
E[¢]|X[] and E[$|X?].

Problem 23. Let X and Y two real valued and independent random variables, with uniform
law on [0,1]. We set U = inf{X,Y} and V = sup{X,Y}. Compute E[U|V] and the best
prediction of U by an affine function of V.
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Problem 24. Let G € G. Show that
fG (A|G)dP
Jo P(A|G)dP

This can be seen as a general version of Baye’s formula.

P(G|A) =

Problem 25. Let X and Y be two random variables such that X <Y, and a > 0.
25.1. Show that E[X|F] < E[Y|F].

25.2. Show that

E[X?|7]

2

P(|X] > a|F) <

a

Problem 26. Let X; and X5 be two random variables such that X; = X5 on B € F. Show
that
E[X,|F] = E[X,|F] a.s on B.

Problem 27. Give an example on Q = {a, b, ¢} for which
E [E[X|FA]|F] # B [E[X]|F][A].

Problem 28. Let X and Y be two random variables.
28.1. Show that if X and Y are independent, then E[X|Y] = E[X].

28.2. Give an example of random variables with values in {—1,0, 1} such that X and Y are
not independent, in spite of the fact that E[X|Y] = E[X].

Problem 29. Let n > 1 be a fixed integer and pq, po, p3 three positive real numbers satisfying
p1+p2+p3 =1. We set:

pl p2 pg i
il gl (n—i—7)!
whenever ¢ +j <n, and p;; =0if i + 75 > n.
29.1. Show that there exists a couple of random variables (X,Y’) such that P(X =4,Y =
J) = Dij-
29.2. Determine the law of X, the law of Y and the law of Y given X, expressed as a
conditional regular law.

pij = n!

29.3. Compute E[XY] thanks to the conditional regular law introduced in the previous
question 29.2.

Problem 30. Let X;, X5, ..., X,,, n be some real valued integrable random variables, inde-
pendent and equally distributed. We set m = E[X;] and S, =", X;.

30.1. Compute E[S,|X;] for all i,1 <i <n.
30.2. Compute E[X;|S,] for all i,1 <i <n.
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30.3. We assume now that n = 2 and that the random variables X; have a common density
. Compute the conditional density of X; given Sy. Give a specific expression whenever the
law of each X; is an exponential law.

Problem 31. The random vector (X,Y") has a density

x 1
fX,Y(xay) - mexp(_ix(y+x>>1{w>0}1{y>0}

Determine the conditional distribution of Y given X, expressed as a conditional regular law.

Problem 32. Let X and Y be two real valued random variables, such that Y follows an
exponential law. We assume that given Y, X is distributed according to a Poisson law with
parameter Y (given as a conditional regular law).

32.1. Compute the law of the couple (X,Y’), the law of X, and the law of Y given X as a
conditional regular law.

32.2. Show that E[(Y — X)?] = 1, conditioning first with respect to Y, then integrating
with respect to Y.

Problem 33. Let X, Xs,..., X,, be n real valued independent random variables, admitting
a common density p.

33.1. Show that for all i # j,P(X; = X;) = 0. In the following we set X1y, X(2), ..., X(n)
for the sequence {X;, Xy, ..., X, } arranged in increasing order:

X(l) < X(g) <. < X(n).
33.2. Show that X(1), X(2), ..., X() admits a density of the form:
f(xb Lo, ... axn) =n! p(xl)p(xQ) o 'p(xn)l{x1<x2<---<xn}

33.3. We assume now that the common law of the random variables X; is the uniform law
on [a,b].
(1) Determine the density of (X(1), X(n)).
(2) We set jun(a, b; 1,29, ..., x,) for the density of X1y, X(2),..., X(,). Show that condi-
tionally on X(;) and X(,) the vector X9y, X(3,..., X(,—1) admits the CRL given by
fn—2(X1, Xp; o, 3, ..., Tp_1). Deduce that

(X<2> X X@e-y - X(l))
Xm) = X X = Xq

is a random variable independent of (X (1), X(,)) and possesses a density ju,—1(0,1;).

Problem 34. We consider a measurable space (2, F) and some families {A4;;7 < n} of
subsets of 2 such that A; C F.

34.1. Show that if the A; are independent and each one is a m-system, then the o-algebras
o(A;) are independent.
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34.2. Let {X;;i < n} be a collection of real valued random variables. Show that these
random variables are independent if and only if

P(X1gxl,...,Xngxn):HP(X,Sxi)

for any vector (z1,...,x,) € R™

3. DISCRETE TIME MARTINGALES

Problem 35. Let {X,,;n > 1} be a martingale with respect to a filtration G,, and let
-Fn = O'{Xl,. .. ,Xn}
Show that F,, C G,, and that X, is a F,-martingale.

Problem 36. We say that f : R? — R is a super-harmonic function whenever Af < 0.
These functions satisfy:

f(z) > /a o W),

where 0B(z,7) = {y;|r — y| = r} is the boundary of the ball centered at x with radius r,
and 7 is the surface measure of this boundary. Let f > 0 be a super-harmonic function on
R?, and let {£,;n > 1} be a sequence of iid random variables, with common uniform law on
0B(0,1). We set S,, =&, + S,—1 and Sy = x. Show that X,, = f(S,) is a supermartingale.

Problem 37. Let {{,;n > 1} be a sequence of independent random variables such that
& € LYQ) and E[¢;] = 0. We set

1< <..<ip<n

Show that X is a martingale.

Problem 38. Let {X,;n > 1} and {Y,;;n > 1} be two sub-martingales with respect to F,.
Show that X, VY, is a sub-martingale.

Problem 39. Let {Y,;n > 1} be a iid sequence of positive random variables such that
ElY;]=1,P(Y; =1) <1and P(Y; =0) =0. We set

Xy =1L, Y.
39.1. Show that X is a martingale.
39.2. Show that lim,, ., X,, = 0 a.s
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Problem 40. We wish to study a branching process defined in the following way: let
{&"; i,m > 1} be a sequence of iid random integer valued random variables. We set Zy = 1
and pour n > 0,

Zn
py1 = (Z f?“) 1z,>0)-

i=1
This process is called Galton Watson process, and represents the number of living individuals
at each generation in various biological models. We set

Fo=0{&" 1 <m<n,i>1},
and = B[S
40.1. Show that % is a F,-martingale.

40.2. Show that % converges a.s to a random variable 7.

40.3. We assume now that p < 1.

(1) Show that P(Z, > 0) < E[Z,].
(2) Show that Z, converges in probability to 0.
(3) Show that Z,, = 0 for n large enough.

40.4. We assume now that p=1and P({ =1) < 1.

(1) Show that Z, converges a.s to a random variable Z.
(2) Suppose that P(Z,, = k) > 0 for k£ > 0. Show that there exists N > 0 such that

P(Z,=kforalln> N)>0.

(3) Show that P(Z,, = k for all n > N) =0 for all & > 0.
(4) Deduce that Z,, = 0.

40.5. Eventually we assume that pu > 1, and we will show that
P(Z, > 0 for all n > 0) > 0.
To this aim, we set p, = P(£' = k), and set

o(s) = Zpksk, s €10,1].
k=0

Namely, ¢ is the moment generating function of £*.

(1) Show that ¢ is increasing, convex, and that lim,_,; ¢'(s) = p.

(2) Let 0,, = P(Z,, = 0). Show that 6,, = ¢(6,,_1).

(3) Invoking the fact that ¢’(1) > 1, show that there exists at least one root for the
equation ¢(x) = x in [0, 1). Let p be the smallest of those roots.

(4) Show that ¢ is strictly convex, and deduce that p is the unique root of ¢(z) = = in
[0,1).

(5) Show that the extinction probability is such that

P(Z, =0 for some n > 0) = p < 1.
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40.6. Galton and Watson were interested in family name survivals. Suppose that each family
has exactly three children, and that the gender distribution is uniform. In 19*" century
England, only males could keep their family names. Compute the survival probability in
this context.

Problem 41. Let {Y,;;n > 1} be a sequence of independent random variables, with common
Gaussian law N (0, 0?), where o > 0. We set F,, = o(Y1,...,Y,) and X,, = > | ¥;. Recall
that:

Blexp(u?i)] = exp (“22" ) |

We also set, for all u € R*,
1
Z = exp (an — émfoz) .

41.1. Show that {Z;n > 1} is a F,,-martingale for all u € R*.
41.2. We wish to study the almost sure convergence of Z for u € R*.

(1) Show that for all u € R*, Z" converges almost surely.

(2) Show that
1 1
K, =— (an — —nu202>
n 2

converges almost surely, and determine its limit.
(3) Find the almost sure limit of Z* for u € R*.

41.3. We now study the L'-convergence of Z¥, for u € R*.

(1) Find lim,,_,., E[Z"].
(2) Is the martingale Z* converging in L'?

Problem 42. At time 1, an urn contains 1 green ball and 1 blue ball. A ball is drawn,
and replaced by 2 balls of the same color as the one which has been drawn. This gives a
new composition at time 2. This procedure is then repeated successively. We set Y, for the
number of green balls at time n, and write X,, = 2= for the proportion of green balls at

n+1
time n. We also set F,, = o(Y1,...,Y,).
42.1. Show that E[Y,+1|F,] = (Y, + 1) X, + Y, (1 - X,,).

42.2. Show that {X,,;n > 1} is a F,,-martingale, which converges almost surely to a random
variable U.

42.3. By means of the dominated convergence theorem, show that for all £ > 1, we have
lim,, ., E[X*] = E[U"].
42.4. Fix k > 1. We set, for n > 1,
7 Y, Yo+ ...V +k—1)
"+ Dn+2)...(n+ k)
(1) Let us define the random variables 1y, —y,} and 1y, —y,41}. Relying on these
quantities, show that {Z,;n > 1} is a F,-martingale.
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(2) Express the almost sure limit of Z,, as a function of the random variable U.
(3) Compute the value of E[U*].
(4) Show that these moments are those of the law U(]0, 1]).

Problem 43. Let (X,,)nen be a martingale with respect to a filtration F,,. We assume that
there exists a constant M > 0 such that for all n > 1

E[|X, — X\u| | Fact] <M as.

43.1. Show that if (V},),>1 is a predictable (i.e V,, is F,_;—measurable) process taking
positive values, then we have

iVnE [|Xn — Xl fnﬂ] < Mivn.

n=1 n=1

43.2. Let v be an integrable stopping time. Show that X, is integrable, and that X,,,
converges to X, in L'. Deduce that E(X,) = E(X)).
Hint : write

XV - XV/\p = Z 1{1//\p<n§1/} (Xn - Xn—l) .
n=1

43.3. Show that if 11 < vy are two stopping times with v, integrable, then E[X,,| = E[X,,].

Problem 44. Let (Y,,),>1 be a sequence of independent random variables with a common
law given by P(Y,, =1) =p=1—-P(Y, = —1) = 1 — ¢. We define (5,,)nen by So = 0 and
Sy = ZL Y.
44.1. We assume that p = ¢ = 5. We set T, = inf{n > 0, S, =a} (a € Z*). Show that
E(T,) = +o0.

44.2. Let T =T, =inf{n >0, S, = —aor S, =b} (a,b € N). Using the value of E(Sr),
compute the probability of the event (Sp = —a).
44.3. Show that Z,, = S? — n is a martingale, and from the value of E(Z7) compute E(T).

44.4. We assume that p > ¢ and we set = E(Y}). Show that

Sn
X,=S,—nu and U, = (2)
p

are martingales. Deduce the value of P(S; = —a) and E(T').

4. DISCRETE MODELS IN FINANCE

Problem 45. This problem is concerned with the Cox, Ross and Rubinstein model: we
consider a unique risky asset whose price at time n is called R,,, as well as a non risky asset
with price S, = (1 +7)". We assume the following about R,: between time n and n+ 1 the
relative variation of price is either a or b, with —1 < a < b. Otherwise stated:

R,ji=(1+a)R, or R,;1=(1+4+bR,, n=0,...,N—1
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The natural space for all possible results is thus Q = {1 +a,1 + b}", and we also consider
Fo=10,Q}, F=P(Q), and F,, = o0(Ry, ..., R,). The set Q is equipped with a probability

P such that all singletons of €2 have a non zero probability. Set T,, = RI:”_L -, and note that

fn = O'(Tl,...,Tn).
45.1. Show that the actualized price R, is a P-martingale if and only if E[T},,1|F,] = 1 +r.

45.2. Deduce that, in order to have a viable market, the rate r should satisfy the condition
r € (a,b).

45.3. Give an example of possible arbitrage whenever r & (a,b).

45.4. We assume in the remainder of the problem that r € (a,b), and we set p = 2_;2 Show
that R, is a martingale under P if and only if the random variables 7} are independent,
equally distributed, with a common law given by:

PT,=14+a)=p=1-P(T; =1+D).
Then prove that the market is complete.

45.5. Let C), (resp. P,) be the value at time n, of a European call (resp. put).

(1) Show that
Co—P,=R,—K(1+7)" "=,
This general relation is known as call-put parity.
(2) Show that C,, can be written as C,, = ¢(n, R,,), where c¢ is a function which will be
expressed thanks to the constants K, a, b, p.

45.6. Show that a perfect hedging strategy for a call is defined by a quantity H, =
A(n, R,_1) of risky asset which should be held at time n, where A is a function which
can be expressed in terms of c.

Problem 46. In this problem we consider a multinomial Cox, Ross and Rubinstein model:
the unique risky asset has a price R, at time n, and the non risky asset price is given by
S, = (1 4+ r)". We assume the following for the risky asset price: between time n and
n + 1 the relative variation of price belongs to the set {aj,as,...,ar}, with & > 3 and
—1<a; <as <...<a, Otherwise stated:

Ryt =0+aj)R, with je{l,2,...,k}, n=0,...,N—1.

The natural space for all possible results is thus Q = {1 + ay,...,1 + ax}V, and we also
consider Fy = {0,Q}, F = P(Q), and F,, = o(Ry,...,R,). The set 2 is equipped with a
probability P such that all singletons of 2 have a non zero probability. Set T, = R]jil, and
note that F, = o(T1,...,T,). We set

=PI, =14a;), je{l,2,....k}, n=0,...,N—1.
46.1. Show that the actualized price R, is a P-martingale if and only if E[T},1|F,] = 1+

46.2. Deduce that, in order to have a viable market, the rate r should satisfy the condition
r € lay; ag).

46.3. Give an example of possible arbitrage whenever r < a;.
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46.4. We assume in the remainder of the problem that

T
1>
j=1
Let Q be the set of probability measures Q on 2 satisfying:

(i) Under Q, the family {7},;n < N — 1} is a family of i.i.d random variables.
(ii) R, is a Q-martingale.

(1) Let Q) be the probability on  defined by: the family of random variables {7},;n <
N — 1} is a family of i.i.d random variables of common law given by:

QW (T, =1+a;) = je{l,2,... k}.

1

X
Show that Q)

(2) Show that Q is an infinite set.

(3) Show that the market is incomplete.

46.5. We now work under the probability QM. Let C,, be the value of a European call with
strike K and maturity N. Show that C,, can be written under the form C,, = ¢(n, R,,), where
c is a function which will be expressed thanks to K, ay,...,a,. Note that a multinomial law
can be used here. This law can be defined as follows: we consider an urn with a proportion
p; of balls of type j, for j € {1,...,k}, with Zle p; = 1. We draw n times from this urn
and we call X; the number of balls of type j obtained in this way. Then for for any tuple of

integers (nq,...,n;) such that Zle n; =n, we have
P (X, =n1,..., X =ng) Hp
H] 1! j=1
La law of the vector (X7, ..., X}) ia called multinomial law with parameters (n, k, p1, ..., pg)-

5. MARKOV CHAINS

Problem 47. Let (X,;n > 0) be a Markov chain on (FE, ), with transition probability .
We set F,, = 0(Xo, X1,...,X,,). A function f: (E,€) — (R, R) is said to be invariant or

harmonic for 7 if

Z|f Ir(z,y) <K and Y fy)r(zy) = f(z),

pour tout x de F.

47.1. Let f be a harmonic function such that ), |f(y)|v(y) < oo, where v is the law of X,.
Show that (f(X,);n > 0) is a F,- martingale.

47.2. Suppose that F is a finite set which contains two absorbing states a and b: 7(a,a) =
m(b,b) = 1. We set o(z) = inf{n > 0; X,, = 2} and T = o(a) A o (b).

(1) Show: P({X,, = ¢;¥n > 0}| Xy = ¢) = 1 whenever ¢ = a or b.
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(2) Suppose that 7(z,{a,b}) > 0, for all z € E. We set:
e = inf{m(x,{a,b});z € E,x # a,x # b}
A, = {Xi#a,X;#b, forall 0 <i<n}.
Show that P(A,| Xy =z) < (1 —¢€)". Deduce that P,(7T < o0) =1 for all z in E.

47.3. We suppose that P,(T' < oo) = 1 for all z in E. Let f be a m-harmonic function,
bounded and such that f(a) # f(b). Compute the absorption probabilities in a and b:

pra=PXr=0a|Xo=2), pup=PXr=0Xy=12)

47.4. Study the particular case where F = {1,2,3,...,n},7(1,1) = 1,m(n,n) = 1,7(:,7 +
1)=mn(i,i—1)=1/2for 2<i<n-—1, withn > 3.

Problem 48. Draw the graph and classify the states for the Markov chains whose transition
probabilities are given below:

0 1/2 1/2
1/2 0 1/2
1/2 1/2 0
0 0 01
0 0 01
1/2 1/2 0 0
0 0 10

1/2 0 1/2 0 0
1/4 1/2 0 1/4 0
1/2 0 1/2 0 0
0 0 0 1/2 1/2
0 0 0 1/2 1/2

Problem 49. We consider a game according to the following rules: assume that the player
possesses an initial amount equal to $z, with 2 € N. At a given time n, he draws randomly
(independently of the past) an integer ¢ € {1,2,3}. Then

e If / =1, the player does not win or loose anything.
o If / = 2, the player’s fortune is doubled.
e Si ¢ = 3, the entire fortune is lost.

We denote by X,, the player’s fortune at time n.
49.1. Show that for all n € N, X,,;; can be written as
Xna1 = 2Xn 1, =2) + Xnl(e, =),
where the random variables {&; k > 1} are independent, with uniform law on {1, 2, 3}.

49.2. Show that {X,;n > 0} is a Markov chain.
49.3. Compute the transition matrix of X,,, denoted by © = (m; ;).
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49.4. We designate by 7r§f;) the elements of the matrix 7”. By means of a recursion procedure,
show that for all 7 € N and n > 1 we have:

‘ " 2\"
m" (i, 297) = %—3 for j € {0,...,n}, and 7" (1,0) = 1 — (g) .

49.5. Determine the nature of each state.

49.6. Let oy be the first non zero instant for which the player’s fortune is 0. Compute, for
every initial state z and for all n € N, the quantity P,(0p = n). Show that oy follows a
geometric law with parameter %

Problem 50. In this problem, X, designates the number of particles at instant n in a given
volume V. We assume that in the interval [n,n+1), each of the X, particles has a probability
p (with 0 < p < 1) of escaping from the volume V. We also assume that a random number of
particles, following a Poisson law with parameter A, gets into V. We suppose independence
of all the random phenomena considered previously.

50.1. Show that (X,,) is a Markov chain with transition probability given by:

Q)= Y ——E (1= e
k=(z—y)+ (y— o+ k)

50.2. Compute E[e"*1| X, = x] in a direct way.

50.3. Deduce the expression of the characteristic function of X; when X follows a Poisson
law P(#). Then show that P(A/p) is an invariant measure.

50.4. Show that (X,,) is an irreducible and positive recurrent Markov chain.

50.5. What is the limit of X,,, as n goes to 0o?

Problem 51. Consider a Markov chain on the vertices of a triangle (we denote E = {1, 2,3}
this state space), defined as follows: at each instant one moves in the trigonometric sense
with probability a and in the other direction with probability 1 — a;, where 0 < a < 1.

51.1. Write the transition matrix p of this chain.
51.2. Compute the stationary distribution v.

51.3. Show that for all 2,y € E, we have lim, . p"(z,y) = v(y). We shall use the fol-
lowing criterion: let X be an irreducible recurrent Markov chain with transition p on a
finite state space F. If there exists a m > 1 satisfying p™(z,y) > 0 for all z,y € E, then
lim,, o p"(z,y) = p(y), where p is the invariant probability of X.

51.4. Compute, for any initial distribution pu,
lim P, (X, =1,X,41=2), and lim P,(X,=2X,1,=1).

n—o0 n—oo

51.5. For which values of o do we get a reversible stationary law?
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6. ERGODIC THEOREMS

Problem 52. Let (€2, F, P) be a probability space, a map ¢ preserving P, a random variable
X. We consider the class Z of invariant events.

52.1. Show that Z is a o-field.
52.2. Show that X € 7 if and only if X o ¢ = X almost surely.

Problem 53. Consider a centered stationary sequence X with autocovariance function

53.1. Show that

53.2. We now assume that lim; o, 37—, ¢(i) = 2. Prove that
lim Var ! i X; | =0?
n—oo n ‘<= ! '

Problem 54. We consider the rotation of the circle context: take (2, F,P) = ([0,1], B, \)
where B is the Borel o-algebra and A stands for the Lebesgue measure. Let 6 € (0,1). Then
we define X = {X,,; n > 0} with

Xp(w)=(w+nh) mod1l=w+nb—|w+nd.
The natural shift related to this sequence is denoted by .

54.1. If 6 = > for two integers such that m < n, show that ¢ is not ergodic by considering

the set
n—1 L 1
A= U (B+—>, where B C [0,—).
n n
k=0
54.2. We now consider # € Q¢ and we wish to prove that ¢ is ergodic.

(1) Let f € L*([0,1)) with Fourier series decomposition f = Y, _, c,e*™*. Show that
fow= fifand only if f = 0.
(2) Deduce that ¢ is ergodic.

Problem 55. Let n > 1 and X a stationary sequence of random variables. We consider a
sequence Y with (Y3,...,Y,) = (X1,...,X,) and such that the blocks (Yupi1,. .., Ya@t1))
are i.i.d. Let v be a random variable independent of X,Y and uniformly distributed over
{1,...,n}. We consider the sequence Z defined by Z,, = Y, ,, for m > 1.

55.1. Show that Z is stationary and ergodic.
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Problem 56. Let X be a sequence of independent identically distributed random variables
with zero mean and unit variance. For n > 1 let

0
Yn: E aan+i7
=0

where the o; are constants satisfying 2, aF < cc.

56.1. Use the martingale convergence theorem to show that the above summation converges
almost surely and in mean square.

56.2. Prove that lim,_,, Y, = 0, almost surely and in L!(Q).

7. BROWNIAN MOTION

Problem 57. Let B be a standard Brownian motion.

57.1. Compute, for all couple (s, t), the quantities E[B;|F,] and E[B;B?] (we do not assume
s < t here).

57.2. Compute E[B?B?].

57.3. What is the law of B, + B,?

57.4. Compute E[1(p,<0)] and E[B} 1(5,<0)].

57.5. Compute E[ [, ePds] and E[e*P [} e7Psds] for a,y > 0.

Problem 58. For any continuous bounded function f : R — R and all 0 < u < ¢, show that
E[f(B))] = E[f(Gy/u + B;_,)] with a random variable G ~ N (0, 1) independent of B;_,.

Problem 59. Let f : R — R be a C? function whose second derivative has at most expo-

nential growth. Show that
E[f(x+ B)] = f(x) + %/0 E[f"(x + Bs)|ds.

Hint: One can use the following Gaussian integration by parts formula: let N ~ N(0, 1) and
Y € C! with exponential growth. Then E[N ¢(N)] = E[¢/(N)]. The Gaussian integration
by parts should be proved first.

Problem 60. Consider a standard Brownian motion B. For all A\, 4 € R, compute

1 2
(,uBl —i—)\/ Budu) ] .
0

Problem 61. Show that the integral fol

E

S

Ei, “ ds is finite almost surely if o < 2.
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8. GAUSSIAN PROCESSES

Problem 62. Let (X,, n > 1) a sequence of centered Gaussian random variables, converging
in law to a random variable X. Show that X is also a centered Gaussian random variable.
Deduce that the process Y = {Y;, t > 0} given by Y; = fg B,du is Gaussian. Compute its
expected value and its covariance function.

Problem 63. We define the Brownian bridge by Z, = B, —tB; for 0 <t < 1.

63.1. Show that Z is a Gaussian process independent of B;. Give its law, that is its mean
and its covariance function.

63.2. Show that the process 7, with Z, = Z,_,, has the same law as Z.
63.3. Show that the process Y, with Y; = (1 —¢)B_: , 0 <t < 1, has the same law as Z.

t
1-t

9. CONTINUOUS TIME MARTINGALES

Problem 64. Among the following processes, what are those who enjoy the martingale
property? Hint: use the Fubini type relation E[fot Bydu|Fs] = fot E[B,|F] du.

64.1. M, = B’ - 3 |, B, ds?

64.2. Z, = B,* — 3tB;?

64.3. X, =B, — [, B,ds?

64.4. Y, = 1*B, — 2 [, B,ds?

Problem 65. Let G, = F; V 0(B;). Check that B is not a G,-martingale. Hint: get a
contradiction, showing that if B is a G;-martingale, then E[B;|B;] = E[B|B;] for 0 < s,t <
1.

Problem 66. Let Z = {Z;, t > 0} le process defined par Z;, = B; — fot % ds.

66.1. Show that Z is a Gaussian process.

66.2. Compute the expected value and the covariance function of Z. Deduce that Z is a
Brownian motion.

66.3. Show that Z is not a FP-martingale, where (F7) is the natural filtration of B. Hint:
compute E[Z; — Z,|FP] for 0 < s < t.

66.4. Deduce that FZ C FB, but FZ #£ FB.

Problem 67. Let ¢ be a bounded adapted process on (2, F, (Fi)i0, P) and M a (F)-
martingale. We set

t
Vo=~ [ ouds tepT)
0
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Prove that .
th:E|:/ ¢sd8+YT|~Ft:|v tG[O,T] (2)
t

In the other direction, if Y satisfies (2) with a bounded adapted process ¢, show that M
defined by

t
Mt:Y;+/gz5sds, t €[0,7],
0

is a martingale.

Problem 68. Let (M;);>0 be a square integrable Fi-martingale (that is such that M, € L?
for all t).

68.1. Show that E[(M; — M,)?|F.| = E[M?F,] — M for t > s
68.2. Deduce that E[(M, — M,)?] = E[M,*] — E[M,?] for t > s
68.3. Consider the function ® defined by ®(t) = E[M,?]. Check that ® is increasing.

Problem 69. Show that if M is a F;-martingale, it is also a martingale with respect to its
natural filtration G, = o(M,, s < t).

Problem 70. Let 7 be a positive random variable defined on (2, F, (F;)i>0, P) . Show that
Z; = P(1 < t|F;) is a sub-martingale.

Problem 71. Let X be a centered process with independent increments, such that for all
n € N*and any 0 < t; <ty < ... <t,, the random variables X;,, X\, — Xy, ..., X, = Xi,, ,
are independent. In addition, we assume that X is integrable, and that (F;) is the natural
filtration of X. Show that X is a martingale. If we further suppose that X is square
integrable, show that X? — E[X?] is also a (F;)-martingale.

10. HITTING TIMES

In this section, a designates a real number and 7T, is the random time defined by T, =
inf{t >0: B, =a}.

Problem 72. Show that T, is a stopping time. Compute E[e~*¢] for all A > 0. Show that
P(T, < c0) =1 and that E[T,] = cc.

Problem 73. Prove (avoid computations) that for b > a > 0, the random variable T, — T,
is independent of T,. Deduce that the process (7}).>0 has independent and stationary
increments.
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Problem 74. Let a <0 < band T =T, A'T,. Compute P(T, < T},) and E[T].
Hint: Apply the optional sampling theorem to B; and B? — t.

Problem 75. Find an expression for Z; = P(T, > 1|F;) for 0 <t < 1 and a > 0. Recall
th 9
at Supuﬁt Bu — |Bt|

Problem 76. Let I = —inf <7, Bs. Show that I has a density given by fi(z) = ml[&-ﬁ-oo[(x)'
Hint: Use {I <z} ={T1 < T_,}.

Problem 77. Let 7} = inf{t > 0: B; = 1}. Use a Brownian scaling in order to show the
following identities in law:

(1) T, @ 1 with Sy = sup(By,u < 1);

T2
Sl

2) T, 2 o2

11. WIENER INTEGRAL
Problem 78. In this problem we consider the process X defined by X; = fot (sins) dBs.
78.1. Show that, for each ¢ > 0, the random variable X; is well defined.

78.2. Show that X = (X¢):>o is a Gaussian process. Compute its expected value and its
covariance function.

78.3. Compute E[X;|F| for s, > 0.

78.4. Show that X; = (sint)B; — fot(cos s)Bg ds for all t > 0.

Problem 79. Let X be the process defined on (0,1) by: X; = (1 —t) (f dBs

79.1. Show that X satisfies:

X,
Xo,=0 and dXt:t_tldterBt, t e (0,1).

79.2. Show that X is a Gaussian process. Compute its expected value and its covariance
function.

79.3. Show that limyuy X; = 0 in L*(Q).
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12. ITO’S FORMULA

Problem 80. Write the following processes as [td processes, specifying their drift and their
diffusion coefficient.

(1) X, = B,

(2) Xt =t + exp(By);

(3) X; = B,* — 3tBy;

(4) Xy = (By +t)exp(—By — t/2);
(5) Xt = exp(t/2) sin(By).

Problem 81. Let X and Y defined by:

X, = exp </0ta(s)ds> et Yi— Yo+ /Ot [b(s) exp <— /Osa(u)du)] 0B,

where a,b : R — R are bounded functions. We set Z; = X;Y;. Show that dZ;, = a(t)Z,dt +
b(t)dB;.

Problem 82. Let Z be the process given by Z; =t X, Y;, where X and Y are defined by:
dX; = f(t)dt +o(t)dB;, and dY; =n(t)dB;.

Find an expression for dZ;.

Problem 83. Show that Y = (Y;);>¢ defined by V; = sin(B;)+3 fot sin(B;) ds is a martingale.
Find its expected value and its variance.

Problem 84. Let us assume that the following system admits a solution (X, Y):

X, = z+ [y Y,dB,
Y, = y— [y X.dB, '

Show that X,> 4+ Y;* = (22 4+ y?)e! for all t > 0.

t>0.

Problem 85. We define Y and Z in the following way for ¢ > 0:

t t
Y, = / e’dBs;, and Z; = / Y,dB;.
0 0

Give an expression for E[Z;], E[Z}] and E[Z,Z] for s,t > 0.

Problem 86. Let o be an adapted continuous process in L?(Q xR), and let X; = f[f o, dBs—
%fé o2ds. We set Y; = exp(X;) and Z, = Y, ..
86.1. Give an explicit expression for the dynamics of Y, that is dY;.

86.2. Show that Y is a local martingale on [0,7] for all T' > 0. If o = 1, show that Y is a
martingale on [0, 7] for all 7" > 0. Compute E[Y;] in this case.

86.3. Compute dZ;.
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Problem 87. Let a, b, ¢, z be real valued constants, and let Z be the process defined by:
t
Zt — e(a—c2/2)t+th (Z + b/ 6—(a—c2/2)s—chdS> > 0.
0

Give a simple expression for dZ;.

Problem 88. Let (X;):>o be a process satisfying X; = = + f(f asds + fot o.dB, for t > 0. In
the previous formula, x is a real number, a is a continuous process satisfying fot lag|ds < oo

for all ¢ > 0, and ¢ is an adapted continuous process verifying [ E[o?]ds < oo for all ¢ > 0.
We wish to show that if X =0, then =0, a =0 and o = 0.

88.1. Apply It6’s formula to Y; = exp(—X7?).
88.2. Prove the claim.

Problem 89. Let X be an It6 process. A function s is called scale function for X if s(.X)
is a local martingale. Determine the scale functions of the following processes:

(2) Xi = exp(B; + v1);

(3) Xy =+ [ b(X,)ds + [ o(X,)dB,.

Problem 90. Let f: R — R be a C} function.

90.1. Construct a function ¢ : [0,1] x R — R (expressed as an expected value) such that,
for ¢t € [0, 1], we have E[f(B1)|F:] = ¥ (t, By).

90.2. Write 1t6’s formula for ¢ and simplify as much as possible.
90.3. Show that, for all ¢ € [0, 1] we have:

E[f(B))|F] = Elf(B))] + / E[f(B,)|F.JdB..

Problem 91. Let S be the solution of: dS; = rS,dt + Sio(t,S;)dBy, t € [0,T], where r is a
constant and where o : R, x R — R is a function C''' with bounded derivatives.

91.1. Show that E[®(S7)|F:] is a martingale (as a function of t) for any bounded measurable
function ®.

In the sequel, we admit that E[®(St)|F;] = E[®(S7)|S:] for all t € [0, T] (Markov property
for 9).

91.2. Let ¢(t,x) be the function defined by ¢(t,S;) = E[®(ST)[S:] (the existence of ¢ is
admitted). Write dZ; with Z, = p(t, S).

91.3. Invoking the fact that ¢(t, S;) is a martingale, and admitting that ¢ is C1?, show that
for all £ > 0 and all z > 0 we have:

) Oy 1, , 0%
Tt - Z b
5 (t,x) +7’x8$ (t,z) + 50 (t,x)x 2

What is the value of (T, x)?

(t,z) = 0.
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Problem 92. Let B be a d-dimensional Brownian motion. We consider an open bounded
subset G of R% and 7 = inf{t > 0; B; ¢ G}. We denote by K the diameter of G, i.e
K =sup{lz —y|; v,y € G}.

92.1. Show that there exists € = ex € (0,1) such that P,(1 < 1) >¢ for all x € G.

92.2. Deduce that there exists p = px € (0,1) such that P,(r > k) < pF for all k > 1 and
z €.

92.3. Deduce that E,[7?] < oo for all p > 1. In particular, show that 7 < oo P -almost
surely for all z € G.

92.4. Let ¢ € C*(@) be a harmonic function, i.e such that Ay = 0 sur G. Prove that
E.[p(B;)] = ¢(z).
92.5. We now seek some harmonic functions ¢ : R? — R having the form p(x) = f(|z|?)
with f: R — R.

(1) Prove that f is solution of the differential equation f”(y) = —< f'(y) for y > 0.

2y
(2) Deduce the following form for radial harmonic functions:

x itd=1
o(x) =< In(|z]) ifd=2
|z|>~¢ ifd >3

Problem 93. We now consider a particular case of Problem 92, namely we fix the dimension

d=1.
93.1. Let a < x < b and 7 = inf{t > 0; B; € (a,b)}. Show that
b—x rT—a
P, (B, =a)= : P, (B, =b) = .
(Br=a) = — ( )=
93.2. For z € R we set T, = inf{t > 0; B, = x}. Prove that P,(7, < oo) = 1 for all
x,y € R.

93.3. Let now s > 0 and z,y € R. Show that P,(B; =y forat>s) =1

93.4. Let T, be the random set given by the points such that B, = y. Applying Markov’s
property, show that P, (7, unbounded) = 1.

Problem 94. The situation of Problem 92 is now particularized to the dimension d = 2.
For r > 0 we set S, = inf{t > 0; |B| =r}.
94.1. Let x € R? such that 0 < r < |z| < R. Prove that
In(R) — In(|z|)
P.(S, < Sg) = .
( 7) In(R) — In(r)

94.2. Invoking the same kind of arguments as in Problem 93, show that B is recurrent, that
is for any couple z,y € R? and r > 0 we have P, (T, < 00) = 1.
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94.3. Whenever x # 0, show that P, (75 < oo) = 0, i.e the 2-dimensional Brownian motion
does not hit points. Hint: for a fixed R > 0 we have

(Tg < SR) C ﬂ (Sl/n < SR) .

n>1
Problem 95. Consider now the case of a Brownian motion in dimension d > 3. For r > 0
we set S, = inf{t > 0; |B;| = r}.
95.1. Let x € R? such that |z| > r > 0. Prove that P,(S, < 00) = (r/|z])* 2.
95.2. Let A, = {|B,| > n'/? for all t > S,,}. Show that P,(limsup, A,) = 1 for all z € R%.

95.3. Show that P -almost surely we have lim;_,, | B;| = oo, for all z € R%.

13. GEOMETRICAL BROWNIAN MOTION

Problem 96. Let S satisfying the following stochastic differential equation:
dSt = St(b dt + UdBt), SO = 1, (3)
where b and o are constants. Let S’t = e US,.

96.1. Show that (S,);>0 is a martingale. Deduce the value of E[S;] and E[S,|F,] for any
couple (¢, s).

96.2. Give an expression for the drift term and the diffusion coefficient of %

96.3. Show that S; = exp[(b — 30°)t + 0 B,] satisfies (3), and that

1
St = Syexpl|(b — 502)(T —t)+o(Br — By)]
for all T" > ¢.

96.4. Let L be a process verifying dL; = — L0, dB; where 6, is an adapted continuous process
in L?(Q x R). We set Y; = S;L;. Compute dY;.

96.5. Let (; be defined by
dCt = —Ct(’f’ dt + Qt dBt)

Show that ¢; = L;e™". Compute d(¢™'); and then d(S¢);. How can we choose 6 in such a
way that (S is a martingale?

Problem 97. Let f be a bounded measurable function and S = (S;):>0 be a process verifying
the equation

dSt = St(?” — ft)dt + O'dBt, S() =1z € R.

The following questions are independent.

97.1. Show that e "S5, + fg fse7 "S5 ds is a local martingale.



MA 539 - PROBLEM LIST

97.2. Show that

t
St — xe’l‘t_fot fu du + O_/ eT(t—S)—f: fu dudBS
0

is a possible expression for S. In the sequel, we work with this formula for S.

97.3. Compute the expected value and the variance of S; for ¢t > 0.
97.4. Let T, K > 0. Compute E[(Sr — K)| whenever f is constant.
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