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CHAPTER 1

Basics on Brownian motion

Brownian motion is the founding object of stochastic calculus, and it is also, in disguise,
everywhere in modern machine learning: it is the noise source of stochastic gradient
algorithms, the driving process of the stochastic differential equations that we use to
model continuous-time dynamics, and, as we shall see in Chapter ??, the building block
of score-based generative models. Before any of this can be made precise we need a
solid construction of the object itself, together with the vocabulary (processes, filtrations,
modifications) needed to state its properties rigorously. This is the purpose of the present
chapter.

We first recall, in Section 1.1, the two measure-theoretic notions, σ-algebra and prob-
ability measure, on which everything that follows rests. We then proceed in two further
steps, corresponding to the next two sections. Section 1.2 introduces the general language
of stochastic processes, indexed families of random variables, and the bookkeeping device
of a filtration, which records the information available as time elapses. Section 1.3 then
specializes this language to define the Wiener process, states its existence, and proves it
through the classical Lévy–Ciesielski construction. Later sections of this chapter (first
properties, the martingale and Markov properties, pathwise regularity) will build on this
construction to develop the calculus needed for the rest of the course; our main reference
throughout is the monograph of Karatzas and Shreve [6], and we occasionally lean on
Durrett [2] for background probabilistic facts.

1.1 Basic measure theoretical background

Probability, as we use it throughout the course, is built on top of two measure-theoretic
notions: the σ-algebra, which fixes which subsets of an underlying set Ω can be assigned

1



CHAPTER 1. BROWNIAN MOTION 1.2. STOCHASTIC PROCESSES 2

a probability, and the probability measure itself, which assigns these probabilities consis-
tently. We recall both before putting them to use.

Definition 1.1.1

Let Ω be a set. A σ-algebra on Ω is a collection F of subsets of Ω, called events, such
that:
(i) Ω ∈ F ;

(ii) if A ∈ F , then Ω \ A ∈ F ;

(iii) if (Ak)k≥1 ⊂ F , then ⋃
k≥1 Ak ∈ F .

The pair (Ω,F) is then called a measurable space.

A σ-algebra alone only names the events; a probability measure is what makes them
measurable in size.

Definition 1.1.2

Let (Ω,F) be a measurable space (Definition 1.1.1). A probability measure on (Ω,F)
is a map P : F → [0, 1] such that:
(i) P(Ω) = 1;

(ii) (σ-additivity) for every sequence (Ak)k≥1 of pairwise disjoint sets in F ,

P
( ⋃

k≥1
Ak

)
=

∑
k≥1

P(Ak). (1.1)

The triple (Ω,F ,P) is then called a probability space.

With these two definitions in hand, we fix once and for all the notation for the under-
lying probability space and related objects that will be used throughout the course.

Notation 1.1.3

Throughout the course (Ω,F ,P) denotes an underlying probability space (Defini-
tions 1.1.1 and 1.1.2), and E the expectation with respect to P. For two random
variables (or events) X, Y we write X ⊥⊥ Y to mean that X and Y are indepen-
dent. For a real random variable X ∈ L2(Ω) we write Var(X) := E[X2] − E[X]2,
and for X, Y ∈ L2(Ω) we write Cov(X, Y ) := E[XY ] − E[X]E[Y ], so that Var(X) =
Cov(X,X). For s, t ∈ R we write s ∧ t := min(s, t) and s ∨ t := max(s, t).

1.2 Stochastic processes

We start by fixing the vocabulary of stochastic processes that will be used throughout
the course: a process is simply a time-indexed family of random variables, and its path is
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the function obtained by freezing the outcome ω ∈ Ω and letting time run.

Definition 1.2.1

Let (Ω,F ,P) be a probability space (Notation 1.1.3), let I ⊂ R+ be an interval, and
let {Xt ; t ∈ I} be a family of Rn-valued random variables on (Ω,F ,P).
(i) If the map ω 7→ Xt(ω) is measurable for every t ∈ I, the family X = {Xt ; t ∈ I}
is called a stochastic process.

(ii) For a fixed ω ∈ Ω, the map t 7→ Xt(ω) is called a path of X.

(iii) The process X is continuous if its paths are continuous for P-almost every ω ∈ Ω.

Two processes built from the same family of random variables can still differ on how
they agree with each other: agreement can hold at every fixed time, or simultaneously
along every path. The next definition separates these two notions.

Definition 1.2.2

Let X and Y be two stochastic processes indexed by the same interval I, on the same
probability space (Ω,F ,P).
(i) We say that X is a modification of Y if

P
(
Xt = Yt

)
= 1, for all t ∈ I. (1.2)

(ii) We say that X and Y are indistinguishable if

P
(
Xt = Yt for all t ∈ I

)
= 1. (1.3)

Remark 1.2.3. (i) Relation (1.3) implicitly requires the event(
Xt = Yt for all t ∈ I

)
to belong to F , which is automatic when I is countable but is a genuine requirement
(typically met through continuity of the paths) when I is an interval of R+.

(ii) Indistinguishability (1.3) is a much stronger requirement than being a modification
(see (1.2)): the latter only asks the two processes to agree, time by time, outside of a P-
negligible set that is allowed to depend on t, while the former asks for a single P-negligible
exceptional set that works simultaneously for every t ∈ I.

(iii) When X and Y are both continuous processes, and I admits a countable dense subset
D ⊂ I (for instance I = R+, with D = Q+), relations (1.3) and (1.2) are equivalent:
two continuous processes that agree almost surely at every t ∈ D agree, outside a single
negligible set, on the whole of I.
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In order to formalize the flow of information carried by a stochastic process, we now
introduce filtrations. This device will be indispensable in the martingale and Markov
analysis of Brownian motion carried out later in the chapter.

Definition 1.2.4

Let (Ω,F ,P) be a probability space and let I ⊂ R+ be an interval.
(i) A filtration on (Ω,F ,P) is an increasing family (Ft)t∈I of sub-σ-algebras of F ,
that is Fs ⊂ Ft ⊂ F whenever s < t in I. We interpret Ft as the information available
to an observer at time t.

(ii) The collection N := {F ∈ F ; P(F ) = 0} of negligible sets is fixed once and for
all. A filtration (Ft)t∈I is complete if N ⊂ Ft for every t ∈ I.

(iii) A stochastic basis is a quadruple (Ω,F , (Ft)t∈I ,P) in which (Ft)t∈I is a complete
filtration.

Remark 1.2.5. Any filtration (Ft)t∈I can be completed at no cost: replacing Ft by F̂t :=
σ(Ft,N ) produces a complete filtration (F̂t)t∈I containing the original one. In what follows
we always work with a completed filtration, and drop the hat from the notation.

The last notion we need measures how a process interacts with a given filtration: a
process is adapted to (Ft)t∈I when its value at time t is determined by the information
available at that time.

Definition 1.2.6

Let (Ω,F , (Ft)t∈I ,P) be a stochastic basis (Definition 1.2.4) and let X = {Xt ; t ∈ I}
be an Rn-valued stochastic process (Definition 1.2.1). We say that X is Ft-adapted
if, for every t ∈ I, the map

Xt : (Ω,Ft) −→ (Rn,B(Rn)) (1.4)

is measurable.

Remark 1.2.7. Let FX
t := σ{Xs ; s ≤ t} denote the natural filtration generated by a

process X, that is the smallest filtration to which X is adapted.
(i) Any process X is adapted to its own natural filtration (FX

t )t∈I .

(ii) More generally, X is Ft-adapted, in the sense of Definition 1.2.6, if and only if
FX

t ⊂ Ft for every t ∈ I: a process is adapted to a filtration exactly when that filtration
carries at least as much information, at each time, as the process itself generates.

With this vocabulary in hand we can now turn to the central object of the chapter:
the Wiener process.
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1.3 Definition and construction of the Wiener pro-
cess

This section has two goals. We first give the defining properties of the Wiener process (Def-
inition 1.3.2) and state its existence (Theorem 1.3.4). We then prove existence through the
classical Lévy-Ciesielski construction, which expands the process along an orthonormal
system of L2([0, 1]) built from the Haar functions. Beyond its historical importance, this
construction has the merit of making the almost-sure continuity of the paths, part (iv) of
Definition 1.3.2, transparent: it is inherited from the uniform convergence of the defining
series.

Throughout, for a function f : I → Rn and s, t ∈ I we abbreviate the increment of f
between s and t as follows.

Notation 1.3.1

For a function f defined on an interval I ⊂ R+ and s, t ∈ I, we write

δfst := ft − fs. (1.5)

The same notation is used for a stochastic process f = X, in which case δXst is itself
a random variable.

Definition 1.3.2

Let (Ω,F ,P) be a probability space and let {Wt ; t ≥ 0} be an R-valued stochastic
process on (Ω,F ,P) (Definition 1.2.1). We say that W is a (standard, real-valued)
Wiener process, or Brownian motion, if
(i) W0 = 0 almost surely.

(ii) For every n ≥ 1 and every 0 = t0 < t1 < · · · < tn, the increments (Notation 1.3.1)

δWt0t1 , δWt1t2 , . . . , δWtn−1tn (1.6)

are independent.

(iii) For every 0 ≤ s < t,
δWst ∼ N (0, t− s). (1.7)

(iv) W has continuous paths almost surely.

Remark 1.3.3. Properties (i)–(iii) alone only prescribe the finite-dimensional distri-
butions of W , that is the law of (Wt1 , . . . ,Wtn) for every finite set of times: by Kol-
mogorov’s extension theorem, they determine a consistent family of such laws, hence a
process on some probability space, but they say nothing about the regularity of its paths.
Many references state continuity of the paths as a separate theorem (an existence-of-a-
continuous-modification result, typically proved through Kolmogorov’s continuity criterion,
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as in route (i) of Remark 1.3.5) rather than as part of the definition of a Wiener process.
We include it as property (iv) directly in Definition 1.3.2, purely for convenience: the
construction of Section 1.3.1 (Proposition 1.3.11) produces a process satisfying (i)–(iv)
simultaneously, with no extra argument needed, so nothing is lost by assuming continuity
from the outset. Throughout the course, “Wiener process” always refers to this continuous
version.

Properties (ii) and (iii) together say that W has stationary independent Gaussian
increments: the law of an increment only depends on the length of the time interval, and
increments over disjoint intervals carry no information about one another. Figures 1.1a
and 1.1b display two simulated paths of a Wiener process: their irregularity is already a
visible sign that, as we shall see in Section 1.7 later in this chapter, the paths are almost
surely nowhere differentiable.

0.0 0.2 0.4 0.6 0.8 1.0

-1
.5

-1
.0

-0
.5

0.
0

0.
5

1.
0

1.
5

Time

B
ro

w
ni

an
 m

ot
io

n

(a) A single simulated path.
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(b) Three independent simulated paths.

Figure 1.1 – Simulated paths of a Wiener process on [0, 1], illustrating the randomness of
the trajectories.

Definition 1.3.2 describes the properties we want W to have, but it gives no reason to
believe that such a process exists: it is not a priori clear that a single probability space
can support an uncountable family of Gaussian random variables satisfying simultaneously
the independence and covariance constraints (ii)–(iii), together with the path regularity
of (iv). This existence question is settled by the following theorem.

Theorem 1.3.4

There exists a probability space (Ω,F ,P) on which one can construct a Wiener pro-
cess, in the sense of Definition 1.3.2.

Remark 1.3.5. Theorem 1.3.4 can be proved in several classical ways, among which
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(i) an application of Kolmogorov’s extension theorem to the family of finite-dimensional
Gaussian distributions prescribed by (1.6)–(1.7), followed by a separate argument (Kol-
mogorov’s continuity criterion) to upgrade the resulting process to one with continuous
paths;

(ii) an invariance-principle argument, obtaining W as the limit, after diffusive rescaling,
of a simple random walk;

(iii) the Lévy–Ciesielski construction, which builds W directly as a random series expan-
sion along an orthonormal basis of L2([0, 1]).
We follow route (iii), which we now develop in full.

1.3.1 The Lévy–Ciesielski construction on [0, 1]

The construction proceeds by expanding a Wiener process on [0, 1] along a well-chosen
orthonormal basis of L2([0, 1]), the Haar functions.

Definition 1.3.6

The family of Haar functions {hk : [0, 1] → R ; k ≥ 0} is defined by h0 ≡ 1,

h1(t) = 1[0,1/2](t) − 1(1/2,1](t), (1.8)

and, for n ≥ 1 and 2n ≤ k < 2n+1,

hk(t) = 2n/2 1[ k−2n

2n ,
k−2n+1/2

2n ](t) − 2n/2 1( k−2n+1/2
2n , k−2n+1

2n ](t). (1.9)

Figure 1.2 displays the first Haar functions h1, . . . , h7: each hk, for 2n ≤ k < 2n+1, is
a rescaled step function supported on a single dyadic interval of length 2−n, taking the
value 2n/2 on its left half and −2n/2 on its right half.

1
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√
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h2 h3

h4 h5 h6 h7

Figure 1.2 – The Haar functions h1, . . . , h7 (Definition 1.3.6) on [0, 1].
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Lemma 1.3.7

The Haar functions {hk : [0, 1] → R ; k ≥ 0} of Definition 1.3.6 form an orthonormal
basis of L2([0, 1]).

Proof. We check successively that the family is normalized, that it is orthogonal, and that
it is complete in L2([0, 1]).
Step 1: Norm. For 2n ≤ k < 2n+1, using definition (1.9),∫ 1

0
h2

k(t) dt = 2n
∫ k−2n+1

2n

k−2n

2n

dt = 1, (1.10)

and likewise
∫ 1

0 h
2
0 =

∫ 1
0 h

2
1 = 1. Hence every hk has unit L2([0, 1])-norm.

Step 2: Orthogonality. Let k < l, both in the range k ≥ 1, and write supp(hk) for the
support of hk. Two situations occur.
(i) If supp(hk) ∩ supp(hl) = ∅, then trivially ⟨hk, hl⟩L2([0,1]) = 0.

(ii) If instead supp(hl) ⊂ supp(hk), then observe that hk is constant equal to ±2n/2

(where 2n ≤ k < 2n+1) on each half of its support. Moreover, hl has mean zero. Therefore
we get

⟨hk, hl⟩L2([0,1]) = ±2n/2
∫ 1

0
hl(t) dt = 0. (1.11)

Since two distinct dyadic supports are always either disjoint or nested, this covers every
pair k ̸= l, and {hk ; k ≥ 0} is an orthonormal system.
Step 3: Completeness. It remains to show that the orthonormal system {hk ; k ≥ 0}
spans a dense subspace of L2([0, 1]). Let f ∈ L2([0, 1]) be such that ⟨f, hk⟩ = 0 for every
k ≥ 0; we show that f = 0 almost everywhere. Unwinding the relations ⟨f, hk⟩ = 0 level
by level in n shows that∫ t

s
f(u) du = 0, for every pair of dyadic numbers s, t ∈ [0, 1]. (1.12)

By density of the dyadic numbers and continuity of t 7→
∫ t

0 f , relation (1.12) in fact
holds for every s, t ∈ [0, 1]. In particular F (t) :=

∫ t
0 f(u) du vanishes identically, so by

Lebesgue’s differentiation theorem

f(t) = ∂tF (t) = 0, for almost every t ∈ [0, 1].

Hence the only element of L2([0, 1]) orthogonal to every hk is 0, which proves completeness
and finishes the proof. ■

The Wiener process itself will not be expanded along the Haar functions directly, but
along their primitives, called Schauder functions.



CHAPTER 1. BROWNIAN MOTION 1.3. THE WIENER PROCESS 9

Definition 1.3.8

The family of Schauder functions {sk : [0, 1] → R ; k ≥ 0} is defined from the Haar
functions of Definition 1.3.6 by

sk(t) :=
∫ t

0
hk(u) du. (1.13)

Lemma 1.3.9

For 2n ≤ k < 2n+1, the Schauder function sk of Definition 1.3.8 satisfies

supp(sk) = supp(hk) =
[
k − 2n

2n
,
k − 2n + 1

2n

]
, (1.14)

and
∥sk∥∞ = 1

2n/2+1 . (1.15)

Figure 1.3 shows the first three Schauder functions: each sk is a triangular tent sup-
ported on the same dyadic interval as hk, with height controlled by (1.15); this decay of
the sup-norm as k → ∞ is exactly what will make the random series defining the Wiener
process converge uniformly.
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Figure 1.3 – The Schauder functions s1, s2, s3 (Definition 1.3.8) on [0, 1].

We record a classical almost-sure growth bound for the maximum of n i.i.d. standard
Gaussian variables, which will control the coefficients of the random series defining the
Wiener process.
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Lemma 1.3.10

Let {Xk ; k ≥ 1} be an i.i.d. sequence of N (0, 1) random variables and set Mn :=
sup{|Xk| ; 1 ≤ k ≤ n}. Then

Mn = O
(√

ln(n)
)
, almost surely. (1.16)

Proof. We first bound the Gaussian tail, then invoke Borel–Cantelli to control Mn almost
surely.
Step 1: Gaussian tail. For x > 0,

P
(
|Xk| > x

)
= 2√

2π

∫ ∞

x
e−z2/2 dz ≤ c1 e

−x2/4
∫ ∞

x
e−z2/4 dz ≤ c2 e

−x2/4, (1.17)

where the middle inequality splits e−z2/2 = e−z2/4e−z2/4 and bounds the first factor by
e−x2/4 on {z ≥ x}.
Step 2: Borel–Cantelli. Let

Ak :=
(
|Xk| ≥ 4

√
ln(k)

)
.

By (1.17) applied at x = 4
√

ln(k), it is readily checked that

P(Ak) ≤ c

k4 , so that
∑
k≥1

P(Ak) < ∞. (1.18)

By the (first) Borel–Cantelli lemma, we thus get P(lim supk Ak) = 0.
Step 3: Conclusion. By Step 2, almost surely there exists k0 = k0(ω) such that |Xk(ω)| ≤
4

√
ln(k) for all k ≥ k0. Taking the supremum over 1 ≤ k ≤ n and letting n → ∞

yields (1.16). ■

We are now ready to construct the Wiener process on [0, 1].

Proposition 1.3.11

Let {sk ; k ≥ 0} be the Schauder functions of Definition 1.3.8 and let {Xk ; k ≥ 0}
be an i.i.d. sequence of N (0, 1) random variables on some probability space (Ω,F ,P).
Set

Wt :=
∑
k≥0

Xk sk(t), t ∈ [0, 1]. (1.19)

Then W = {Wt ; t ∈ [0, 1]} is a Wiener process on [0, 1], in the sense of Definition 1.3.2
restricted to [0, 1].
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Proof. Property (i) of Definition 1.3.2 is immediate since every sk satisfies sk(0) = 0. We
prove the remaining three properties in three steps.
Step 1: Uniform convergence, and continuity of the paths. We show that the series (1.19)
converges uniformly on [0, 1], almost surely; this simultaneously makes Wt well defined
and gives property (iv) of Definition 1.3.2, since a uniform limit of continuous functions
is continuous. It suffices to show that, almost surely, for every ε > 0 there is n0 = n0(ω)
such that ∥∥∥∥2n−1∑

k=2m

Xk sk

∥∥∥∥
∞

≤ ε, for all n0 ≤ m < n. (1.20)

Fix η ∈ (0, 1/2). By Lemma 1.3.10 applied to the sequence {Xk ; k ≥ 0}, almost surely
there is c = c(ω) such that |Xk| ≤ c kη for every k ≥ 1. On the other hand, for 2p ≤ k <
2p+1 the functions sk have pairwise disjoint support by (1.14), so (1.15) gives

∥∥∥∥2p+1−1∑
k=2p

sk

∥∥∥∥
∞

≤ 1
2p/2+1 . (1.21)

Combining the two bounds, for every t ∈ [0, 1],
∣∣∣∣ 2n∑
k=2m

Xk sk(t)
∣∣∣∣ ≤

∑
p≥m

2p+1−1∑
k=2p

|Xk| sk(t)

≤
∑
p≥m

(
sup

2p≤ℓ<2p+1
|Xℓ|

)∣∣∣∣2
p+1−1∑
k=2p

sk(t)
∣∣∣∣

≤ c1
∑
p≥m

1
2p(1/2−η) ≤ c2

2m(1/2−η) , (1.22)

using (1.21) and η < 1/2 for the last two inequalities. The right-hand side of (1.22) tends
to 0 as m → ∞ and does not depend on t, which proves (1.20) and hence the almost
sure uniform convergence, on [0, 1], of the series (1.19) defining W . Being an almost sure
uniform limit of continuous functions, W then has continuous paths, which is property (iv)
of Definition 1.3.2.
Step 2: Law of the increments. We show that δWrt ∼ N (0, t − r) for 0 ≤ r < t ≤ 1
(Notation 1.3.1), that is property (iii) of Definition 1.3.2. It suffices to show that, for
every λ ∈ R,

E
[
eıλ δWrt

]
= e− (t−r)λ2

2 . (1.23)

By (1.19), δWrt = ∑
k≥0 Xk

(
sk(t) − sk(r)

)
, so, invoking independence of the Xk’s and

dominated convergence (justified by Step 1) to exchange expectation and the infinite sum,

E
[
eıλ δWrt

]
=

∏
k≥0

E
[
eıλ Xk(sk(t)−sk(r))

]

=
∏
k≥0

e− λ2
2 (sk(t)−sk(r))2 = e

− λ2
2

∑
k≥0(sk(t)−sk(r))2

, (1.24)
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the second equality being the characteristic function of the N (0, (sk(t) − sk(r))2) law
of Xk(sk(t) − sk(r)). It remains to evaluate the sum in the exponent of (1.24). By
definition (1.13) of the Schauder functions as primitives of the Haar functions, sk(u) =
⟨hk,1[0,u]⟩L2([0,1]) for every u ∈ [0, 1], so Parseval’s identity for the orthonormal basis
{hk ; k ≥ 0} of Lemma 1.3.7 gives∑

k≥0
sk(r) sk(t) =

∑
k≥0

⟨hk,1[0,r]⟩ ⟨hk,1[0,t]⟩ = ⟨1[0,r],1[0,t]⟩L2([0,1]) = r, (1.25)

since r < t. Combined with ∑
k≥0 sk(u)2 = u (the case r = 0 of (1.25) together with

t = u), this yields∑
k≥0

(
sk(t)−sk(r)

)2
=

∑
k≥0

sk(t)2 −2
∑
k≥0

sk(t)sk(r)+
∑
k≥0

sk(r)2 = t−2r+r = t−r. (1.26)

Substituting (1.26) into (1.24) gives exactly (1.23), which proves Step 2.
Step 3: Independence of the increments. We finally prove property (ii) of Definition 1.3.2.
We only detail the simplest case of two increments, Wr ⊥⊥ δWrt for 0 ≤ r < t ≤ 1; the
general case of n ≥ 2 increments over a partition 0 = t0 < t1 < · · · < tn follows by
the identical computation, with n Gaussian variables and n real parameters λ1, . . . , λn in
place of λ1, λ2 below. For λ1, λ2 ∈ R, arguing exactly as in Step 2, we discover that

E
[
eı(λ1Wr+λ2 δWrt)

]
=

∏
k≥0

E
[
eıXk[λ1sk(r)+λ2(sk(t)−sk(r))]

]
= e

− 1
2

∑
k≥0[λ1sk(r)+λ2(sk(t)−sk(r))]2

. (1.27)
Furthermore, expanding the square term by term for every k ≥ 0, we get[
λ1sk(r) + λ2

(
sk(t) − sk(r)

)]2
= λ2

1 sk(r)2 + 2λ1λ2 sk(r)
(
sk(t) − sk(r)

)
+ λ2

2

(
sk(t) − sk(r)

)2
. (1.28)

Summing (1.28) over k ≥ 0, the cross term vanishes:∑
k≥0

sk(r)
(
sk(t) − sk(r)

)
=

∑
k≥0

sk(r)sk(t) −
∑
k≥0

sk(r)2 = r − r = 0, (1.29)

where we used (1.25) for the second identity. Summing (1.28) over k ≥ 0 and substitut-
ing (1.29) for the cross term, the identity ∑

k≥0 sk(r)2 = r for the λ2
1 term, and (1.26) for

the λ2
2 term then gives∑

k≥0

[
λ1sk(r)+λ2

(
sk(t)−sk(r)

)]2
= λ2

1
∑
k≥0

sk(r)2 + λ2
2

∑
k≥0

(
sk(t)−sk(r)

)2
= λ2

1 r+ λ2
2 (t−r).

(1.30)
Substituting (1.30) into (1.27), we end up with

E
[
eı(λ1Wr+λ2 δWrt)

]
= e− 1

2 [λ2
1r+λ2

2(t−r)] = E
[
eıλ1Wr

]
E

[
eıλ2 δWrt

]
, (1.31)

Since the joint characteristic function of (Wr, δWrt) factors as the product of the marginal
characteristic functions, we have obtained that Wr and δWrt are independent. This proves
Step 3 and concludes the proof of the proposition. ■
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1.3.2 Extension to R+

Proposition 1.3.11 produces a Wiener process on the unit interval [0, 1]. To extend the
construction to all of R+, we glue together countably many independent copies of this
construction, one per unit interval [n, n+ 1].

Proposition 1.3.12

For k ≥ 1, let (Ωk,Fk,Pk) be a probability space carrying a Wiener process W k on
[0, 1], as in Proposition 1.3.11, and assume the W k’s are mutually independent. Let

Ω =
∏
k≥1

Ωk, F =
⊗
k≥1

Fk, P =
⊗
k≥1

Pk. (1.32)

Define W0 := 0 and, recursively,

Wt := Wn +W n+1
t−n , for t ∈ [n, n+ 1], n ≥ 0. (1.33)

Then W = {Wt ; t ≥ 0} is a Wiener process on R+, in the sense of Definition 1.3.2,
defined on (Ω,F ,P).

Partial proof. Continuity of the paths, property (iv) of Definition 1.3.2, and independence
of increments, property (ii), follow by patching together the corresponding properties of
each W k, established in Steps 1 and 3 of the proof of Proposition 1.3.11: two increments
lying in different unit intervals [m,m+ 1] and [n, n+ 1], m ̸= n, are independent because
they are built from independent copies Wm+1 and W n+1, while two increments inside the
same unit interval inherit independence from Proposition 1.3.11 itself.

We detail instead property (iii), the law of the increments, which is the only point
where the recursive definition (1.33) requires a short computation. Fix 0 ≤ s < t and
integers m ≤ n with m ≤ s < m+ 1 ≤ n ≤ t < n+ 1 (the case m = n, that is s, t in the
same unit interval, is already covered by Proposition 1.3.11). By (1.33),

δWst =
( n∑

k=1
W k

1 +W n+1
t−n

)
−

( m∑
k=1

W k
1 +Wm+1

s−m

)
= Z1 + Z2 + Z3, (1.34)

with
Z1 =

n∑
k=m+2

W k
1 , Z2 = Wm+1

1 −Wm+1
s−m , Z3 = W n+1

t−n . (1.35)

The three variables Z1, Z2, Z3 are built from disjoint groups of the mutually independent
processes W k, hence they are independent, and each is centered Gaussian: Z1 as a sum of
independent N (0, 1) increments W k

1 = δW k
01, and Z2, Z3 as single increments of a Wiener

process on [0, 1] (Proposition 1.3.11). Their variances are

Var(Z1) = n− (m+ 1), Var(Z2) = 1 − (s−m), Var(Z3) = t− n, (1.36)
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the first from the sum of n − (m + 1) unit variances in Z1, and the other two from the
law (1.7) of a single increment. Consequently δWst = Z1 + Z2 + Z3 ∼ N (0, σ2), with, by
independence and (1.36),

σ2 = Var(Z1)+Var(Z2)+Var(Z3) =
(
n−(m+1)

)
+

(
1−(s−m)

)
+(t−n) = t−s, (1.37)

which is property (iii) of Definition 1.3.2. ■

1.3.3 The multivariate Wiener process

Combining Proposition 1.3.12 with independent copies in each coordinate produces, with-
out further work, a multi-dimensional version of the Wiener process.

Definition 1.3.13

Let (Ω,F ,P) be a probability space and let {Wt ; t ≥ 0} be an Rn-valued stochastic
process. We say that W is a (standard) Wiener process on Rn if
(i) W0 = 0 almost surely;

(ii) for every k ≥ 1 and 0 = t0 < t1 < · · · < tk, the increments δWt0t1 , . . . , δWtk−1tk

are independent;

(iii) for every 0 ≤ s < t, δWst ∼ N (0, (t− s) IdRn);

(iv) W has continuous paths almost surely.

Remark 1.3.14. Definition 1.3.13 reduces entirely to the scalar case: if W (1), . . . ,W (n)

are independent real-valued Wiener processes, as constructed in Proposition 1.3.12, then
W := (W (1), . . . ,W (n)) is a Wiener process on Rn in the sense of Definition 1.3.13, and
conversely every Rn-valued Wiener process arises this way from its coordinate processes.
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Figure 1.4 – A simulated path of a Wiener process on R2 (Definition 1.3.13).

We close the section by relativizing Definition 1.3.13 to an ambient filtration, which
is the version of the Wiener process most directly compatible with the stochastic calculus
developed later in the chapter: independence of increments, formulated with respect to
the filtration rather than only with respect to the process itself, is what will let us build
stochastic integrals against W .

Definition 1.3.15

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis (Definition 1.2.4) and let {Wt ; t ≥ 0} be
an Rn-valued stochastic process on it. We say that W is a Wiener process with respect
to (Ω,F , (Ft)t≥0,P) if
(i) W0 = 0 almost surely;

(ii) for every 0 ≤ s < t, δWst ⊥⊥ Fs;

(iii) for every 0 ≤ s < t, δWst ∼ N (0, (t− s) IdRn);

(iv) W has continuous paths almost surely;

(v) W is Ft-adapted (Definition 1.2.6).

Remark 1.3.16. Condition (ii) of Definition 1.3.15 involves the independence δWst ⊥⊥ Fs

of a random vector from a σ-algebra, which extends the independence of two random
variables recalled in Notation 1.1.3. Precisely, for a random vector X on (Ω,F ,P) with
values in Rn and a sub-σ-algebra G ⊂ F , we write X ⊥⊥ G to mean that

P(X ∈ B, A) = P(X ∈ B)P(A), for every Borel set B ⊂ Rn and every A ∈ G.
(1.38)
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In other words, every event described by X is independent, in the sense of Notation 1.1.3,
of every event in G. Equivalently, denoting by σ(X) ⊂ F the σ-algebra generated by X
(the smallest σ-algebra on Ω that makes X measurable), condition (1.38) says that the
two σ-algebras σ(X) and G are independent, that is

P(A′ ∩ A) = P(A′)P(A),

for every A′ ∈ σ(X) and A ∈ G. In condition (ii) of Definition 1.3.15 this is applied with
X = δWst and G = Fs: the increment δWst is required to be independent of every event
that is Fs-measurable, that is of everything observable up to time s, and not merely of the
past values of W itself.

Remark 1.3.17. A Wiener process W in the sense of Definition 1.3.13 is automatically
a Wiener process, in the sense of Definition 1.3.15, with respect to its own (completed)
natural filtration (FW

t )t≥0 (Remark 1.2.7): condition (ii) of Definition 1.3.15 strengthens
condition (ii) of Definition 1.3.13 from independence of the increment δWst from the past
increments of W alone to independence from the full information Fs available at time s,
and the two coincide precisely when Fs carries no more information than W itself does
up to time s.

Figure 1.5 –
Robert Brown
(1773–1858).

We end this section with a word on the origin of the name Brow-
nian motion. The Scottish botanist Robert Brown (1773–1858), an
early and skilled user of the microscope who is also credited with
the first detailed description of the cell nucleus, observed in 1827
the ceaseless, irregular motion of pollen grains suspended in water
and, later, of much smaller inert mineral particles, ruling out a bio-
logical explanation for the phenomenon (Figure 1.5). It took nearly
eighty years, and the independent work of Einstein and Bachelier at
the turn of the twentieth century, for this physical observation to
be matched with the mathematical object of Definition 1.3.2. We
return to this history, and to the physical derivation of the model,
in Section 1.5 later in this chapter.

1.4 First properties

Having constructed the Wiener process and fixed the vocabulary needed to state its defin-
ing properties rigorously, we now record a first batch of consequences of Definition 1.3.2:
the process W is Gaussian, which yields a convenient alternative characterization of the
Wiener process in terms of its mean and covariance functions, together with a scaling
invariance. We close the section by describing the law of W directly as a probability
measure on the space of continuous paths, the Wiener measure. This point of view will
be useful when we discretize or perturb W in later chapters.
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1.4.1 Gaussian property and scaling

We first show that the Wiener process is Gaussian (Proposition 1.4.2), and that this
property in fact characterizes it among continuous processes with the right mean and
covariance functions (Proposition 1.4.4). We then use this characterization to establish
the scaling invariance of the Wiener process (Proposition 1.4.5), a property that will
reappear throughout the notes.

Definition 1.4.1

Let (Ω,F ,P) be a probability space, let I ⊂ R+ be an interval, and let X = {Xt ; t ∈
I} be an R-valued stochastic process on (Ω,F ,P) (Definition 1.2.1). We say that X
is a Gaussian process if, for every n ≥ 1 and every t1, . . . , tn ∈ I, the random vector
(Xt1 , . . . , Xtn) is a (possibly degenerate) Gaussian vector in Rn. That is every linear
combination

n∑
i=1

aiXti
, with a1, . . . , an ∈ R,

is a real Gaussian random variable.

Proposition 1.4.2

Let W be a real-valued Wiener process (Definition 1.3.2). Then W is a Gaussian
process (Definition 1.4.1), with mean function E[Wt] = 0, t ≥ 0, and covariance
function (Notation 1.1.3)

Cov(Ws,Wt) = s ∧ t, s, t ≥ 0. (1.39)

Proof. Step 1: The increments form a Gaussian vector. Fix n ≥ 1, 0 = t0 < t1 < · · · < tn,
and set (see Notation 1.3.1)

Yn := (δWt0t1 , . . . , δWtn−1tn).

By property (iii) of Definition 1.3.2, each coordinate of Yn is a real Gaussian random
variable, and by property (ii) (eq. (1.6)) the coordinates are independent. A linear com-
bination ∑n

i=1 ai δWti−1ti
of independent Gaussian random variables is itself Gaussian, so

Yn is a Gaussian vector.

Step 2: W is a Gaussian process. Still considering 0 = t0 < t1 < · · · < tn, we set

Xn := (Wt1 , . . . ,Wtn),

the random vector whose Gaussianity is to be established. Since W0 = 0 almost surely
(property (i) of Definition 1.3.2), we have Wtk

= ∑k
i=1 δWti−1ti

so that

Xn = M Yn, (1.40)
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where M ∈ Rn×n is the deterministic lower triangular matrix with Mki = 1 for i ≤ k
and Mki = 0 otherwise. Every linear combination of the coordinates of Xn is, by (1.40),
a linear combination of the coordinates of Yn, hence Gaussian by Step 1. So Xn is a
Gaussian vector. Due to the fact that n ≥ 1 and 0 < t1 < · · · < tn were arbitrarily
chosen, we obtain that W is a Gaussian process.
Step 3: Mean and covariance. By property (iii) of Definition 1.3.2, we have δW0t = Wt ∼
N (0, t) for every t ≥ 0. Thus E[Wt] = 0 and Var(Wt) = t. Let now 0 ≤ s ≤ t. Applying
property (ii) of Definition 1.3.2 to the partition 0 < s < t shows that δW0s = Ws and
δWst are independent, so

Cov(Ws,Wt) = E
[
Ws

(
Ws + δWst

)]
= E

[
W 2

s

]
+ E[Ws]E[δWst]

= s + 0 = s = s ∧ t, (1.41)

This proves (1.39). ■

Remark 1.4.3. The law of a Gaussian process X (Definition 1.4.1) is entirely determined
by its mean function µt := E[Xt] and its covariance function ρ(s, t) := Cov(Xs, Xt): for
every n ≥ 1 and t1, . . . , tn ∈ I, the law of a Gaussian vector in Rn is determined by
its mean vector and covariance matrix, and here the mean vector of (Xt1 , . . . , Xtn) is
(µt1 , . . . , µtn) while its covariance matrix has entries ρ(ti, tj), 1 ≤ i, j ≤ n. By Proposi-
tion 1.4.2, the finite-dimensional distributions of a Wiener process are thus exactly those
of the centered Gaussian process with covariance ρ(s, t) = s ∧ t.

Proposition 1.4.4

Let W be a real-valued, continuous Gaussian process (Definitions 1.2.1 and 1.4.1)
with E[Wt] = 0 for every t ≥ 0 and Cov(Ws,Wt) = s ∧ t for every s, t ≥ 0. Then W
is a Wiener process.

Proof. By Remark 1.4.3, the hypotheses on the mean and covariance functions of W
determine its finite-dimensional distributions to be exactly those of a Wiener process
(Proposition 1.4.2), which are properties (i)–(iii) of Definition 1.3.2. Specifically, we have
W0 ∼ N (0, 0) almost surely equal to 0 which gives (i). Next for 0 ≤ s < t, the increment

δWst = Wt −Ws

is a linear combination of the jointly Gaussian couple (Ws,Wt). Therefore δWst is Gaus-
sian, with mean 0 and variance

Var(Wt) − 2Cov(Ws,Wt) + Var(Ws) = t− 2s+ s = t− s,

which gives (iii). Independence of increments over an arbitrary partition, property (ii),
follows since jointly Gaussian random variables are independent as soon as they are un-
correlated, and the computation of Step 3 in the proof of Proposition 1.4.2 shows that
Cov(δWti−1ti

, δWtj−1tj
) = 0 for i ̸= j under ρ(s, t) = s ∧ t. Property (iv), continuity

of the paths, is part of the standing hypothesis on W . Hence W satisfies (i)–(iv) of
Definition 1.3.2. ■
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Proposition 1.4.5: Brownian scaling

Let W be a real-valued Wiener process (Definition 1.3.2) and let a > 0. The rescaled
process

W a
t := a−1/2 Wat, t ≥ 0, (1.42)

is again a Wiener process.

Proof. We check the hypotheses of Proposition 1.4.4 for W a.

Step 1: Continuity. The map t 7→ at is continuous, and W has continuous paths almost
surely (property (iv) of Definition 1.3.2), so t 7→ Wat, and hence t 7→ W a

t = a−1/2Wat, has
continuous paths almost surely.

Step 2: Gaussian property and mean. For t1, . . . , tn ≥ 0, the random vector(
W a

t1 , . . . ,W
a
tn

)
= a−1/2

(
Wat1 , . . . ,Watn

)
(1.43)

is a scalar multiple of a Gaussian vector (see Proposition 1.4.2), hence Gaussian. Thus
W a is a Gaussian process with E[W a

t ] = a−1/2E[Wat] = 0.

Step 3: Covariance. By (1.39), it is readily checked that

Cov(W a
s ,W

a
t ) = a−1 Cov(Was,Wat) = a−1 (as ∧ at) = a−1 a (s ∧ t) = s ∧ t. (1.44)

By Steps 1–3, W a satisfies the hypotheses of Proposition 1.4.4, so W a is a Wiener process.
■

Having described the Wiener process through its finite-dimensional distributions, we
now turn to a global description of its law as a single probability measure on a space of
continuous paths.

1.4.2 The canonical space and Wiener measure

We now describe the law of an Rn-valued Wiener process directly as a probability mea-
sure on a space of continuous functions, rather than only through its finite-dimensional
distributions: this is the point of view underlying, for instance, the invariance principle
mentioned in Remark 1.3.5.
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Definition 1.4.6

Let n ≥ 1. The canonical space is the space

E := C(R+;Rn) (1.45)

of continuous functions f : R+ → Rn, equipped with the distance

d(f, g) :=
∑
k≥1

1
2k

∥f − g∥∞,k

1 + ∥f − g∥∞,k

, ∥f − g∥∞,k := sup
t∈[0,k]

|ft − gt|. (1.46)

Before using (E, d) to carry probability measures, we check that it is a well-behaved
metric space, in the sense of the following proposition.

Proposition 1.4.7

The canonical space (E, d) of Definition 1.4.6 is a separable, complete metric space,
and a sequence (fm)m converges to f for d if and only if fm → f uniformly on every
compact subset of R+.

Proof. Step 1: d is a distance inducing the topology of local uniform convergence. The
function φ(x) := x/(1+x), x ≥ 0, is increasing and subadditive (φ(x+y) ≤ φ(x)+φ(y)), so
each term 2−kφ(∥f−g∥∞,k) in (1.46) satisfies the triangle inequality. Hence the convergent
series d also verifies the triangle inequality. Together with the easily checked property

d(f, g) = 0 ⇐⇒ f = g,

this shows d is a distance on E. Since ∥f − g∥∞,k is nondecreasing in k and φ ≤ 1, a
sequence (fm)m satisfies d(fm, f) → 0 if and only if ∥fm −f∥∞,k → 0 for every fixed k ≥ 1,
that is if and only if fm → f uniformly on every compact subset of R+.

Step 2: Completeness. Let (fm)m be d-Cauchy. By Step 1, (fm)m is uniformly Cauchy on
[0, k] for every k ≥ 1, hence converges uniformly there to some continuous f (k) : [0, k] →
Rn; the restriction of f (k+1) to [0, k] equals f (k) by uniqueness of uniform limits, so the
f (k) glue into a single f ∈ E, and fm → f for d by Step 1.

Step 3: Separability. Let D ⊂ E be the countable set of continuous, piecewise affine
functions R+ → Rn with finitely many breakpoints, all with rational time and value
coordinates. Given f ∈ E, k ≥ 1, and ε > 0, uniform continuity of f on [0, k] produces
a piecewise affine g : [0, k] → Rn, with finitely many breakpoints at rational times and
values, such that ∥f−g∥∞,k < ε; extending g to R+ by setting g ≡ g(k) on [k,∞) keeps it
continuous, piecewise affine, and with rational coordinates throughout, so this extension
lies in D. Therefore D is dense in (E, d) by Step 1. ■
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To describe the law of W as a measure on E, we still need a suitable σ-algebra,
tailored to the finite-dimensional distributions of the process. It is generated by the
following cylinder sets.

Definition 1.4.8

Let m ≥ 1, let 0 ≤ t1 < · · · < tm, and let A1, . . . , Am ∈ B(Rn) be Borel sets. The
cylinder set

Rt1,...,tm(A1, . . . , Am) :=
{
f ∈ E ; ft1 ∈ A1, . . . , ftm ∈ Am

}
⊂ E (1.47)

is the set of paths passing through A1, . . . , Am at times t1, . . . , tm. We denote by A
the σ-algebra on E generated by all cylinder sets.

This σ-algebra A turns out to coincide with the Borel σ-algebra of (E, d), so that
constructing a measure on (E,A) will be the same as constructing a Borel measure on E.

Proposition 1.4.9

Let A be the cylinder σ-algebra on E (Definition 1.4.8). Then A = B(E), the Borel
σ-algebra of (E, d) (Definition 1.4.6).

Proof. Step 1: A ⊂ B(E). For a fixed t ≥ 0, the evaluation map et : E → Rn, et(f) := ft,
is continuous for d by Proposition 1.4.7 (convergence for d implies pointwise, in fact locally
uniform, convergence). Hence et is B(E)/B(Rn)-measurable. Furthermore, a generic
cylinder set can be written as

Rt1,...,tm(A1, . . . , Am) =
m⋂

i=1
e−1

ti
(Ai).

Therefore it is a finite intersection of Borel sets of E, hence itself Borel. We thus get
A ⊂ B(E).
Step 2: B(E) ⊂ A. Fix f ∈ E and ε > 0. Since t 7→ ft − gt is continuous for every g ∈ E,
the countable dense subset Q+ ⊂ R+ (Remark 1.2.3(iii)) satisfies

∥f − g∥∞,k = sup
q∈Q+∩[0,k]

|fq − gq|

for every k ≥ 1. This right-hand side is, as a countable supremum of the maps g 7→
|fq − gq|, an A-measurable function of g. Consequently

g 7−→ d(f, g) =
∑
k≥1

2−kφ(∥f − g∥∞,k)

is A-measurable, so the open ball B(f, ε) = {g ∈ E ; d(f, g) < ε} belongs to A. Since
(E, d) is separable (Proposition 1.4.7), B(E) is generated by the countable family of balls
centered at points of a countable dense subset of E with rational radii, all of which lie in
A by the above. We have thus obtained B(E) ⊂ A. ■
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With (E,A) = (E,B(E)) in hand, we can now transport the law of W onto the
canonical space, defining the Wiener measure.

Proposition 1.4.10

LetW = {Wt ; t ≥ 0} be an Rn-valued Wiener process on (Ω,F ,P) (Definition 1.3.13),
so that almost every path of W belongs to the canonical space E (Definition 1.4.6),
and let

T : (Ω,F) −→ (E,A), T (ω) := {Wt(ω) ; t ≥ 0}, (1.48)
with A = B(E) as in Definition 1.4.8 and Proposition 1.4.9. Then the following holds
true:
(i) The map T is measurable.

(ii) The pushforward measure P0 := P ◦ T−1 on (E,A) is a probability measure,
called the Wiener measure.

(iii) Under P0, the canonical process {ωt ; t ≥ 0} defined by ωt(f) := ft for f ∈ E is
an Rn-valued Wiener process, with the same law as W .

Proof. Step 1: Measurability of T . For a cylinder set R := Rt1,...,tm(A1, . . . , Am) (see
Definition 1.4.8),

T−1(R) =
{
ω ∈ Ω ; Wt1(ω) ∈ A1, . . . ,Wtm(ω) ∈ Am

}
∈ F , (1.49)

since each Wti
is F -measurable (Definition 1.2.1). To extend this from cylinder sets to all

of A, introduce the collection

G :=
{
B ⊂ E ; T−1(B) ∈ F

}
.

We check that G satisfies the three axioms of Definition 1.1.1.
(i) T−1(E) = Ω ∈ F , so E ∈ G.

(ii) If B ∈ G, then T−1(E \ B) = Ω \ T−1(B) ∈ F , since F is a σ-algebra. Therefore
E \B ∈ G.

(iii) If (Bk)k≥1 ⊂ G, then T−1
(⋃

k Bk

)
= ⋃

k T
−1(Bk) ∈ F , again since F is a σ-algebra.

Hence ⋃
k Bk ∈ G.

Thus G is indeed a σ-algebra on E, and by (1.49) it contains every cylinder set. Since
A (Definition 1.4.8) is by definition the smallest σ-algebra on E containing all cylinder
sets, it follows that A ⊂ G, that is T−1(B) ∈ F for every B ∈ A. This is precisely the
statement that T : (Ω,F) → (E,A) is measurable.

Step 2: P0 is a probability measure. We check the two axioms of Definition 1.1.2 for P0 on
(E,A). First, P0(E) = P(T−1(E)) = P(Ω) = 1, which is axiom (i). Next, let (Bk)k≥1 ⊂ A
be pairwise disjoint. Since T−1

(⋃
k Bk

)
= ⋃

k T
−1(Bk), and the sets T−1(Bk) ∈ F are
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themselves pairwise disjoint (as preimages of disjoint sets), σ-additivity of P (Defini-
tion 1.1.2) gives

P0

( ⋃
k≥1

Bk

)
= P

( ⋃
k≥1

T−1(Bk)
)

=
∑
k≥1

P
(
T−1(Bk)

)
=

∑
k≥1

P0(Bk),

which is axiom (ii). Hence P0 is a probability measure on (E,A).
Step 3: Law of the canonical process. For a cylinder set R as above, we have

P0
(
ωt1 ∈ A1, . . . , ωtm ∈ Am

)
= P0(R) = P

(
T−1(R)

)
= P

(
Wt1 ∈ A1, . . . ,Wtm ∈ Am

)
, (1.50)

using (1.49) for the last equality. Hence, under P0, the canonical process has the same
finite-dimensional distributions as W , that is properties (i)–(iii) of Definition 1.3.13 are
satisfied. Property (iv), continuity of the paths, holds automatically since every point of
E is, by Definition 1.4.6, a continuous function. So the canonical process is an Rn-valued
Wiener process under P0, with the same law as W . ■

We close this section with a word on the early physical his-
tory of Brownian motion. In 1905, while employed as a technical
expert at the Swiss patent office in Bern, Albert Einstein pub-
lished, among four papers that would reshape physics that year,
a derivation of the erratic motion of pollen grains (Figure 1.5)
from the incessant collisions of much smaller, invisible water
molecules. Beyond explaining Robert Brown’s observation, this
argument provided some of the first quantitative evidence for the
existence of atoms, and derived, from physical principles rather
than from Definition 1.3.2, the transition density that governs
the process: we recover this transition density mathematically
in Section 1.6, when we study the Markov property of W .

1.5 Martingale property

We now turn to the property of Brownian motion that structures most of the stochastic
calculus developed in this course: relative to an admissible filtration, W is a martingale.
We use this fact to build the elementary theory of stopping times, culminating in the
optional sampling theorem, and illustrate it with an explicit computation of the exit time
of W from an interval.

1.5.1 Conditional expectation

The martingale property is phrased in terms of conditional expectation, whose notation
we first recall.
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Notation 1.5.1

For a sub-σ-algebra G ⊂ F and an integrable random variable Y on (Ω,F ,P), we
write E[Y | G] for the conditional expectation of Y given G, that is the (almost surely
unique) G-measurable, integrable random variable satisfying

E
[
Y 1A

]
= E

[
E[Y | G] 1A

]
, for every A ∈ G. (1.51)

We use freely two elementary properties of conditional expectation not restated below:
linearity, and pulling out G-measurable factors.

Beyond these two properties, we record here, for later reference, three further prop-
erties of conditional expectation that we invoke repeatedly in the rest of the course. All
three are standard, so we state them without proof and refer to Durrett [2] for detailed
arguments.

Proposition 1.5.2: Tower property, unconditional form

Let G ⊂ F be a sub-σ-algebra and let Y be an integrable random variable on (Ω,F ,P).
Then

E
[
E[Y | G]

]
= E[Y ]. (1.52)

Proposition 1.5.3: Freezing lemma

Let G ⊂ F be a sub-σ-algebra, let X be a G-measurable random vector with values in
Rm, and let Y be a random vector with values in Rk such that Y ⊥⊥ G (Remark 1.3.16).
Then, for every Borel function φ : Rm × Rk → R such that φ(X, Y ) is integrable,

E
[
φ(X, Y )

∣∣∣ G
]

= E
[
φ(x, Y )

]∣∣∣∣
x=X

, almost surely. (1.53)

Remark 1.5.4. Equation (1.53) recovers, as a particular case, an elementary fact that
we use repeatedly throughout the course: if Y ⊥⊥ G (Remark 1.3.16), then

E[Y | G] = E[Y ], almost surely. (1.54)

The last property we record extends the tower property of Proposition 1.5.2 to two
nested σ-algebras, rather than a σ-algebra and the trivial one.
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Proposition 1.5.5: Tower property, nested σ-algebras

Let G1 ⊂ G2 ⊂ F be sub-σ-algebras and let Y be an integrable random variable on
(Ω,F ,P). Then

E
[
E[Y | G1]

∣∣∣∣ G2

]
= E

[
E[Y | G2]

∣∣∣∣ G1

]
= E[Y | G1], almost surely. (1.55)

1.5.2 Martingale property

With conditional expectation now in hand, we turn to defining the martingale property
itself.

Definition 1.5.6

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis (Definition 1.2.4) and let X = {Xt ; t ≥ 0}
be an Rn-valued stochastic process on it. We say that X is an Ft-martingale if
(i) Xt ∈ L1(Ω) for every t ≥ 0;

(ii) X is Ft-adapted (Definition 1.2.6);

(iii) for every 0 ≤ s < t, E[δXst | Fs] = 0 almost surely (Notations 1.3.1 and 1.5.1).

The paradigmatic example, and the one that concerns us here, is the Wiener process
itself.

Proposition 1.5.7

Let W be a Wiener process with respect to (Ω,F , (Ft)t≥0,P) (Definition 1.3.15). Then
W is an Ft-martingale (Definition 1.5.6).

Proof. Step 1: Integrability. From Definition 1.3.15, we have Wt ∼ N (0, t IdRn) for every
t ≥ 0. In particular, we get Wt ∈ L1(Ω).
Step 2: Adaptedness. This is property (v) of Definition 1.3.15.
Step 3: Vanishing conditional increments. Let 0 ≤ s < t. By property (ii) of Defini-
tion 1.3.15, δWst ⊥⊥ Fs, so (1.54) gives

E[δWst | Fs] = E[δWst] = 0, (1.56)

the last equality by property (iii) of Definition 1.3.15. By Steps 1–3, W satisfies (i)–(iii)
of Definition 1.5.6, so W is an Ft-martingale. ■

Having identified W as a martingale, we now introduce the random times at which we
will be allowed to evaluate it without destroying this property: stopping times.
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Definition 1.5.8

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis (Definition 1.2.4) and let S : Ω → [0,∞]
be a random variable. We say that S is a stopping time if

(S ≤ t) ∈ Ft, for every t ≥ 0. (1.57)

Remark 1.5.9. Condition (1.57) formalizes the idea that deciding whether S has occurred
by time t only requires the information available at time t: an observer who knows Ft, that
is everything about the evolution of the system up to and including time t, can always tell
whether S ≤ t or S > t, without needing to look into the future. This is the property one
expects, for instance, of an instant at which a player decides to stop playing a game based
only on what has happened so far. This is in contrast to an instant defined by information
about the future (such as the time of the last visit of W to 0 before a fixed horizon, which
is not a stopping time).

The basic examples of stopping times, to which we will repeatedly return, are hitting
times of closed or open sets.

Proposition 1.5.10

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis, let X = {Xt ; t ≥ 0} be a continuous,
Ft-adapted process with values in Rd (Definitions 1.2.1 and 1.2.6), let F ⊂ Rd be
closed, and let G ⊂ Rd be open. Set

TF := inf{t ≥ 0 ; Xt ∈ F}, TG := inf{t ≥ 0 ; Xt ∈ G} (inf ∅ := +∞).
(1.58)

Then TF is a stopping time (Definition 1.5.8), and TG is a stopping time when X = W
is a Wiener process with respect to (Ω,F , (Ft)t≥0,P) (Definition 1.3.15).

Proof. Step 1: TF is a stopping time. Fix t ≥ 0. Since F is closed, x ∈ F if and only if
dist(x, F ) = 0, so

(TF ≤ t) =
(

inf
s∈[0,t]

dist(Xs, F ) = 0
)
. (1.59)

The map s 7→ dist(Xs, F ) is continuous on [0, t] (a composition of the continuous path
s 7→ Xs with the continuous map x 7→ dist(x, F )), so its infimum over the compact set
[0, t] coincides with its infimum over the countable dense subset Q ∩ [0, t]. Hence

(TF ≤ t) =
⋂

n≥1

⋃
s∈Q∩[0,t]

(
dist(Xs, F ) < 1

n

)
. (1.60)

For fixed n ≥ 1 and s ∈ Q ∩ [0, t], the event (dist(Xs, F ) < 1/n) belongs to Fs ⊂ Ft,
since X is Ft-adapted and x 7→ dist(x, F ) is Borel. The right-hand side of (1.60) is thus
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a countable intersection of countable unions of events in Ft, hence itself in Ft. By (1.59)–
(1.60), (TF ≤ t) ∈ Ft, so TF is a stopping time.
Step 2: reduction for TG. Assume now X = W and fix t > 0. We first show

(TG < t) =
⋃

s∈Q∩[0,t)
(Ws ∈ G). (1.61)

The inclusion “⊃” is immediate from the definition of TG in (1.58). Conversely, if TG < t,
there is s < t with Ws ∈ G; write x := Ws and let ε > 0 be such that the open ball
B(x, ε) ⊂ G. By continuity of the path of W at s, there is δ > 0 such that

Wr ∈ B(x, ε), for every r ∈ (s− δ, s+ δ). (1.62)

Figure 1.6 illustrates relation (1.62): once the path reaches x = Ws ∈ G, it stays trapped
in the ball B(x, ε) ⊂ G throughout the whole time window (s− δ, s+ δ).

G
B(x, ε)

W
x = Ws

Figure 1.6 – Continuity of W at s. Since x = Ws ∈ G and B(x, ε) ⊂ G, there is δ > 0
such that Wr ∈ B(x, ε) for every r ∈ (s − δ, s + δ), as in (1.62).

In particular there exists q ∈ Q ∩ (s − δ, s] ⊂ Q ∩ [0, t) with Wq ∈ B(x, ε) ⊂ G,
which proves the inclusion “⊂” and hence (1.61). Since Q ∩ [0, t) is countable and each
(Ws ∈ G) ∈ Fs ⊂ Ft by adaptedness, relation (1.61) shows (TG < t) ∈ Ft.
Step 3: from optional to stopping time. We say, more generally, that a random variable
T : Ω → [0,∞] is an optional time if

(T < t) ∈ Ft, for every t > 0. (1.63)

Step 2 shows that TG is optional. Every stopping time is optional (since (T < t) =⋃
n≥1(T ≤ t − 1/n) ∈ Ft). Furthermore, an optional time T always satisfies the weaker

measurability
(T ≤ t) ∈ Ft+ :=

⋂
ε>0

Ft+ε, (1.64)

since (T ≤ t) = ⋂
n≥1(T < t + 1/n). The two notions coincide, optional time = stopping

time, whenever the filtration satisfies Ft+ = Ft for every t ≥ 0. This right-continuity
property that will be established for the completed natural filtration of W in Section 1.6,
as a consequence of the Markov property. Granting this, TG is a stopping time. ■

Stopping times also enjoy simple stability properties, which we record for later use.
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Proposition 1.5.11

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis and let S, T be stopping times (Defini-
tion 1.5.8). Then the following holds true:
(i) S ∧ T and S ∨ T (Notation 1.1.3) are stopping times.

(ii) Every deterministic time T ≡ c, c ≥ 0, is a stopping time.

Proof. For every t ≥ 0, (S ∧ T ≤ t) = (S ≤ t) ∪ (T ≤ t) ∈ Ft and (S ∨ T ≤ t) = (S ≤
t) ∩ (T ≤ t) ∈ Ft, since Ft is a σ-algebra and both (S ≤ t) and (T ≤ t) belong to it.
This proves (i). Claim (ii) is immediate, since a deterministic (hence constant) random
variable is measurable with respect to any σ-algebra. ■

To state the optional sampling theorem below, we also need to make sense of “the
information available at a stopping time,” extending the deterministic-time σ-algebras
Ft.

Definition 1.5.12

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis and let S be a stopping time (Defini-
tion 1.5.8). The information at time S is the σ-algebra

FS :=
{
A ∈ F ; A ∩ (S ≤ t) ∈ Ft for every t ≥ 0

}
. (1.65)

Remark 1.5.13. One checks readily that FS of Definition 1.5.12 is indeed a sub-σ-algebra
of F , and, when S ≡ t0 is the deterministic stopping time of Proposition 1.5.11(ii), that
FS = Ft0. Hence Definition 1.5.12 is exactly the extension, to a stopping time horizon, of
the interpretation of Ft recalled in Definition 1.2.4. Namely FS represents the information
available to an observer up to the (random) time S.

We can now state the main consequence of the martingale property that we will
use throughout the course: the optional sampling theorem, which extends the identity
E[Xt] = E[X0], valid at deterministic times, to a pair of stopping times.
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Theorem 1.5.14: Optional sampling

Let (Ω,F , (Ft)t≥0,P) be a stochastic basis, let X be a continuous Ft-martingale (Def-
initions 1.2.1 and 1.5.6), and let S ≤ T be two stopping times (Definition 1.5.8) such
that {Xt∧T ; t ≥ 0} is a uniformly integrable martingale. Then

E[XT | FS] = XS, almost surely. (1.66)

In particular, taking expectations in (1.66) and applying the tower property (Propo-
sition 1.5.2, with G := FS) to E[XT ] = E[E[XT | FS]], we have

E[XT ] = E[XS] = E[X0]. (1.67)

Sketch of proof. The result is first established for stopping times taking finitely many
values, by reduction to the (elementary) discrete-time optional sampling theorem applied
to the discrete-time martingale

Ym := Xtm∧T , with tm := m/2n,

along a dyadic grid fine enough to resolve S and T . The general case follows by approx-
imating S and T from above by such dyadic stopping times and passing to the limit,
using the uniform integrability of {Xt∧T ; t ≥ 0} and continuity of X to justify the lim-
iting procedure. We omit the details, which are elementary but lengthy, and refer to
Karatzas–Shreve [6, Section 1.3.B]. ■

Remark 1.5.15. Checking the uniform integrability hypothesis of Theorem 1.5.14 directly
can be delicate in general, but is automatic in either of the following situations, writing
Yt := Xt∧T :
(i) Y is bounded, that is |Yt| ≤ M for every t ≥ 0, for some deterministic constant M
independent of t;

(ii) Y is bounded in Lp(Ω) for some p > 1, that is supt≥0 E
[
|Yt|p

]
≤ M for some deter-

ministic constant M .
Boundedness in L2(Ω), namely the case p = 2, is the version we use below.

We illustrate the optional sampling theorem with a first, explicit computation, of a
kind that will recur throughout the course: the exit time of a Wiener process from a
bounded interval.
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Proposition 1.5.16: Exit time from an interval

Let B be a real-valued Wiener process with respect to (Ω,F , (Ft)t≥0,P) (Defini-
tion 1.3.15). Let also a, b > 0, and set

Ta := inf{t ≥ 0 ; Bt = −a}, Tb := inf{t ≥ 0 ; Bt = b}, T := Ta ∧ Tb.
(1.68)

Then
P(Ta < Tb) = b

a+ b
, and E[T ] = ab. (1.69)

Proof. We admit that T < ∞ almost surely, a consequence of the recurrence of B that
will be established, via the Markov property, in Section 1.6. Since {−a} and {b} are
closed subsets of R, Ta, Tb, and T = Ta ∧ Tb are stopping times by Propositions 1.5.10
and 1.5.11.

Step 1: B and t 7→ B2
t − t are martingales. By Proposition 1.5.7, B is an Ft-martingale.

We claim that Mt := B2
t − t, t ≥ 0, is also an Ft-martingale. Indeed Mt ∈ L1(Ω) since

E[B2
t ] = t < ∞ (Proposition 1.4.2), M is Ft-adapted since B is, and, for 0 ≤ s < t,

writing Bt = Bs + δBst,

δMst = B2
t −B2

s − (t− s) =
(
δBst

)2
+ 2Bs δBst − (t− s). (1.70)

Since δBst ⊥⊥ Fs with δBst ∼ N (0, t− s) (see Definition 1.3.15), relation (1.54) gives

E[(δBst)2 | Fs] = E[(δBst)2] = t− s,

while pulling out the Fs-measurable factor Bs and using (1.56) gives

E[2Bs δBst | Fs] = 2Bs E[δBst | Fs] = 0.

Taking E[ · | Fs] in (1.70) therefore yields

E[δMst | Fs] = (t− s) + 0 − (t− s) = 0.

We have thus obtained that M is an Ft-martingale.

Step 2: computation of P(Ta < Tb). Fix τ > 0 and consider the bounded stopping time
T ∧τ . By definition of T , the path B stays in [−a, b] up to time T , and is frozen thereafter,
so ∣∣∣Bt∧(T ∧τ)

∣∣∣ ≤ a ∨ b, for every t ≥ 0.

In particular {Bt∧(T ∧τ) ; t ≥ 0} is uniformly integrable (Remark 1.5.15(i)). We may
therefore apply Theorem 1.5.14 to the martingale B, with stopping times S = 0 ≤ T ∧ τ .
This gives

E[BT ∧τ ] = E[B0] = 0.
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We now let τ → ∞. Since T < ∞ almost surely, T ∧ τ → T almost surely, and continuity
of B gives BT ∧τ → BT almost surely. As |BT ∧τ | ≤ a∨b for every τ , dominated convergence
yields

E[BT ] = 0.
It remains to identify BT . On (Ta < Tb) we have BT = −a, and on (Tb < Ta) we have
BT = b. Moreover P(Ta = Tb) = 0, since B cannot be simultaneously equal to −a and b.
Writing p := P(Ta < Tb), the identity E[BT ] = 0 therefore reads

0 = −a p + b (1 − p). (1.71)

Solving (1.71) gives p = b/(a+ b), the first identity in (1.69).
Step 3: computation of E[T ]. We reuse the stopping times S = 0 ≤ T ∧ τ of Step 2, now
applying Theorem 1.5.14 to the martingale Mt = B2

t − t of Step 1. Uniform integrability
of {Mt∧(T ∧τ) ; t ≥ 0} follows as in Step 2, since Bt∧(T ∧τ) is bounded by a∨b and t∧ (T ∧τ)
is bounded by τ . Optional sampling therefore gives E[B2

T ∧τ ] −E[T ∧ τ ] = E[M0] = 0, that
is

E
[
B2

T ∧τ

]
= E[T ∧ τ ]. (1.72)

We now let τ → ∞ in (1.72), and treat each side in turn. On the left, B2
T ∧τ → B2

T almost
surely, and |B2

T ∧τ | ≤ (a ∨ b)2 for every τ , so dominated convergence gives

E
[
B2

T ∧τ

]
−→ E

[
B2

T

]
.

On the right, T ∧ τ increases to T almost surely, so monotone convergence gives

E[T ∧ τ ] −→ E[T ].

Passing to the limit in (1.72) thus yields E[B2
T ] = E[T ].

Step 4: conclusion. Using BT ∈ {−a, b} and Step 2,

E[T ] = E
[
B2

T

]
= a2 P(Ta < Tb) + b2 P(Tb < Ta) = a2 b

a+ b
+ b2 a

a+ b

= ab(a+ b)
a+ b

= ab, (1.73)

which is the second identity in (1.69). ■

Figure 1.7 – Louis
Bachelier (1870–1946).

We close this section with a word on the mathematical his-
tory of Brownian motion. Louis Bachelier, born in 1870 to a
family of wine merchants, defended in 1900 a doctoral thesis,
Théorie de la spéculation, that gave the first mathematical de-
scription of Brownian motion, five years before Einstein, in order
to model the fluctuations of stock prices on the Paris exchange.
Working outside the mainstream concerns of the academic es-
tablishment of his time, Bachelier’s thesis went largely unrecog-
nized during his lifetime, and it was only decades later, with the
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development of both rigorous stochastic calculus and mathemat-
ical finance, that the depth of his intuition was fully appreciated.
The mathematical object he described by intuitive, non-rigorous
means is precisely the Wiener process of Definition 1.3.2, whose
rigorous construction, in Section 1.3, is due to Wiener. We con-
tinue to develop its properties in the next two sections: first its
Markov property, which recovers the transition density underlying Einstein’s and Bache-
lier’s derivations, and then the pathwise regularity of its trajectories, which will motivate
the construction of the stochastic integral in the next chapter.

1.6 Markov property

Having lifted the law of W to the canonical space (E,A) in Proposition 1.4.10, we now use
this construction to express the defining feature of Brownian motion as a Markov process.
Recall that the Markov property has to be interpreted as knowledge of the present position
of the path is enough to describe its future evolution. In this section we first index the
Wiener measure by its starting point, then formalize the future after time s through a
shift operator on E. Combining the two lets us state and prove the Markov property
(Theorem 1.6.10), from which we derive the right-continuity of the Brownian filtration
promised in the proof of Proposition 1.5.10 (Corollary 1.6.15), its extension to stopping
times (Theorem 1.6.16), and the reflection principle (Theorem 1.6.17), one of the most
striking explicit computations available for Brownian motion.

The Wiener measure P0 of Proposition 1.4.10 describes a path started at the origin.
To let the starting point vary, we transport P0 by translation.

Definition 1.6.1

Let x ∈ Rn. The translation by x is the map

τx : E −→ E, (τxf)t := x+ ft, t ≥ 0. (1.74)

Since τx is continuous for d (Definition 1.4.6), with continuous inverse τ−x, it is a
homeomorphism of E; in particular τx is A/A-measurable. We define the Wiener
measure started at x as the pushforward

Px := P0 ◦ τ−1
x (1.75)

of the Wiener measure P0 (Proposition 1.4.10) under τx.
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Proposition 1.6.2

Let x ∈ Rn and let Px be as in Definition 1.6.1. Then:
(i) Px is a probability measure on (E,A).

(ii) ω0 = x, Px-almost surely.

(iii) {ωt − x ; t ≥ 0} is an Rn-valued Wiener process under Px, in the sense of
Definition 1.3.13.

Proof. Step 1: Px is a probability measure. Since τx is A/A-measurable (Definition 1.6.1)
and P0 is a probability measure on (E,A) (Proposition 1.4.10), checking the two axioms
of Definition 1.1.2 for Px proceeds exactly as in Step 2 of the proof of Proposition 1.4.10,
with T replaced by τx and P by P0. Hence Px = P0 ◦ τ−1

x is a probability measure on
(E,A).

Step 2: law of the canonical process. Let m ≥ 1, let 0 ≤ t1 < · · · < tm, let A1, . . . , Am ∈
B(Rn), and let R := Rt1,...,tm(A1, . . . , Am) (Definition 1.4.8). By definition of τx, we have

τ−1
x (R) = Rt1,...,tm(A1 − x, . . . , Am − x), Ai − x := {y − x ; y ∈ Ai}. (1.76)

Using (1.76) and (1.50) for the Wiener measure P0, we thus get

Px

(
ωt1 ∈ A1, . . . , ωtm ∈ Am

)
= Px(R) = P0

(
τ−1

x (R)
)

= P0
(
ωt1 ∈ A1 − x, . . . , ωtm ∈ Am − x

)
= P0

(
x+ ωt1 ∈ A1, . . . , x+ ωtm ∈ Am

)
. (1.77)

Since m, the times ti, and the sets Ai were arbitrary, relation (1.77) shows that the
random vector (ωt1 , . . . , ωtm) has, under Px, the same law as (x+ ωt1 , . . . , x+ ωtm) under
P0. Taking m = 1, t1 = 0, A1 = {0} gives Px(ω0 = x) = P0(ω0 = 0) = 1. More generally,
properties (ii)–(iii) of Definition 1.3.13 for ω − x under Px follow from (1.77) applied to
the increments of ω, which coincide with those of ω−x. Finally, property (iv), continuity
of the paths, is automatic since every point of E is, by Definition 1.4.6, a continuous
function. Hence ω − x is an Rn-valued Wiener process under Px. ■

With a Wiener measure available at every starting point, we fix, for the remainder of
this section, the following working conventions.
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Notation 1.6.3

We work on the canonical space (E,A) (Definitions 1.4.6 and 1.4.8), and we fix the
following pieces of notation.
(i) W := {ωt ; t ≥ 0} denotes the canonical process (Proposition 1.4.10).

(ii) {Px ; x ∈ Rn} denotes the family of Wiener measures (Definition 1.6.1), and Ex

denotes the expectation under Px (Notation 1.1.3).

(iii) (Ft)t≥0 denotes the natural filtration Ft := σ{Ws ; s ≤ t} of W , completed with
respect to the Px-negligible sets, for a fixed but arbitrary x ∈ Rn.

Under this notation, the law of the increments of W does not actually depend on the
starting point x, only their base point does.

Remark 1.6.4. By Proposition 1.6.2, W0 = x Px-almost surely, and W − x is a Wiener
process under Px. Hence the increments δWst, 0 ≤ s < t, have the same law N (0, (t −
s)IdRn) and the same independence properties under every Px. We use this repeatedly
below without further comment.

Next in order to formalize the future after time s, we introduce a shift operator on the
canonical space.

Definition 1.6.5

Let t ≥ 0. The shift by t is the map

θt : E −→ E, such that (θtf)s := ft+s, s ≥ 0. (1.78)

As for τx in Definition 1.6.1, θt is continuous for d, hence A/A-measurable by Propo-
sition 1.4.9; in particular Y ◦ θt is measurable whenever Y : E → R is.

Figure 1.8 illustrates the shift operator θs. The red curve retraces the black path of
W for t ≥ s, and is exactly the path u 7→ (θsW )u = Ws+u once time is re-based at s.
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t

Wt

O

θsW

s

Ws

Figure 1.8 – The shift operator θs of Definition 1.6.5. The path t 7→ Wt is shown in
black. Its restriction to t ≥ s, retraced in red and labeled W ◦ θs, is exactly the path
u 7→ (θsW )u = Ws+u of (1.78), read off against the shifted clock u = t − s ≥ 0 based at s
(dashed red). In particular (θsW )0 = Ws, read off on the vertical axis (dashed violet).

Remark 1.6.6. For Y : E → R measurable and s ≥ 0, the random variable Y ◦θs depends
only on the future of the path after time s. For instance, if

Y (f) = g(ft1 , . . . , ftk
), 0 ≤ t1 < · · · < tk, with g : (Rn)k → R Borel, (1.79)

then, by definition of θs,
Y ◦ θs = g(Ws+t1 , . . . ,Ws+tk

). (1.80)
In particular, Y ◦θs is measurable with respect to σ{Ws+u ; u ≥ 0}, the σ-algebra generated
by W after time s. Note that this σ-algebra already contains Ws, the case u = 0.

The Markov property below is most conveniently stated in terms of the transition
operator of W , which we introduce now.

Definition 1.6.7

For t > 0 and f : Rn → R bounded and Borel, set

ptf(x) := Ex

[
f(Wt)

]
=

∫
Rn
f(y)

exp
(
− |y−x|2

2t

)
(2πt)n/2 dy, x ∈ Rn, (1.81)

the second equality by Remark 1.6.4, and set p0f := f .

Extending an identity from simple, cylindrical functionals of W (Remark 1.6.6) to
every bounded measurable functional is a recurring step below; we isolate the measure-
theoretic tool once and for all.
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Lemma 1.6.8: Functional monotone class theorem

Let M be a family of bounded functions E → R such that:
• M is closed under multiplication.
• M generates A, that is, A is the smallest σ-algebra on E making every Y ∈ M

measurable.
Let H be a vector space of bounded, A-measurable functions E → R such that:
• H contains the constants and M.
• H is closed under bounded, increasing pointwise limits.
Then H contains every bounded, A-measurable function.

Lemma 1.6.8 is a standard consequence of Dynkin’s π-λ theorem, applied to the family
of sets {Y ≤ c ; Y ∈ M, c ∈ R}. We omit the (routine) proof and refer to Durrett [2]
or Karatzas–Shreve [6]. We now exhibit a family M to which Lemma 1.6.8 applies, and
that we use throughout the rest of this section.

Remark 1.6.9. Let M be the family of bounded, continuous cylindrical functions

Y (f) = g(ft1 , . . . , ftk
), k ≥ 1, 0 ≤ t1 < · · · < tk, g ∈ Cb

(
(Rn)k

)
. (1.82)

This family is closed under multiplication. It also generates A. Indeed, the evaluation
maps et already generate A (Definition 1.4.8), and every set (et ∈ A), A Borel, is recovered
from M by approximating 1A by bounded continuous functions. Hence M satisfies the
assumptions of Lemma 1.6.8.

We can now state the Markov property.

Theorem 1.6.10: Markov property

Let s ≥ 0 and let Y : E → R be bounded and A-measurable. Then, for every x ∈ Rn,

Ex

[
Y ◦ θs

∣∣∣ Fs

]
= EWs [Y ], Px-almost surely, (1.83)

where EWs [Y ] denotes the (bounded, Borel) function y 7→ Ey[Y ] evaluated at y = Ws.

Remark 1.6.11. Relation (1.83) says that the conditional expectation of any bounded,
measurable functional of the future of W after time s, given the whole history Fs up to
s, depends on that history only through the current position Ws: the future of W can
be predicted, in law, from Ws alone, exactly as if the process were restarted from Ws at
time s.
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Proof. Step 1: a single future time. Assume first Y (f) = g(ft) for some bounded Borel
g : Rn → R and t ≥ 0, so that

Y ◦ θs = g(Ws+t),
by Remark 1.6.6. Fix x ∈ Rn. The random vector Ws is Fs-measurable, and δWs,s+t is
independent of Fs under Px, with law N (0, t IdRn) by Remark 1.6.4. The freezing lemma
(Proposition 1.5.3, with X := Ws, Y := δWs,s+t, and φ(x, y) := g(x+ y)) therefore gives

Ex

[
g(Ws+t)

∣∣∣ Fs

]
= Ex

[
g(Ws + δWs,s+t)

∣∣∣ Fs

]
= ptg(Ws), (1.84)

using Definition 1.6.7 for the last equality. On the other hand, Ey[Y ] = Ey[g(Wt)] = ptg(y)
for every y ∈ Rn, again by Definition 1.6.7. Combining with (1.84) gives (1.83) for this
choice of Y .

Step 2: finitely many future times. Assume now Y (f) = g(ft1 , . . . , ftk
) as in (1.79), so

that
Y ◦ θs = g(Ws+t1 , . . . ,Ws+tk

).
Write u1 := t1 and ui := ti − ti−1 for 2 ≤ i ≤ k. By Notation 1.6.3, the increments
δWs,s+t1 , δWs+t1,s+t2 , . . . , δWs+tk−1,s+tk

are independent of Fs under Px, and independent
of one another, with respective laws N (0, u1IdRn), . . . ,N (0, ukIdRn). Writing Ws+ti

=
Ws+

∑
j≤i δWs+tj−1,s+tj

(with t0 := 0) and repeating the computation of Step 1 successively
in each increment gives

Ex

[
Y ◦ θs

∣∣∣ Fs

]
= qt1,...,tk

g(Ws), (1.85)
where

qt1,...,tk
g(y) := E

[
g(y + Z1, y + Z1 + Z2, . . . , y + Z1 + · · · + Zk)

]
, (1.86)

for Z1, . . . , Zk independent, Zi ∼ N (0, uiIdRn). Furthermore, under Py the vector

(Wt1 , . . . ,Wtk
)

has exactly the law of (y + Z1, . . . , y + Z1 + · · · + Zk) for the same Zi’s. Therefore
Ey[Y ] = qt1,...,tk

g(y). Combining with (1.85) gives (1.83) for this Y .

Step 3: general Y . Fix s ≥ 0 and x ∈ Rn, and let

H :=
{
Y : E → R bounded and A-measurable ; (1.83) holds for Y

}
.

By linearity of conditional expectation, H is a vector space containing the constants, and
by (conditional) monotone convergence, H is closed under bounded, increasing pointwise
limits. We now check that H contains the family M of Remark 1.6.9. Namely the fact
that a generic Y ∈ M belongs to H requires two things. First, that (1.83) holds for Y ,
which is exactly the content of Steps 1–2. Second, that y 7→ Ey[Y ] is Borel measurable,
as needed for EWs [Y ] to make sense in the statement of the theorem. To this aim, write

Y (f) = g(ft1 , . . . , ftk
),
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with g ∈ Cb((Rn)k), as in Remark 1.6.9. By Step 2, Ey[Y ] = qt1,...,tk
g(y), and we check

that this function of y is continuous (which is stronger than Borel measurable). To this
aim, let yk′ → y in Rn as k′ → ∞. Since g is continuous,

g
(
yk′ + Z1, yk′ + Z1 + Z2, . . .

)
−→ g

(
y + Z1, y + Z1 + Z2, . . .

)
(1.87)

almost surely as k′ → ∞. Since g is also bounded, dominated convergence applied to (1.86)
gives

qt1,...,tk
g(yk′) −→ qt1,...,tk

g(y), k′ → ∞. (1.88)
Hence y 7→ qt1,...,tk

g(y) is continuous, and H contains M. Lemma 1.6.8 therefore shows
that H contains every bounded, A-measurable function, that is (1.83) holds for every such
Y . ■

As a first application of the Markov property, we record the semigroup structure of
the transition operator pt, and its link to the heat equation.

Proposition 1.6.12: Heat semigroup

The family {pt ; t ≥ 0} (Definition 1.6.7) is a semigroup of operators on the space of
bounded Borel functions Rn → R, that is

pt+u = pt ◦ pu, for every t, u ≥ 0. (1.89)

Proof. Fix t, u ≥ 0, x ∈ Rn, and a bounded Borel f : Rn → R. Applying the Markov
property (Theorem 1.6.10) at s = t to Y := f(Wu) (so that Y ◦ θt = f(Wt+u)) and taking
Ex[ · ] of both sides, the tower property (Proposition 1.5.2, with G := Ft) gives

pt+uf(x) = Ex

[
f(Wt+u)

]
= Ex

[
Y ◦ θt

]
= Ex

[
EWt [Y ]

]
= Ex

[
puf(Wt)

]
= pt(puf)(x), (1.90)

the last equality again by Definition 1.6.7. This is (1.89). ■

Remark 1.6.13 (Generator and Feynman–Kac formula). Differentiating the Gaussian
integral in (1.81) under the integral sign shows that, for bounded continuous f , the function
u(t, x) := ptf(x) solves the heat equation

∂tu(t, x) = 1
2∆u(t, x), u(0, x) = f(x). (1.91)

In other words, the generator of the semigroup {pt} of Proposition 1.6.12, in the sense
that ∂tptf = Lptf , is half the Laplace operator, L = 1

2∆. The representation (1.91) of
the solution of the heat equation as u(t, x) = Ex[f(Wt)] is the simplest instance of the
Feynman–Kac formula,. This probabilistic representation of solutions of parabolic partial
differential equations that will reappear, in more elaborate forms, later in the course.

We now turn to the promise made in the proof of Proposition 1.5.10: the completed
natural filtration ofW is right-continuous. This follows from a zero-one law of Blumenthal,
itself a direct consequence of the Markov property. It expresses the intuitive fact that no
information about the immediate future of W , beyond the starting point x, is available
at time 0.
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Proposition 1.6.14: Blumenthal’s zero-one law

Let x ∈ Rn and let F0+ := ⋂
ε>0 Fε (see (1.64) with t = 0). Then every A ∈ F0+

satisfies Px(A) ∈ {0, 1}.

Proof. Step 1: F0+ is independent of F . Fix A ∈ F0+ and let Y ∈ M be a bounded,
continuous cylindrical function as in (1.82). For ε > 0, since A ∈ F0+ ⊂ Fε, the Markov
property (Theorem 1.6.10) at s = ε gives

Ex

[
Y ◦ θε 1A

]
= Ex

[
Ex[Y ◦ θε | Fε] 1A

]
= Ex

[
EWε [Y ] 1A

]
. (1.92)

As ε → 0+, Wε → W0 = x (Px-almost surely), by continuity of the paths. Moreover, since
Y is continuous and cylindrical, the function y 7→ Ey[Y ] is continuous (by the argument
of Step 3 in the proof of Theorem 1.6.10). It is also readily checked that Y ◦ θε → Y ,
Px-almost surely. Both sides of (1.92) are bounded by sup |Y |, so dominated convergence
gives, letting ε → 0+,

Ex

[
Y 1A

]
= Ex[Y ]Px(A). (1.93)

Relation (1.93) holds for every Y ∈ M; by the same monotone class argument as in Step 3
of the proof of Theorem 1.6.10 (applied to the vector space of bounded, A-measurable
Y ), it extends to every bounded, A-measurable Y . In other words, A is independent of
F = A.

Step 2: conclusion. Since A ∈ F0+ ⊂ F , taking Y = 1A in (1.93) gives Px(A) = Px(A)2,
that is Px(A) ∈ {0, 1}. ■

Corollary 1.6.15: Right-continuity of the Brownian filtration

For every t ≥ 0, Ft+ = Ft, where (Ft)t≥0 is the completed natural filtration of W
(Notation 1.6.3) and Ft+ is as in (1.64). Consequently, by Step 3 of the proof of
Proposition 1.5.10, optional times and stopping times coincide for (Ft)t≥0.

Sketch of proof. The inclusion Ft ⊂ Ft+ is immediate from the definition of Ft+. For the
converse, fix A ∈ Ft+. By the Markov property (Theorem 1.6.10) at s = t, the shifted
process W ′ := W ◦ θt decomposes as

W ′
u = Wt + W̃u, u ≥ 0, (1.94)

where W̃ := W ′ − Wt is a Wiener process started at 0, independent of Ft. Since Wt is
Ft-measurable, W ′ itself is not independent of Ft. What Theorem 1.6.10 actually gives
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is that, conditionally on Ft, W ′ is a Wiener process started at Wt. One checks that
A ∈ Ft ∨ G0+, where

G0+ :=
⋂
ε>0

σ{W ′
u ; u ≤ ε} (1.95)

is the germ σ-algebra of W ′ at 0. By (1.94) and since Wt is Ft-measurable, G0+ coincides,
modulo Ft, with the germ σ-algebra of W̃ at 0. By Blumenthal’s zero-one law (Proposi-
tion 1.6.14), applied to W̃ , every event of G0+ has, conditionally on Ft, probability 0 or 1.
This forces A to coincide, up to a Px-negligible set, with an Ft-measurable event, hence
A ∈ Ft, since (Ft)t≥0 is complete. Observe that above we have omitted the routine but
lengthy verification that A ∈ Ft ∨ G0+. We refer to Revuz–Yor [7] or Karatzas–Shreve [6]
for the complete argument. ■

The (simple) Markov property evaluates the future after a deterministic time s. The
reflection principle below, like many of the most useful computations involving Brownian
motion, requires evaluating it instead at a stopping time. This extension is the strong
Markov property, and it is precisely the right-continuity of Corollary 1.6.15 that lets
FS (Definition 1.5.12) play, for a stopping time S, the same role that Fs plays for a
deterministic time.

Theorem 1.6.16: Strong Markov property

Let S be a stopping time (Definition 1.5.8) and let Y : R+ ×E → R be bounded and
measurable. Then for every x ∈ Rn, we have

Ex

[
YS ◦ θS

∣∣∣ FS

]
1(S<∞) = EWS

[YS] 1(S<∞), Px-almost surely, (1.96)

where FS is the information at time S (Definition 1.5.12). In particular, if S < ∞
Px-almost surely, we get

Ex

[
YS ◦ θS

∣∣∣ FS

]
= EWS

[YS], Px-almost surely. (1.97)

Sketch of proof. As in the proof of Theorem 1.5.14, one first treats stopping times S
taking finitely many values s1 < · · · < sm (together, possibly, with the value +∞), for
which (1.96) follows by applying the Markov property (Theorem 1.6.10) on each event
(S = si) ∈ Fsi

⊂ FS separately. The general case follows by approximating S from above
by a decreasing sequence of dyadic stopping times, and passing to the limit using the
right-continuity of (Ft)t≥0 (Corollary 1.6.15) together with continuity of the paths of W .
We omit the details and refer to Karatzas–Shreve [6] or Revuz–Yor [7]. ■

As an application of the strong Markov property, we compute the law of the first
hitting time of a level by a real-valued Wiener process: reflecting the path after it first
reaches that level produces another Wiener process, from which the reflection principle
below follows.
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Theorem 1.6.17: Reflection principle

Let n = 1, let a > 0, and consider the following stopping time (see Proposition 1.5.10):

Ta := inf{t ≥ 0 ; Wt = a}, (1.98)

that is the hitting time of a by W . Then for every t ≥ 0, we have

P0(Ta < t) = 2P0(Wt > a). (1.99)

Proof. Step 1: reduction. Since P0(Wt = a) = 0, splitting the event (Ta < t) according to
the value of Wt gives the classical decomposition

P0(Ta < t) = P0(Ta < t, Wt > a) + P0(Ta < t, Wt < a). (1.100)

In addition, owing to the fact that W0 = 0 < a almost surely under P0, continuity of the
paths and the intermediate value theorem show that (Wt > a) ⊂ (Ta < t). In particular

P0(Ta < t, Wt > a) = P0(Wt > a). (1.101)

It therefore suffices to show

P0(Ta < t, Wt > a) = 1
2 P0(Ta < t). (1.102)

Indeed, multiplying (1.102) by 2 gives

P0(Ta < t) = 2P0(Ta < t, Wt > a).

Hence substituting the identity (1.101) for the term on the right then gives P0(Ta < t) =
2P0(Wt > a), which is (1.99). Combined with the decomposition (1.100), this also shows
that the two terms on its right-hand side coincide, both equal to 1

2 P0(Ta < t). Otherwise
stated, after W has crossed the level a, it is equally likely to end up above or below it at
time t. This is the so-called reflection principle.
Step 2: a stopping time and a functional. Set (with inf ∅ := ∞)

S := inf{s < t ; Ws = a}. (1.103)

By construction, (S < ∞) = (S < t) = (Ta < t), and S = Ta on this event. For u < t, we
have

(S ≤ u) = (Ta ≤ u) ∈ Fu,

since Ta is a stopping time. Next for u ≥ t, we get

(S ≤ u) = (Ta < t) =
⋃
k≥1

(Ta ≤ t− 1/k) ∈ Ft ⊂ Fu.
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Hence S is itself a stopping time. Define

Ys(f) := 1(s<t) 1(ft−s>a), s ≥ 0, f ∈ E, (1.104)

which is a bounded and jointly measurable functional in (s, f), since (s, f) 7→ ft−s is
jointly continuous on [0, t] × E. By definition of θS (Definition 1.6.5) and since S < t
exactly on (S < ∞) = (Ta < t), we end up with

YS ◦ θS = 1(S<t) 1(WS+(t−S)>a) = 1(Ta<t) 1(Wt>a). (1.105)

Step 3: applying the strong Markov property. By continuity of the paths, WS = a on
(S < ∞) = (Ta < t). The strong Markov property (Theorem 1.6.16), applied to S and Y
above, gives

E0
[
YS ◦ θS

∣∣∣ FS

]
1(S<∞) = EWS

[YS] 1(S<∞) = φ(WS, S) 1(S<∞), (1.106)

where φ is defined by
φ(y, s) := Ey

[
1(Wt−s>a)

]
1(s<t).

Now on (S < ∞), we have WS = a. Moreover under Pa, it holds that the conditional law
of Wt−S − a is identified as N (0, t− S), which is symmetric about 0. Hence

φ(WS, S) = Pa(Wt−S > a) 1(S<t) = 1
2 1(Ta<t). (1.107)

Step 4: conclusion. Taking E0[ · ] in (1.106) and applying the tower property (Proposi-
tion 1.5.2, with G := FS) to the left-hand side, then using (1.105) on the left and (1.107)
on the right, we discover that

P0(Ta < t, Wt > a) = E0
[
YS ◦ θS 1(S<∞)

]
= E0

[
1
2 1(Ta<t)

]
= 1

2 P0(Ta < t), (1.108)

which is (1.102). By Step 1, this completes the proof. ■

Having used the Markov property to compute explicit path functionals of W , such
as its exit and hitting times, we turn, in the last section of this chapter, to the local
regularity of the paths themselves: exactly how irregular a typical trajectory of W is, and
in what sense.

1.7 Pathwise properties

We close the chapter by studying the paths of W directly, as functions of time: how
regular they are (Theorem 1.7.4), and, in the other direction, exactly how irregular (The-
orem 1.7.11 and Proposition 1.7.12). The infinite variation of the paths established along
the way is the central obstruction that the stochastic integral, built in the next chapter,
is designed to overcome. We first recall the relevant notion of regularity for a function of
time.
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Definition 1.7.1

Let a < b and γ ∈ (0, 1]. For f : [a, b] → Rn, set

∥f∥γ := sup
s,t∈[a,b], s ̸=t

|δfst|
|t− s|γ

(1.109)

(see Notation 1.3.1 for δf). We say that f is γ-Hölder if ∥f∥γ < ∞, and write
Cγ([a, b];Rn) for the space of such functions.

Remark 1.7.2. ∥ · ∥γ is only a semi-norm, not a norm, on Cγ([a, b];Rn): it vanishes on
every constant function, not only on f ≡ 0, so ∥f∥γ = 0 does not imply f = 0.

The basic tool for producing Hölder-continuous versions of a process is Kolmogorov’s
continuity criterion, which we recall without proof.

Theorem 1.7.3: Kolmogorov’s continuity criterion

Let τ > 0 and let X = {Xt ; t ∈ [0, τ ]} be an Rn-valued stochastic process on (Ω,F ,P)
such that, for some α, β, c > 0,

E
[
|δXst|α

]
≤ c |t− s|1+β, for every s, t ∈ [0, τ ]. (1.110)

Then X admits a modification X̂ (Definition 1.2.2) such that, almost surely, X̂ ∈
Cγ([0, τ ];Rn) for every γ ∈ (0, β/α).

We omit the proof, a chaining argument along dyadic partitions of [0, τ ], and refer to
Karatzas–Shreve [6] or Revuz–Yor [7].

Theorem 1.7.4: Hölder regularity of Brownian motion

Let W be an n-dimensional Wiener process, let τ > 0 and γ ∈ (0, 1/2). There exists a
modification Ŵ of W (restricted to [0, τ ]) such that, almost surely, Ŵ ∈ Cγ([0, τ ];Rn)
(Definition 1.7.1).

Remark 1.7.5. As is customary, and as we already did in Proposition 1.4.7 and there-
after, we denote Ŵ again by W .

Proof. Step 1: moments of the increments. Fix m ≥ 1. Since δWst ∼ N (0, (t − s)IdRn)
(Definition 1.3.13), the moments of the Gaussian distribution give

E
[
|δWst|2m

]
= cm |t− s|m = cm |t− s|1+(m−1), (1.111)
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for a constant cm > 0 depending only on m and n.

Step 2: application of Kolmogorov’s criterion. Relation (1.111) is (1.110) with α = 2m,
β = m − 1, c = cm. Theorem 1.7.3 therefore produces a modification of W on [0, τ ],
almost surely γ-Hölder for every

γ <
m− 1

2m = 1
2 − 1

2m. (1.112)

Letting m → ∞ in (1.112), the right-hand side increases to 1/2, so W admits an almost
surely γ-Hölder modification on [0, τ ] for every γ < 1/2. ■

Theorem 1.7.4 shows that W admits an almost surely γ-Hölder modification for every
γ < 1/2, but it says nothing about the borderline exponent γ = 1/2 itself. The next
result closes this gap: it pins down the exact rate at which the increments of W vanish,
up to a sharp logarithmic correction. We omit the proof, a refinement of the chaining
argument underlying Theorem 1.7.3, and refer to Karatzas–Shreve [6] or Revuz–Yor [7].

Theorem 1.7.6: Lévy’s modulus of continuity

Let W be an n-dimensional Wiener process and let τ > 0. Almost surely,

lim sup
δ→0+

sup
0≤s<t≤τ, |t−s|≤δ

|δWst|(
2δ ln(1/δ)

)1/2 = 1. (1.113)

Remark 1.7.7. Theorem 1.7.6 refines Theorem 1.7.4: it says that W has Hölder regu-
larity exactly 1/2 at every point, up to the logarithmic correction (ln(1/δ))1/2, which is
itself unavoidable.

We now turn to the opposite question: exactly how irregular the paths of W are.
This is best measured through the variation and quadratic variation of a function along
a partition.

Definition 1.7.8

Let a < b. A partition of [a, b] is a finite set π = {t0, . . . , tm} with a = t0 < · · · <
tm = b; we write |π| := max0≤k≤m−1(tk+1 − tk) for its mesh, and Πa,b for the set of all
partitions of [a, b].
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Definition 1.7.9: Variation and quadratic variation

Let a < b and f : [a, b] → R. Recalling Notation 1.3.1, the variation and quadratic
variation of f on [a, b] are repectively given by

Va,b(f) = lim
π∈Πa,b, |π|→0

∑
tk,tk+1∈π

|δftktk+1|,

V 2
a,b(f) = lim

π∈Πa,b, |π|→0

∑
tk,tk+1∈π

|δftktk+1|2, (1.114)

when these limits exist in [0,∞]. If Va,b(f) < ∞ (respectively V 2
a,b(f) < ∞), we say

that f has finite variation (respectively finite quadratic variation) on [a, b].

Remark 1.7.10. For a deterministic function f , the limits in (1.114), when they exist,
do not depend on the particular sequence of partitions used, in the usual sense of a limit
along the directed set (Πa,b,⊃) refining partitions as |π| → 0. For a stochastic process, as
in Theorem 1.7.11 below, some care is needed: the limit defining V 2

a,b(W ) is understood
in L2(Ω), along any sequence of partitions with mesh going to 0. On the other hand the
resulting almost sure statement is along a suitably chosen subsequence, as the proof makes
precise.

Theorem 1.7.11: Variations of Brownian motion

Let n = 1. Almost surely, for every 0 ≤ a < b < ∞, it holds

V 2
a,b(W ) = b− a and Va,b(W ) = ∞. (1.115)

In other words, the paths of W have finite quadratic variation but infinite variation
on every interval of R+.

Proof. Step 1: L2(Ω)-convergence of V 2
a,b. Fix a < b. For π = {t0, . . . , tm} ∈ Πa,b, set

Sπ :=
m−1∑
k=0

|δWtktk+1|2, Xk := |δWtktk+1|2 − (tk+1 − tk). (1.116)

By independence and centering of the increments of W (Definition 1.3.13), the Xk’s are
centered and independent, and

Sπ − (b− a) =
m−1∑
k=0

Xk. (1.117)

Since δWtktk+1/(tk+1 − tk)1/2 ∼ N (0, 1), we have

Var(Xk) = 2(tk+1 − tk)2. (1.118)
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Thus invoking independence and (1.117), we get

E
[
(Sπ − (b− a))2

]
=

m−1∑
k=0

Var(Xk) = 2
m−1∑
k=0

(tk+1 − tk)2 ≤ 2 |π| (b− a). (1.119)

Letting |π| → 0 in (1.119) gives

L2(Ω)- lim
|π|→0

Sπ = b− a. (1.120)

Step 2: almost sure convergence along a subsequence, and Va,b(W ) = ∞. By (1.120),
there is a sequence of partitions (πn)n, with |πn| → 0, along which Sπn → b − a almost
surely; this gives the first identity in (1.115), namely V 2

a,b(W ) = b−a almost surely, along
(πn)n. We now argue by contradiction to show Va,b(W ) = ∞ almost surely. To this aim,
let Ω0 be the almost sure event on which Sπn → b − a > 0, fix ω ∈ Ω0, and suppose
Va,b(W (ω)) < ∞. Writing πn = {t0, . . . , tmn}, continuity of W (ω) on [a, b] gives

sup
n≥1

mn−1∑
k=0

∣∣∣δWtktk+1(ω)
∣∣∣ ≤ c(ω) < ∞, lim

n→∞
max

0≤k≤mn−1

∣∣∣δWtktk+1(ω)
∣∣∣ = 0, (1.121)

the first bound by the assumption Va,b(W (ω)) < ∞, and the second by uniform continuity
of W (ω) on [a, b] and |πn| → 0. Combining the two bounds in (1.121), we end up with

Sπn(ω) ≤
(

max
0≤k≤mn−1

∣∣∣δWtktk+1(ω)
∣∣∣) mn−1∑

k=0

∣∣∣δWtktk+1(ω)
∣∣∣ −→ 0, (1.122)

contradicting Sπn(ω) → b − a > 0. Hence Va,b(W (ω)) = ∞ for every ω ∈ Ω0, that is
Va,b(W ) = ∞ almost surely, for this fixed pair (a, b).

Step 3: simultaneously for all (a, b). It remains to upgrade “almost surely, for each fixed
(a, b)” to “almost surely, for every (a, b)”. Since Va,b(f) = ∞ for some f and a < b forces
Va′,b′(f) = ∞ for every a′ ≤ a < b ≤ b′ (a partition of [a′, b′] refined at a, b has variation
at least that of its restriction to [a, b]), it suffices to treat (a, b) ∈ Q2

+, a < b. By Step 2,
for each such rational pair there is Ωa,b with P(Ωa,b) = 1 and Va,b(W (ω)) = ∞ for every
ω ∈ Ωa,b. Set

Ω0 :=
⋂

(a,b)∈Q2
+, a<b

Ωa,b. (1.123)

As a countable intersection of almost sure events, we still have P(Ω0) = 1. Moreover,
for every ω ∈ Ω0 and every (a, b) ∈ Q2

+ with a < b, we get Va,b(W (ω)) = ∞. By the
monotonicity remark above, this extends to every 0 ≤ a < b < ∞, on the same event Ω0.
This proves the second identity in (1.115). ■
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Proposition 1.7.12: Irregularity of W above exponent 1/2

Let n = 1, γ > 1/2, and 0 ≤ a < b. Then, almost surely, W /∈ Cγ([a, b];R) (Defini-
tion 1.7.1).

Proof. We argue by contradiction, on the same almost sure event Ω0 and along the same
partitions (πn)n of [a, b] as in the proof of Theorem 1.7.11, on which Sπn → b − a > 0.
Fix ω ∈ Ω0 and suppose W (ω) ∈ Cγ([a, b];R), that is |δWst(ω)| ≤ L(ω) |t − s|γ for every
s, t ∈ [a, b], for some (random) constant L(ω) < ∞. Writing πn = {t0, . . . , tmn},

Sπn(ω) ≤ L(ω)2
mn−1∑
k=0

|tk+1 − tk|2γ ≤ L(ω)2 |πn|2γ−1 (b− a) −→ 0, (1.124)

since 2γ−1 > 0 and |πn| → 0. This contradicts Sπn(ω) → b−a > 0, soW (ω) /∈ Cγ([a, b];R)
for every ω ∈ Ω0, that is almost surely. ■

Proposition 1.7.12 rules out γ-Hölder regularity of W , for γ > 1/2, on a fixed inter-
val. A classical strengthening, due to Paley, Wiener, and Zygmund, upgrades this to a
statement at every point simultaneously, and in particular rules out differentiability.

Theorem 1.7.13: Nowhere differentiability

Let n = 1 and τ > 0. Almost surely,
(i) for every γ > 1/2, the paths of W are not γ-Hölder continuous at any point
s ∈ [0, τ ], in the sense that

lim sup
h→0

|δWs,s+h|
|h|γ

= ∞, for every s ∈ [0, τ ];

(ii) in particular, W is nowhere differentiable on [0, τ ].

Sketch of proof. Proposition 1.7.12 already shows that, for a fixed s, the paths of W
are almost surely not γ-Hölder at s, for γ > 1/2; the content of the theorem is that
the exceptional (negligible) event can be taken independent of s. This requires a more
delicate, uniform version of the argument in the proof of Proposition 1.7.12, controlling
the increments of W over all sufficiently small intervals simultaneously, rather than one
(a, b) at a time. We omit the details, and refer to Karatzas–Shreve [6] or Revuz–Yor [7].
Part (ii) follows from part (i) applied with γ = 1: existence of W ′

s at some s would give
|δWs,s+h| ≤ c |h| for small h, contradicting part (i) with any γ ∈ (1/2, 1). ■

We close this chapter with a brief look into the next chapter. Theorem 1.7.11 showed
that the paths of W have infinite variation on every interval: consequently, integrals
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of the form
∫ t

0 fs dWs cannot be defined path by path as Riemann–Stieltjes integrals,
for a general integrand f , the way one integrates against a function of finite variation.
Making sense of such integrals rigorously, and of the calculus that comes with them (Itô’s
formula), is the subject of the next chapter. This will rely on the finite quadratic variation
of Theorem 1.7.11.



CHAPTER 2

Itô’s formula

Chapter 1 constructed Brownian motion W and established its two most consequential
pathwise features: W has finite quadratic variation but infinite variation on every interval
(Theorem 1.7.11), and W is almost surely nowhere differentiable (Theorem 1.7.13). Both
facts point to the same problem. Namely for a smooth (or even merely finite-variation)
function f , one can define

∫ t
0 us dfs path by path as a Riemann–Stieltjes integral. In

addition, differential calculus with respect to f follows from the ordinary chain rule applied
to ḟ . Neither route is available forW : the Riemann-Stieltjes construction diverges because
W has infinite variation, and there is no Ẇ to differentiate against in the first place.

This chapter builds the calculus that replaces these classical tools. In the present sec-
tion we construct the Itô integral

∫ t
0 us dWs, for a suitable class of random, time-dependent

integrands u, as an L2(Ω)-limit of elementary Riemann sums. The finite quadratic varia-
tion of W (Theorem 1.7.11) is exactly what makes this limit exist. Later sections turn this
integral into a full differential calculus: Itô’s formula, the chain rule adapted to functions
of W , and its main consequences.

For notational simplicity we carry out the construction for a real-valued (n = 1) Wiener
process W . The extension to an Rn-valued W = (W (1), . . . ,W (n)) (Definition 1.3.13) is
obtained by working coordinate by coordinate and is only a matter of extra indices.

2.1 Itô’s integral

Throughout this section we fix τ > 0 and a stochastic basis (Ω,F , (Ft)t∈[0,τ ],P) (Defi-
nition 1.2.4) carrying a real-valued Wiener process W with respect to (Ft)t∈[0,τ ], in the
sense of Definition 1.3.15. We construct the integral

∫ t
0 us dWs in two steps: first define it

explicitly on a class of elementary integrands, then pass to the limit.

49
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2.1.1 Simple processes and their integral

We first define the integral for integrands that are piecewise constant in time and adapted
to the filtration.

Definition 2.1.1: Simple process

A process u = {ut ; t ∈ [0, τ ]} is simple if there exist a partition π = {t0, . . . , tN} ∈
Π0,τ (Definition 1.7.8), a constant c > 0, and random variables ξ0, . . . , ξN−1 on
(Ω,F ,P), with ξi Fti

-measurable and |ξi| ≤ c almost surely for every 0 ≤ i ≤ N − 1,
such that

ut = ξ0 1{0}(t) +
N−1∑
i=0

ξi 1(ti,ti+1](t), t ∈ [0, τ ]. (2.1)

We denote by E([0, τ ]) the set of simple processes.

Remark 2.1.2. E([0, τ ]) is a vector space. If u, v ∈ E([0, τ ]) are of the form (2.1) relative
to partitions π, π′ ∈ Π0,τ respectively, both are also of this form relative to the common
refinement π ∪ π′. Hence we have that αu+ βv ∈ E([0, τ ]) for every α, β ∈ R.

We now define the integral of a simple process over a subinterval [s, t] ⊂ [0, τ ], as
the corresponding sum against the increments of W (Notation 1.3.1), taken along any
partition refining both the partition underlying u and the endpoints s, t.

Definition 2.1.3: Integral of a simple process

Let u ∈ E([0, τ ]) be given by (2.1) relative to π = {t0, . . . , tN} ∈ Π0,τ , and let
s, t ∈ [0, τ ] with s ≤ t. Let

{r0, . . . , rK} := π ∪ {s, t},

listed in increasing order, and let k0 ≤ k1 be the indices with rk0 = s and rk1 = t.
Since u is constant, equal to some ξi(k), on each subinterval (rk, rk+1] of the refined
partition, we define

Js,t(u dW ) :=
k1−1∑
k=k0

ξi(k) δWrk,rk+1 , (2.2)

with the convention Js,t(u dW ) := 0 if s = t.

Remark 2.1.4. Definition 2.1.3 exhibits Js,t(u dW ) as a genuine Riemann–Stieltjes sum
of u against W , along the partition {rk0 , . . . , rk1} of [s, t]: no limiting procedure is needed at
this stage. The value does not depend on the representation (2.1) chosen for u: refining the
underlying partition π further only subdivides some of the terms in (2.2) into telescoping
sub-sums ∑

δWrkrk+1 = δW of the undivided interval. This leaves the total unchanged.
In particular, u and a second simple process v can always be represented on a common
partition, for instance π ∪ π′, which we use freely below.

We collect the elementary algebraic and probabilistic properties of Js,t(u dW ) that
will be preserved, in the next subsection, when passing to the limit.
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Proposition 2.1.5

Let u, v ∈ E([0, τ ]) and α, β ∈ R. Fix s, t ∈ [0, τ ] with s ≤ t, and recall that Js,t(u dW )
denotes the integral of u against W on [s, t], defined by (2.2). Then, almost surely,
(i) Jt,t(u dW ) = 0.

(ii) Js,t

(
(αu+ βv) dW

)
= αJs,t(u dW ) + β Js,t(v dW ).

(iii) E
[
Js,t(u dW )

∣∣∣ Fs

]
= 0.

(iv) It holds
E

[
Js,t(u dW )2

∣∣∣ Fs

]
=

∫ t

s
E

[
u2

r

∣∣∣ Fs

]
dr. (2.3)

(v) In particular,
E

[
Js,t(u dW )2

]
=

∫ t

s
E

[
u2

r

]
dr. (2.4)

Proof. Step 1: properties (i) and (ii). Property (i) is the convention adopted in Defini-
tion 2.1.3 when s = t. For property (ii), represent u and v on the common refinement
π ∪ π′ of the partitions underlying them (Remark 2.1.4). On this refinement, αu + βv is
simple with coefficients αξi + βξ′

i, and formula (2.2) is linear in these coefficients, which
gives property (ii).

Step 2: martingale property (iii). By Definition 2.1.3, one can write

Js,t(u dW ) =
k1−1∑
k=k0

ηk δWrk,rk+1 , ηk := ξi(k), (2.5)

with rk0 = s. Since ηk0 is Fs-measurable and δWs,rk0+1 ⊥⊥ Fs (property (ii) of Defini-
tion 1.3.15), relation (1.54) gives

E
[
ηk0 δWs,rk0+1

∣∣∣ Fs

]
= ηk0 E

[
δWs,rk0+1

]
= 0. (2.6)

Now for k0 < k ≤ k1 − 1, we have rk > s. Hence we get Fs ⊂ Frk
, and the nested tower

property (1.55) gives

E
[
ηk δWrk,rk+1

∣∣∣ Fs

]
= E

[
E

[
ηk δWrk,rk+1

∣∣∣ Frk

] ∣∣∣∣ Fs

]
= 0, (2.7)

the inner conditional expectation vanishing by the same computation as in (2.6). Thus
summing (2.6) and the vanishing terms (2.7), over k = k0 + 1, . . . , k1 − 1, gives prop-
erty (iii).
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Step 3: isometries (iv) and (v). Squaring (2.5), we obtain

Js,t(u dW )2 =
k1−1∑
k=k0

η2
k δW

2
rk,rk+1

+ 2
∑

k0≤k<l≤k1−1
ηk δWrk,rk+1 ηl δWrl,rl+1 . (2.8)

For k < l in (2.8), both ηk δWrk,rk+1 and ηl are Frl
-measurable, and δWrl,rl+1 ⊥⊥ Frl

, so
the same computation as in (2.7), with Frl

in place of Frk
, gives

E
[
ηk δWrk,rk+1 ηl δWrl,rl+1

∣∣∣ Fs

]
= 0, (2.9)

so the cross terms in (2.8) drop out after conditioning on Fs. For the diagonal terms, η2
k

is Frk
-measurable and δWrk,rk+1 ⊥⊥ Frk

with δWrk,rk+1 ∼ N (0, rk+1 −rk). Hence repeating
the nested tower argument of (2.7), we discover that

E
[
η2

k δW
2
rk,rk+1

∣∣∣ Fs

]
= E

[
η2

k

∣∣∣ Fs

]
(rk+1 − rk) =

∫ rk+1

rk

E
[
u2

r

∣∣∣ Fs

]
dr, (2.10)

where the last identity stems from the fact that ur = ηk for r ∈ (rk, rk+1]. Summing (2.10)
over k = k0, . . . , k1 − 1 gives (2.3). Furthermore, taking the expectation of (2.3) and
invoking the tower property (1.52) we conclude that (2.4) holds true. This ends the
proof. ■

2.1.2 The space L2
a and density of simple processes

Simple processes are too restrictive a class of integrands for later applications, where
typically ut = f(Wt) for a smooth function f . We now identify the class of integrands to
which the integral of Definition 2.1.3 extends, and show that every such integrand is an
L2-limit of simple processes.

Definition 2.1.6: Progressive measurability

Let (Ω,F , (Ft)t∈[0,τ ],P) be a stochastic basis (Definition 1.2.4) and let u = {ut ; t ∈
[0, τ ]} be a real-valued stochastic process on it (Definition 1.2.1). We say that u is
progressively measurable if, for every t ∈ [0, τ ], the map

(r, ω) 7−→ ur(ω), [0, t] × Ω −→ R, (2.11)

is measurable with respect to B([0, t]) ⊗ Ft.

Remark 2.1.7. Progressive measurability is a mild strengthening of adaptedness (Defi-
nition 1.2.6): restricting (2.11) to the slice {t} × Ω shows that a progressively measurable
process is in particular Ft-adapted, and the extra content of (2.11) is the joint measur-
ability, in (r, ω). This joint measurability is needed to make sense of pathwise integrals
such as

∫ t
0 ur(ω) dr. We record two standard sufficient conditions, both established, e.g.,

in Karatzas–Shreve [6]:
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(i) Every Ft-adapted process with right-continuous paths is progressively measurable. In
particular every simple process u ∈ E([0, τ ]) (Definition 2.1.1) is progressively measurable,
since its paths are right-continuous by construction.

(ii) Every deterministic, Borel-measurable function h : [0, τ ] → R, viewed as a process
constant in ω, is progressively measurable with respect to any filtration.

With progressive measurability in hand, we can now specify precisely the class of
integrands to which we extend the Itô integral: processes that are progressively measurable
and square-integrable in the sense of (2.12) below.

Definition 2.1.8: The space L2
a

We denote by L2
a([0, τ ]) the set of real-valued, progressively measurable processes

u = {ut ; t ∈ [0, τ ]} (Definition 2.1.6) such that

∥u∥2
L2

a
:=

∫ τ

0
E

[
u2

s

]
ds < ∞. (2.12)

Remark 2.1.9. By Remark 2.1.7, it is readily checked that E([0, τ ]) ⊂ L2
a([0, τ ]). More-

over, ∥ · ∥L2
a

is the norm induced on L2
a([0, τ ]) by L2(Ω × [0, τ ]), for Ω × [0, τ ] equipped

with the finite measure P ⊗ Leb.

Proposition 2.1.10: Density of simple processes

E([0, τ ]) is dense in L2
a([0, τ ]): for every u ∈ L2

a([0, τ ]), there exists a sequence (un)n≥0
in E([0, τ ]) such that

lim
n→∞

∥u− un∥L2
a

= 0. (2.13)

We omit the proof of Proposition 2.1.10 in this generality, a standard truncation-and-
mollification argument, and refer to Karatzas–Shreve [6] or Revuz–Yor [7]. We record
instead, and prove, a concrete approximation valid under additional boundedness and
continuity hypotheses, which covers every case we use in practice.

Proposition 2.1.11: Concrete approximation

Let u ∈ L2
a([0, τ ]) be such that |ut| ≤ M almost surely, for every t ∈ [0, τ ] and some

constant M > 0. We also assume that u has almost surely continuous paths. Let
(πm)m≥1, πm = {sm

0 , . . . , s
m
km

} ∈ Π0,τ (Definition 1.7.8), be a sequence of partitions
with |πm| → 0, and set

um
t :=

km−1∑
j=0

usm
j

1[sm
j ,sm

j+1)(t), t ∈ [0, τ ]. (2.14)

Then um ∈ E([0, τ ]) for every m ≥ 1, and

lim
m→∞

∥u− um∥L2
a

= 0. (2.15)
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Proof. Step 1: um ∈ E([0, τ ]). Each coefficient usm
j

is Fsm
j

-measurable, since u is adapted
(Remark 2.1.7), and bounded by M , so (2.14) is of the form (2.1) relative to πm.
Step 2: pointwise convergence. Fix ω in the almost sure event on which t 7→ ut(ω) is
continuous. For t ∈ [0, τ) and m ≥ 1, let sm

j = sm
j (t) be the unique point of πm with

t ∈ [sm
j , s

m
j+1). Then |t− sm

j | ≤ |πm| → 0, so
um

t (ω) = usm
j

(ω) −→ ut(ω), m → ∞, (2.16)

by continuity of u(ω). This holds for every t ∈ [0, τ) and almost every ω, hence for
Lebesgue-almost every (t, ω) ∈ [0, τ ] × Ω.
Step 3: dominated convergence. By construction, |um

t | ≤ M for every t ∈ [0, τ ] and m ≥ 1,
so |ut −um

t |2 ≤ 4M2, a constant integrable on the finite measure space (Ω× [0, τ ],P⊗Leb).
Combining this bound with the almost everywhere convergence of Step 2, dominated
convergence gives

∥u− um∥2
L2

a
=

∫ τ

0
E

[
|us − um

s |2
]
ds −→ 0, m → ∞, (2.17)

which proves our claim (2.15). ■

With Proposition 2.1.10 in hand, we extend the integral of Definition 2.1.3 from
E([0, τ ]) to all of L2

a([0, τ ]), by continuity.

Proposition 2.1.12: Extension of the integral

Let u ∈ L2
a([0, τ ]) and let (un)n≥0 be a sequence in E([0, τ ]) such that ∥u−un∥L2

a
→ 0

(see Proposition 2.1.10). Fix s, t ∈ [0, τ ] with s ≤ t. Then the following holds true:
(i) The sequence (Js,t(un dW ))n≥0 converges in L2(Ω).

(ii) The limit in part (i) does not depend on the approximating sequence (un)n≥0.

Proof. Step 1: convergence. By Remark 2.1.2 and linearity (property (ii) of Proposi-
tion 2.1.5), un − up ∈ E([0, τ ]) and

Js,t

(
(un − up) dW

)
= Js,t(un dW ) − Js,t(up dW ),

for every n, p ≥ 0. The isometry (2.4) then gives

E
[(

Js,t(un dW ) − Js,t(up dW )
)2

]
=

∫ t

s
E

[
(un

r − up
r)2

]
dr ≤ ∥un − up∥2

L2
a
. (2.18)

In addition, relation (2.18) shows that (Js,t(un dW ))n≥0 is a Cauchy sequence in L2(Ω).
Completeness of L2(Ω) thus easily yields part (i).
Step 2: independence of the sequence. Let (vn)n≥0 be another sequence in E([0, τ ]) with
∥u− vn∥L2

a
→ 0. Denote by Z(u) and Z(v) the respective L2(Ω)-limits of Js,t(un dW ) and

Js,t(vn dW ), granted by Step 1. Interlacing the two sequences into w2n := un, w2n+1 := vn

gives a single sequence in E([0, τ ]) with ∥u − wn∥L2
a

→ 0, so (Js,t(wn dW ))n≥0 converges
in L2(Ω) by Step 1. Its two subsequences (Js,t(un dW ))n≥0 and (Js,t(vn dW ))n≥0 then
converge to the same limit, that is Z(u) = Z(v) almost surely. ■
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2.1.3 The stochastic integral

We can now state the definition toward which this section has been building.

Definition 2.1.13: Itô integral

Let u ∈ L2
a([0, τ ]) (Definition 2.1.8) and let s, t ∈ [0, τ ] with s ≤ t. The Itô integral

of u against W , on [s, t], is the element of L2(Ω) given by

Js,t(u dW ) := L2(Ω)- lim
n→∞

Js,t(un dW ), (2.19)

for an arbitrary sequence (un)n≥0 in E([0, τ ]) with ∥u−un∥L2
a

→ 0 (Proposition 2.1.10).
Recall that the limit exists and does not depend on the choice of (un)n≥0 owing to
Proposition 2.1.12.

Notation 2.1.14

From now on we write
∫ t

s ur dWr := Js,t(u dW ), for u ∈ L2
a([0, τ ]) (Definition 2.1.13)

and 0 ≤ s ≤ t ≤ τ . We also abbreviate
∫ t

0 ur dWr by
∫ t

0 u dW when convenient.

Remark 2.1.15 (Additivity in time). Let u ∈ L2
a([0, τ ]) and 0 ≤ s ≤ t ≤ r ≤ τ . Then,

almost surely, ∫ t

s
u dW +

∫ r

t
u dW =

∫ r

s
u dW. (2.20)

Indeed, for u ∈ E([0, τ ]) simple, both sides of (2.20) are, by Definition 2.1.3, sums of
the form (2.2) along the common refined partition π ∪ {s, t, r}: the two sums on the left
concatenate exactly at the index k with rk = t, and together they reconstitute the single
sum on the right. This proves (2.20) for simple integrands. For general u ∈ L2

a([0, τ ]),
approximate u by un ∈ E([0, τ ]) as in Definition 2.1.13. By that same definition, the
same sequence (un)n≥0 gives

∫ t
s u

n dW →
∫ t

s u dW ,
∫ r

t u
n dW →

∫ r
t u dW , and

∫ r
s u

n dW →∫ r
s u dW , all in L2(Ω). Letting n → ∞ in the simple-process identity (2.20) therefore

extends it to u.

Remark 2.1.16 (Kiyosi Itô, 1915–2008). The construction of Definition 2.1.13 is due to
the Japanese mathematician Kiyosi Itô, who introduced it in 1944. Working at the time
for the Japanese National Statistical Bureau, and largely isolated from the international
mathematical community during the Second World War, Itô developed the stochastic inte-
gral, and the differential calculus built on it in the rest of this chapter, essentially on his
own.

The properties of Proposition 2.1.5 pass to the limit unchanged. We recall them below
for further use.
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Proposition 2.1.17: Properties of the Itô integral

Let u, v ∈ L2
a([0, τ ]) and α, β ∈ R. Fix s, t ∈ [0, τ ] with s ≤ t, and recall that

∫ t
s u dW

denotes the Itô integral of u against W on [s, t], defined by Notation 2.1.14. Then,
almost surely,
(i)

∫ t
t u dW = 0.

(ii)
∫ t

s (αu+ βv) dW = α
∫ t

s u dW + β
∫ t

s v dW .

(iii) E
[∫ t

s u dW
∣∣∣ Fs

]
= 0.

(iv) We have
E

[(∫ t

s
u dW

)2 ∣∣∣∣ Fs

]
=

∫ t

s
E

[
u2

r

∣∣∣ Fs

]
dr. (2.21)

(v) In particular, the following holds true:

E
[(∫ t

s
u dW

)2]
=

∫ t

s
E

[
u2

r

]
dr. (2.22)

Proof. Step 1: properties (i)-(iii). Fix approximating sequences (un)n≥0, (vn)n≥0 in
E([0, τ ]) for u, v as in Definition 2.1.13. Property (i) holds for every un by Proposi-
tion 2.1.5. Therefore it also holds for its L2(Ω)-limit

∫ t
t u dW . Property (ii) follows since

αun + βvn → αu+ βv in L2
a and, by linearity of the L2(Ω)-limit,∫ t

s
(αu+ βv) dW = L2(Ω)- lim

n
Js,t

(
(αun + βvn) dW

)
= L2(Ω)- lim

n

(
αJs,t(un dW ) + β Js,t(vn dW )

)
, (2.23)

where we have invoked property (ii) of Proposition 2.1.5 for the simple processes un, vn.
The right-hand side of (2.23) equals α

∫ t
s u dW +β

∫ t
s v dW , which gives property (ii). For

property (iii), conditional expectation given Fs is a contraction on L2(Ω), since

∥E[X | Fs]∥L2(Ω) ≤ ∥X∥L2(Ω)

thanks to Jensen’s inequality. Hence Js,t(un dW ) →
∫ t

s u dW in L2(Ω) gives

E[Js,t(un dW ) | Fs] −→ E
[ ∫ t

s
u dW | Fs

]
, in L2(Ω).

Since the left-hand side above is identically 0 by Proposition 2.1.5, so is the limit. This
proves property (iii).
Step 2: unconditional isometry (v). We have already seen that

Js,t(un dW ) −→
∫ t

s
u dW, in L2(Ω).
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Therefore it is immediate to see that

E[Js,t(un dW )2] −→ E[(
∫ t

s
u dW )2].

Furthermore the relation ∥un − u∥L2
a

→ 0 gives, in the same way,∫ t

s
E[(un

r )2] dr −→
∫ t

s
E[u2

r] dr.

Invoking the last 2 relations and passing to the limit in the identity (2.4) for un, we end
up with (2.22).
Step 3: conditional isometry (iv). For X, Y ∈ L2(Ω), the identity X2 −Y 2 = (X−Y )(X+
Y ) and the Cauchy–Schwarz inequality give

E
[
|X2 − Y 2|

]
≤ ∥X − Y ∥L2(Ω) ∥X + Y ∥L2(Ω), (2.24)

so X 7→ X2 is continuous from L2(Ω) into L1(Ω). Applying (2.24) with X = Js,t(un dW ),
Y =

∫ t
s u dW , using that conditional expectation is a contraction on L1(Ω), and substi-

tuting the left-hand side via the isometry (2.3) for un, gives∫ t

s
E

[
(un

r )2
∣∣∣ Fs

]
dr

L1(Ω)−→ E
[(∫ t

s
u dW

)2 ∣∣∣∣ Fs

]
. (2.25)

It remains to show that the left-hand side of (2.25) also converges in L1(Ω) to
∫ t

s E[u2
r | Fs] dr.

To this aim, for each fixed r ∈ [s, t], applying (2.24) with X = un
r , Y = ur, and then using

the contraction of conditional expectation on L1(Ω), we obtain

E
[∣∣∣E[

(un
r )2

∣∣∣ Fs

]
− E

[
u2

r

∣∣∣ Fs

]∣∣∣] ≤ ∥un
r − ur∥L2(Ω) ∥un

r + ur∥L2(Ω). (2.26)

Integrating (2.26) over r ∈ [s, t], resorting to Fubini’s theorem to exchange E and
∫
, and

then applying Cauchy–Schwarz to the right-hand side, gives

E
[∣∣∣∣∫ t

s
E

[
(un

r )2
∣∣∣ Fs

]
dr −

∫ t

s
E

[
u2

r

∣∣∣ Fs

]
dr

∣∣∣∣] ≤ ∥un − u∥L2
a

∥un + u∥L2
a
. (2.27)

Since ∥un − u∥L2
a

→ 0 and ∥un + u∥L2
a

stays bounded, the right-hand side of (2.27) tends
to 0, so the left-hand side of (2.25) converges in L1(Ω) to

∫ t
s E[u2

r | Fs] dr. Comparing with
the right-hand side of (2.25) gives (2.21). ■

Remark 2.1.18 (Itô isometry). Relation (2.22) is known as the Itô isometry: for fixed
t ∈ [0, τ ], the map u 7→

∫ t
0 u dW is a linear isometry from

(
L2

a([0, t]), ∥ · ∥L2
a

)
into L2(Ω).

It is the source of most L2-estimates in stochastic calculus, and we invoke it repeatedly
starting in the next chapter.

2.1.4 The Wiener integral

We close this section with the special case of deterministic integrands, which produces
Gaussian random variables amenable to explicit computation, and which reappears when
we study the Gaussian structure of solutions of linear stochastic differential equations.
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Proposition 2.1.19: Wiener integral

Let h1, h2 ∈ L2([0, τ ]) be deterministic functions, viewed as elements of L2
a([0, τ ])

(part (ii) of Remark 2.1.7), and set W (hi) :=
∫ τ

0 h
i
r dWr (Notation 2.1.14), for i = 1, 2.

Then:
(i) (W (h1),W (h2)) is a centered Gaussian vector in R2.

(ii) The covariance of this Gaussian vector reads

E
[
W (h1)W (h2)

]
=

∫ τ

0
h1

r h
2
r dr. (2.28)

Proof. Step 1: approximation. For m ≥ 1, set sj = sm
j := jτ/m, 0 ≤ j ≤ m, and

hi,m :=
m−1∑
j=0

hi
sj

1[sj ,sj+1), i = 1, 2. (2.29)

Since hi ∈ L2([0, τ ]), we have ∥hi − hi,m∥L2
a

→ 0 as m → ∞. Indeed, this is a slight
elaboration of the deterministic case of Proposition 2.1.11. Hence by Definition 2.1.13,
we have W (hi,m) → W (hi) in L2(Ω).
Step 2: the approximating vector is Gaussian. By Definition 2.1.3,

W (hi,m) =
m−1∑
j=0

hi
sj
δWsj ,sj+1 , i = 1, 2. (2.30)

The increments δWs0s1 , . . . , δWsm−1sm are independent, centered Gaussian random vari-
ables (property (iii) of Definition 1.3.15), so every linear combination of them is Gaussian:
in particular, every linear combination of W (h1,m) and W (h2,m) in (2.30) is such a linear
combination, so (W (h1,m),W (h2,m)) is a centered Gaussian vector in R2 (Definition 1.4.1).
Its covariance is

E
[
W (h1,m)W (h2,m)

]
=

m−1∑
i,j=0

h1
si
h2

sj
E

[
δWsisi+1 δWsjsj+1

]
. (2.31)

For i < j, δWsisi+1 is Fsj
-measurable (Definition 1.3.15, property (v), since si+1 ≤ sj),

and δWsjsj+1 ⊥⊥ Fsj
. So we easily get relation (1.54),

E
[
δWsisi+1 δWsjsj+1

]
= 0, (2.32)

and by symmetry the same holds for i > j. For i = j, E[δW 2
sisi+1

] = si+1 − si. Only the
diagonal terms of (2.31) therefore survive, by (2.32), so that

E
[
W (h1,m)W (h2,m)

]
=

m−1∑
i=0

h1
si
h2

si
(si+1 − si) =

∫ τ

0
h1,m

r h2,m
r dr. (2.33)
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Step 3: passage to the limit. By Step 1, (W (h1,m),W (h2,m)) → (W (h1),W (h2)) in L2(Ω),
hence in distribution. Hence the characteristic function of the centered Gaussian vec-
tor (W (h1,m),W (h2,m)), determined entirely by its covariance matrix (2.33), converges
pointwise to that of (W (h1),W (h2)), which is therefore itself a centered Gaussian vec-
tor. This yields part (i) of our claims. In addition, passing to the limit in (2.33), using
L2(Ω)-convergence on the left and hi,m → hi in L2([0, τ ]) on the right, gives (2.28). ■

We have now constructed the random variable
∫ t

s ur dWr, for every fixed s ≤ t in [0, τ ],
together with its basic algebraic and probabilistic properties (Proposition 2.1.17). Viewing
t 7→

∫ t
0 ur dWr as a stochastic process raises a further, genuinely delicate point: does it

admit a continuous modification, as W itself does? We answer this question together with
the martingale property of the integral below. Our proof relies on the following classical
inequality. We state it without proof and refer to Karatzas–Shreve [6] or Revuz–Yor [7]
for more details.

Proposition 2.1.20: Doob’s L2 maximal inequality

Let N = {Nt ; t ∈ [0, τ ]} be a continuous Ft-martingale (Definition 1.5.6) with Nt ∈
L2(Ω) for every t ∈ [0, τ ]. Then

E
[

sup
t∈[0,τ ]

N2
t

]
≤ 4E

[
N2

τ

]
. (2.34)

We are now ready to state the announced martingale property. This is the last property
of the Itô integral that we record before turning to Itô’s formula itself.

Corollary 2.1.21

Let u ∈ L2
a([0, τ ]) (Definition 2.1.8) and let M = {Mt ; t ∈ [0, τ ]} be given by Mt :=∫ t

0 ur dWr (Notation 2.1.14).
(i) M is an Ft-martingale (Definition 1.5.6).

(ii) M admits a continuous modification, which we denote again by M , in keeping
with the convention of Remark 1.7.5.

Proof. Step 1: integrability and adaptedness. For every t ∈ [0, τ ], the isometry (2.22)
gives

E
[
M2

t

]
=

∫ t

0
E

[
u2

r

]
dr ≤ ∥u∥2

L2
a
< ∞,

so Mt ∈ L2(Ω) ⊂ L1(Ω). Adaptedness of M follows from Definition 2.1.13: Mt is an
L2(Ω)-limit of the Ft-measurable random variables J0,t(un dW ) (each a finite sum of
terms ξi δWtiti+1 with ti+1 ≤ t, by Definition 2.1.3), hence itself Ft-measurable.

Step 2: the martingale increment relation. Fix 0 ≤ s < t ≤ τ . By the additivity
relation (2.20), with r := t there, δMst = Mt−Ms =

∫ t
s ur dWr almost surely. Property (iii)
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of Proposition 2.1.17 then gives

E
[
δMst

∣∣∣ Fs

]
= E

[∫ t

s
ur dWr

∣∣∣∣ Fs

]
= 0.

Together with Step 1, this verifies the three conditions of Definition 1.5.6, so M is an
Ft-martingale. This proves item (i).

Step 3: continuous approximations and Doob’s inequality. Let (un)n≥0 be a sequence in
E([0, τ ]) with ∥u−un∥L2

a
→ 0 (Proposition 2.1.10). Being convergent, (un)n≥0 is a Cauchy

sequence in L2
a([0, τ ]), so, passing to a subsequence if needed, we may assume

∥un+1 − un∥L2
a

≤ 2−n, n ≥ 0. (2.35)

Set Mn
t := J0,t(un dW ), t ∈ [0, τ ] (Definition 2.1.3). On each subinterval of the partition

underlying un, formula (2.2) exhibits t 7→ Mn
t as affine in Wt, so Mn is continuous on

[0, τ ], being piecewise affine in the continuous process W . Now observe that un+1−un is an
element of E([0, τ ]) ⊂ L2

a([0, τ ]). Moreover, by linearity (property (ii) of Proposition 2.1.5),
we have

Mn+1
t −Mn

t = J0,t

(
(un+1 − un) dW

)
almost surely. Thus Steps 1 and 2 above, applied with un+1 − un in place of u, show
that Mn+1 − Mn is a continuous Ft-martingale. Doob’s inequality (2.34), applied to
N := Mn+1 −Mn, together with the isometry (2.4) and (2.35), gives

E
[

sup
t∈[0,τ ]

(
Mn+1

t −Mn
t

)2
]

≤ 4E
[(
Mn+1

τ −Mn
τ

)2]
= 4 ∥un+1 − un∥2

L2
a

≤ 41−n. (2.36)

Step 4: almost sure uniform convergence. By Chebyshev’s inequality and (2.36),

P
(

sup
t∈[0,τ ]

∣∣∣Mn+1
t −Mn

t

∣∣∣ > 2−n/2
)

≤ 2n E
[

sup
t∈[0,τ ]

(
Mn+1

t −Mn
t

)2
]

≤ 22−n,

a summable sequence in n. By the (first) Borel–Cantelli lemma, almost surely there
is n0(ω) such that supt∈[0,τ ] |Mn+1

t (ω) − Mn
t (ω)| ≤ 2−n/2 for every n ≥ n0(ω). Since∑

n≥0 2−n/2 < ∞, on this almost-sure event (Mn(ω))n≥0 is a uniformly Cauchy sequence
of continuous functions on [0, τ ], hence converges uniformly to a continuous limit M̃(ω) :=
{M̃t(ω) ; t ∈ [0, τ ]}.

Step 5: identification of the limit. Fix t ∈ [0, τ ]. By Step 4, Mn
t → M̃t almost surely, hence

in probability. On the other hand, owing to Definition 2.1.13, we also have Mn
t → Mt

in L2(Ω) (hence in probability as well). Since a sequence can converge in probability to
at most one limit, we get M̃t = Mt almost surely. As t ∈ [0, τ ] was arbitrary, M̃ is a
continuous modification of M . This proves item (ii). ■

With the integral in place, together with its algebraic, isometric, and martingale prop-
erties, we can turn to Itô’s formula itself: the chain rule of stochastic calculus.
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2.2 Itô’s formula

Ordinary calculus rests on the chain rule: if f is C1 and g is differentiable, then f(g(t))
is differentiable with d

dt
f(g(t)) = f ′(g(t)) g′(t). Theorem 1.7.13 rules out this argument

for f(Wt): W has no derivative to plug into a chain rule. Yet f(Wt) is, in general, still a
well-behaved process, and Itô’s formula identifies exactly what replaces the chain rule in
this setting. The extra term that appears, absent from the classical formula, is a direct
consequence of the finite quadratic variation of W (Theorem 1.7.11): informally, (dWt)2

behaves like dt, so a second-order Taylor expansion of f contributes a first-order term in
dt that a first-order expansion would miss.

2.2.1 Statement of the formula

We work with functions of both time and space, since this is the form in which Itô’s
formula is used throughout the rest of the course. We first label the regularity that such
a function must have.

Definition 2.2.1: The class C1,2
b,τ

Let τ > 0 and d ≥ 1. A function f : [0, τ ] × Rd → R belongs to C1,2
b,τ if:

(i) t 7→ f(t, x) is C1([0, τ ]) for every x ∈ Rd.

(ii) x 7→ f(t, x) is C2(Rd) for every t ∈ [0, τ ].

(iii) f , together with the derivatives ∂tf , ∂xj
f , and ∂2

xjxk
f for 1 ≤ j, k ≤ d, is bounded

on [0, τ ] × Rd.

With this class in hand, we can state Itô’s formula. We begin with the real-valued
case, which contains the essential content of the result and is the one we prove in full in
the next subsection.

Theorem 2.2.2: Itô’s formula, one-dimensional case

Let τ > 0, let W be a real-valued Wiener process, and let f ∈ C1,2
b,τ (Definition 2.2.1,

d = 1). Then, for every t ∈ [0, τ ], almost surely,

f(t,Wt) = f(0, 0) +
∫ t

0
∂rf(r,Wr) dr

+
∫ t

0
f ′(r,Wr) dWr + 1

2

∫ t

0
f ′′(r,Wr) dr, (2.37)

where f ′ and f ′′ denote the first and second derivatives of f in its space variable.

Remark 2.2.3. Every term in (2.37) is well defined: the two ordinary (Lebesgue) integrals
make sense pathwise since r 7→ ∂rf(r,Wr) and r 7→ f ′′(r,Wr) are almost surely continuous
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and bounded on [0, t], and the stochastic integral makes sense by Definition 2.1.13, since
r 7→ f ′(r,Wr) is continuous, bounded, hence progressively measurable and in L2

a([0, τ ])
(Remark 2.1.7 and Definition 2.1.8).

The multidimensional version of the formula, for a Rd-valued Wiener process, is ob-
tained by the same argument applied one coordinate of W at a time. We record its
statement, and comment on its proof, at the end of the next subsection.

Theorem 2.2.4: Itô’s formula

Let τ > 0, let W = (W 1, . . . ,W d) be a d-dimensional Wiener process (Defini-
tion 1.3.13), and let f ∈ C1,2

b,τ (Definition 2.2.1). Then, for every t ∈ [0, τ ], almost
surely,

f(t,Wt) = f(0, 0) +
∫ t

0
∂rf(r,Wr) dr +

d∑
j=1

∫ t

0
∂xj

f(r,Wr) dW j
r

+ 1
2

∫ t

0
∆f(r,Wr) dr, (2.38)

where ∆ = ∑d
j=1 ∂

2
xjxj

denotes the Laplace operator on Rd.

Before turning to the proof, it is worth extracting the heuristic that makes (2.37)
and (2.38) easy to remember, and that in fact drives the proof itself.

Remark 2.2.5 (Heuristic derivation). Consider the autonomous, real-valued case f =
f(x), so that ∂rf ≡ 0 in (2.37). A formal Taylor expansion of f(Wt) to second order
gives

df(Wt) = f ′(Wt) dWt + 1
2f

′′(Wt) (dWt)2 + o
(
(dWt)2

)
= f ′(Wt) dWt + 1

2f
′′(Wt) dt + o(dt), (2.39)

where the second line substitutes the heuristic identification (dWt)2 ↔ dt, itself a restate-
ment of the finite quadratic variation of W (Theorem 1.7.11) at the level of infinitesimals.
Integrating (2.39) over [0, t] recovers (2.37), in the autonomous case. The proof given be-
low makes this heuristic rigorous, by controlling the error term o(dt) uniformly along a
partition of [0, t], in the limit of vanishing mesh.

2.2.2 Proof of the one-dimensional formula

We prove Theorem 2.2.2 under two simplifying restrictions, which keep the argument in
Remark 2.2.5 transparent while retaining its full content.
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(i) We take f = f(x) autonomous, that is ∂rf ≡ 0 in (2.37). The time-dependent
case then follows by combining the autonomous case, applied on each subinterval of a
fine partition, with an ordinary (Lebesgue) first-order Taylor expansion of f in its time
variable, whose contribution is exactly

∫ t
0 ∂rf(r,Wr) dr.

(ii) We assume in addition that f ′′′ exists and is bounded, beyond what Definition 2.2.1
requires. This extra derivative controls the modulus of continuity of f ′′ in Step 4 below.
The general case f ∈ C1,2

b,τ follows by approximating f , uniformly on compacts together
with its first two derivatives, by a sequence of functions with a bounded third derivative,
and passing to the limit in the formula.
We omit the routine details of both reductions and refer to Karatzas–Shreve [6] for the
fully general statement. Throughout the proof we fix t ∈ [0, τ ] and γ ∈ (0, 1/2), and write
cγ := ∥W∥γ (Definition 1.7.1, on [0, t]), which is almost surely finite by Theorem 1.7.4.

Step 1: Taylor decomposition along a partition. Let π = {t0, . . . , tn} ∈ Π0,t (Defini-
tion 1.7.8). Taylor’s theorem with Lagrange remainder, applied to f between Wtj

and
Wtj+1 , gives, for every 0 ≤ j ≤ n− 1,

f(Wtj+1) − f(Wtj
) = f ′(Wtj

) δWtjtj+1 + 1
2f

′′(ξj)
(
δWtjtj+1

)2
, (2.40)

for some (random) ξj lying between Wtj
and Wtj+1 . Summing (2.40) over j = 0, . . . , n−1,

the left-hand side telescopes to f(Wt) − f(W0), and we obtain

f(Wt) − f(W0) = J1,π
t + 1

2J
2,π
t , (2.41)

where

J1,π
t :=

n−1∑
j=0

f ′(Wtj
) δWtjtj+1 ,

J2,π
t :=

n−1∑
j=0

f ′′(ξj)
(
δWtjtj+1

)2
. (2.42)

Relation (2.41) holds for every partition π ∈ Π0,t, with no limiting procedure yet involved:
it is our starting point.

Step 2: strategy. Fix an arbitrary sequence of partitions (πm)m≥1, πm = {tm0 , . . . , tmnm
} ∈

Π0,t, with |πm| → 0. We will produce a subsequence, still denoted (πm)m≥1 after passing
to it, along which, almost surely,

lim
m→∞

J1,πm

t =
∫ t

0
f ′(Ws) dWs, lim

m→∞
J2,πm

t =
∫ t

0
f ′′(Ws) ds. (2.43)

Passing to the limit in (2.41) along this subsequence then gives Theorem 2.2.2, in the
autonomous case, at the fixed time t.
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Step 3: the term J1,πm

t . The process u := f ′(W ) is bounded (Definition 2.2.1) and has
almost surely continuous paths, hence lies in L2

a([0, τ ]) (Remark 2.1.7). With um denoting
the piecewise-constant approximation of u along πm, defined by (2.14), we have

J1,πm

t = J0,t(um dW ) ,

where we recall that J0,t(um dW ) is defined by (2.2). Proposition 2.1.11 gives ∥u −
um∥L2

a
→ 0, so Definition 2.1.13 yields

L2(Ω)- lim
m→∞

J1,πm

t =
∫ t

0
f ′(Ws) dWs. (2.44)

Passing to a subsequence, the limit (2.44) holds almost surely as well, which is the first
relation in (2.43).

Step 4: the term J2,πm

t , strategy. Introduce the two auxiliary sums

J3,π
t :=

n−1∑
j=0

f ′′(Wtj
)

(
δWtjtj+1

)2
, J4,π

t :=
n−1∑
j=0

f ′′(Wtj
) (tj+1 − tj), (2.45)

obtained from J2,π
t by replacing ξj with the left endpoint Wtj

, respectively by further
replacing (δWtjtj+1)2 with its mean (tj+1 − tj). We show, along a further subsequence of
(πm)m≥1, that almost surely

lim
m→∞

∣∣∣J2,πm

t − J3,πm

t

∣∣∣ = 0, (2.46)

lim
m→∞

∣∣∣J3,πm

t − J4,πm

t

∣∣∣ = 0, (2.47)

lim
m→∞

J4,πm

t =
∫ t

0
f ′′(Ws) ds. (2.48)

Together, (2.46)–(2.48) give the second relation in (2.43), and complete Step 2.

Step 5: proof of (2.48). Fix ω in the almost sure event on which s 7→ Ws(ω) is continuous
(Theorem 1.7.4). Then s 7→ f ′′(Ws(ω)) is continuous on [0, t], since f ′′ is continuous. By
construction, J4,πm

t (ω) is exactly the Riemann sum of s 7→ f ′′(Ws(ω)) along πm, evaluated
at left endpoints. Since |πm| → 0, this Riemann sum converges to the corresponding
Riemann integral, that is

lim
m→∞

J4,πm

t (ω) =
∫ t

0
f ′′(Ws(ω)) ds,

which is (2.48). No further subsequence extraction is needed for this step: the convergence
already holds along the full sequence (πm)m≥1.

Step 6: proof of (2.46). Set Sπm := ∑nm−1
j=0 (δWtm

j tm
j+1

)2. Equation (1.120) (with a = 0, b =
t) shows that Sπ → t in L2(Ω) along any sequence of partitions of [0, t] with mesh going to
0, hence in particular along (πm)m≥1. Passing to a subsequence of (πm)m≥1, still denoted
(πm)m≥1, we may therefore assume Sπm → t almost surely. Recall that cγ = ∥W∥γ, fixed
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at the start of the proof, is almost surely finite by Theorem 1.7.4. Fix ω in the almost
sure event

{cγ < ∞} ∩ {Sπm → t}.

Since f ′′′ is bounded, f ′′ is Lipschitz with constant ∥f ′′′∥∞. Moreover, ξj lies between Wtj

and Wtj+1 . Hence we get∣∣∣f ′′(Wtj
)−f ′′(ξj)

∣∣∣ ≤ ∥f ′′′∥∞

∣∣∣δWtjtj+1

∣∣∣ ≤ ∥f ′′′∥∞ cγ

∣∣∣tj+1−tj
∣∣∣γ ≤ ∥f ′′′∥∞ cγ |πm|γ, (2.49)

Combining (2.49) with the definitions of J2,π
t and J3,π

t in (2.42) and (2.45) thus gives∣∣∣J3,πm

t (ω) − J2,πm

t (ω)
∣∣∣ ≤ ∥f ′′′∥∞ cγ |πm|γ Sπm(ω) −−−→

m→∞
∥f ′′′∥∞ cγ · 0 · t = 0, (2.50)

since |πm| → 0 and Sπm(ω) → t. This is (2.46).

Step 7: proof of (2.47). Set Zj := (δWtjtj+1)2 − (tj+1 − tj), so that, by (2.45),

J4,π
t − J3,π

t = −
n−1∑
j=0

f ′′(Wtj
)Zj. (2.51)

We show limm→∞ E
[
(J4,πm

t − J3,πm

t )2
]

= 0, which yields (2.47) almost surely along a
further subsequence. To this aim, squaring (2.51) we obtain

E
[
(J4,π

t − J3,π
t )2

]
=

n−1∑
j=0

E
[
f ′′(Wtj

)2 Z2
j

]
+ 2

∑
0≤j<k≤n−1

E
[
f ′′(Wtj

)Zj f
′′(Wtk

)Zk

]
. (2.52)

For the cross terms, j < k, the random variable f ′′(Wtj
)Zj f

′′(Wtk
) is Ftk

-measurable,
and δWtktk+1 ⊥⊥ Ftk

. In addition, we have

E[Zk] = E[(δWtktk+1)2] − (tk+1 − tk) = 0.

Hence by the same conditioning argument as in (2.7)–(2.9), we end up with

E
[
f ′′(Wtj

)Zj f
′′(Wtk

)Zk

]
= E

[
f ′′(Wtj

)Zj f
′′(Wtk

)E[Zk | Ftk
]
]

= 0, (2.53)

so the cross terms in (2.52) vanish identically. For the diagonal terms, observe that
f ′′(Wtj

)2 is Ftj
-measurable and δWtjtj+1 ⊥⊥ Ftj

. Thereofre the same freezing argument as
in (2.53) gives

E[f ′′(Wtj
)2 Z2

j ] = E[f ′′(Wtj
)2]E[Z2

j ].
Moreover E[Z2

j ] = 2(tj+1 − tj)2, by the same computation as for (1.118). Hence we have

n−1∑
j=0

E
[
f ′′(Wtj

)2 Z2
j

]
= 2

n−1∑
j=0

E
[
f ′′(Wtj

)2
]

(tj+1 − tj)2

≤ 2 ∥f ′′∥2
∞ |π|

n−1∑
j=0

(tj+1 − tj) = 2 ∥f ′′∥2
∞ t |π|. (2.54)
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Combining (2.52), (2.53), and (2.54), applied to π = πm, gives

E
[
(J4,πm

t − J3,πm

t )2
]

≤ 2 ∥f ′′∥2
∞ t |πm| −−−→

m→∞
0,

which is the claimed L2(Ω)-convergence.

Step 8: conclusion. Steps 5–7 established (2.46)–(2.48) along a common subsequence
of (πm)m≥1. More specifically, Step 6 required only passing to the subsequence already
extracted for Sπm → t, Step 7 required a further subsequence for the almost sure con-
vergence J4,πm

t − J3,πm

t → 0, and Step 5 held along every sequence, so it survives both
extractions. Along this final subsequence, (2.43) holds almost surely. This proves Theo-
rem 2.2.2, at the fixed time t ∈ [0, τ ], in the autonomous, C3

b case described at the start
of the proof. ■

Remark 2.2.6 (The multidimensional case). The proof of Theorem 2.2.4, in the d-
dimensional case, follows the same six steps, with two changes: the Taylor expansion (2.40)
is taken to second order in Rd, producing cross terms ∂2

xj1 xj2
f(Wtk

) δW j1
tktk+1 δW

j2
tktk+1 for

j1 ̸= j2, and the analogue of the quadratic variation computation of Step 7 shows that
these cross terms vanish in the limit, rather than surviving as in (2.38): this uses the
independence of the coordinates W 1, . . . ,W d (Definition 1.3.13), in place of the identity
E[Z2

j ] = 2(tj+1−tj)2 used above. We omit the bookkeeping and refer to Karatzas–Shreve [6].

We close this section with a piece of history behind Itô’s formula, no less remarkable
than the mathematics itself.

Remark 2.2.7 (Wolfgang Doeblin, 1915–1940). Wolfgang Doeblin, son of the novelist Al-
fred Döblin, fled Nazi Germany for France in 1933 and later obtained French citizenship.
He was already a leading probabilist by the outbreak of the Second World War, when he
was mobilized into the French army as a telephone operator. In 1940, isolated and antic-
ipating capture, he sent the French Academy of Sciences a sealed envelope, a pli cacheté,
containing an outline of results that anticipated much of the theory built in this chapter,
including a version of Itô’s formula, several years before Itô’s own work (Remark 2.1.16).
Doeblin died soon after, at 25 years of age, on the collapsing French front. His envelope,
unclaimed, was not opened until the year 2000, at the request of his family.

2.3 Extensions and consequences of Itô’s formula

Theorem 2.2.4 applies Itô’s formula to functions of the Wiener process W itself. Many
applications, starting with the stochastic differential equations of Chapter 3, instead re-
quire functions of a process X that is only driven by W , through both a drift term and
a stochastic integral against W . This section extends Itô’s formula to this broader class
of processes, and draws two consequences: an infinitesimal, conditional-expectation form
of the formula, which recovers and refines the generator computation of Remark 1.6.13,
and its extension to the same broader class.
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2.3.1 Itô processes

Definition 2.3.1: Itô process

Let τ > 0, n, d ≥ 1, and let W be a d-dimensional Wiener process. An Rn-valued
process X = {Xt ; t ∈ [0, τ ]} is an Itô process, driven by W , if there exist a ∈ Rn, a
real bounded, adapted process b = {bj ; 1 ≤ j ≤ n}, and a process σ = {σjk ; 1 ≤ j ≤
n, 1 ≤ k ≤ d} with σjk ∈ L2

a([0, τ ]) (Definition 2.1.8) for every j, k, such that

Xj
t = aj +

∫ t

0
bj

s ds +
d∑

k=1

∫ t

0
σjk

s dW k
s , t ∈ [0, τ ], 1 ≤ j ≤ n. (2.55)

Remark 2.3.2. The two families of terms in (2.55) have different natures. Namely the
process t 7→ aj +

∫ t
0 b

j
s ds has finite variation, being an ordinary (Lebesgue) integral, while

t 7→ ∑
k

∫ t
0 σ

jk
s dW k

s is, by Corollary 2.1.21 applied coordinatewise, a martingale. A process
that decomposes as the sum of a finite-variation part and a martingale part, as in (2.55),
is called a semimartingale: Itô processes are the semimartingales that appear throughout
this course.

We can now state the extension of Itô’s formula to Itô processes. Its proof follows
the same pattern as that of Theorem 2.2.2, with the finite-variation part b contributing
an ordinary chain-rule term and the coordinates of σ recombining, through the same
quadratic-variation computation as in Step 7 above, into the matrix σσT . We state it
without proof and refer to Karatzas–Shreve [6].

Theorem 2.3.3: Itô’s formula for Itô processes

Let X be an Itô process driven by a d-dimensional Wiener process W , with data a, b, σ
as in Definition 2.3.1, and let f ∈ C1,2

b,τ (Definition 2.2.1). Then, for every t ∈ [0, τ ],
almost surely,

f(t,Xt) = f(0, a) +
∫ t

0
∂rf(r,Xr) dr +

n∑
j=1

∫ t

0
∂xj

f(r,Xr) bj
r dr

+
n∑

j=1

d∑
k=1

∫ t

0
∂xj

f(r,Xr)σjk
r dW k

r

+ 1
2

n∑
j1,j2=1

d∑
k=1

∫ t

0
∂2

xj1 xj2
f(r,Xr)σj1k

r σj2k
r dr. (2.56)

Remark 2.3.4. Theorem 2.2.4 is the special case n = d, a = 0, b ≡ 0, σ ≡ Idd of
Theorem 2.3.3. Indeed, in this case we have X = W and ∑

k σ
j1kσj2k = δj1j2, so that the

last line of (2.56) reduces to 1
2

∫ t
0 ∆f(r,Xr) dr.

The boundedness of f and its derivatives, required in Definition 2.2.1, was used above
only to control error terms uniformly along the underlying partition. It plays no role in
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the identity itself, and both Itô’s formula and the generator identity of the next subsection
extend to functions that fail to be globally bounded, by a routine stopping-time argument.

Proposition 2.3.5: Localization

Theorems 2.2.2, 2.2.4, and 2.3.3 continue to hold for f merely of class C1,2 jointly in its
time and space variables, without the global boundedness required by Definition 2.2.1.
The same holds for Theorem 2.3.8 below, with f ∈ C2(Rn) in place of f ∈ C2

b (Rn).

Proof. Let X denote the underlying Itô process (or X = W , for Theorems 2.2.2 and 2.2.4),
let χn : Rd → [0, 1] be smooth, equal to 1 on the ball B(0, n) and to 0 outside B(0, n+ 1),
with χn and its derivatives up to order two bounded uniformly in n, and set fn := χnf ,
an element of C1,2

b,τ (respectively C2
b (Rn) for Theorem 2.3.8). Let

Tn := inf{t ∈ [0, τ ] ; |Xt| ≥ n} ∧ τ,

which is a stopping time by Proposition 1.5.10. Since fn = f on [0, τ ] × B(0, n), the
formula for fn, evaluated up to time t ∧ Tn, coincides with the formula for f on [0, Tn].
Since X has continuous paths on the compact interval [0, τ ], it is almost surely bounded
there, so Tn = τ for n large enough, almost surely. Letting n → ∞ extends the formula
to all of [0, τ ]. We refer to Karatzas–Shreve [6] for the complete argument, and use this
extension freely from here on, whenever f fails to be globally bounded. ■

2.3.2 The infinitesimal generator of Brownian motion

Remark 1.6.13 identified the generator of the heat semigroup {pt} as L = 1
2∆, through

an explicit differentiation of the Gaussian density defining ptf . We now recover, and
refine, the same identity directly from Itô’s formula, as a statement about conditional
expectations given Fs rather than about the unconditional semigroup. This form of the
generator is the one that generalizes most readily to Itô processes, at the end of this
section. It also reappears when we study stochastic differential equations in Chapter 3.

Proposition 2.3.6: Generator of Brownian motion

Let W be a d-dimensional Wiener process with respect to (Ft)t≥0, let s ≥ 0, and let
f ∈ C2

b (Rd). Then, almost surely,

lim
h→0+

E
[
δf(W )s,s+h

∣∣∣ Fs

]
h

= 1
2∆f(Ws). (2.57)

Proof. Step 1: recasting Itô’s formula. Apply Theorem 2.2.4 to the (autonomous) function
f , and set

Mt :=
d∑

j=1

∫ t

0
∂xj

f(Wr) dW j
r .
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Since (2.38) reads f(Wt) = f(W0) + Mt + 1
2

∫ t
0 ∆f(Wr) dr, taking increments between s

and s+ h gives
δf(W )s,s+h = δMs,s+h + 1

2

∫ s+h

s
∆f(Wr) dr, (2.58)

the additivity of the stochastic integral M over [0, s] ∪ [s, s + h] following from Re-
mark 2.1.15.

Step 2: conditional expectation. Each coordinate of M is a martingale, by Corollary 2.1.21
applied to u := ∂xj

f(W ), which is bounded and continuous (Remark 2.2.3). By Defini-
tion 1.5.6, this gives

E
[
δMs,s+h

∣∣∣ Fs

]
= 0.

Taking E[ · | Fs] in (2.58) therefore yields

E
[
δf(W )s,s+h

∣∣∣ Fs

]
= 1

2

∫ s+h

s
E

[
∆f(Wr)

∣∣∣ Fs

]
dr. (2.59)

Step 3: Limit procedure. The map r 7→ ∆f(Wr) is bounded. We first show that its
conditional expectation given Fs is continuous in r ≥ s. Fix r ≥ s and set t := r − s.
Since δWs,s+t ⊥⊥ Fs with law N (0, t Idd) similarly to (1.84) we obtain

E
[
∆f(Wr)

∣∣∣ Fs

]
= E

[
∆f(Ws + δWs,s+t)

∣∣∣ Fs

]
= pt(∆f)(Ws), (2.60)

In addition, since ∆f is bounded and continuous, u 7→ pu(∆f)(x) is continuous at u = 0
for every x, so r 7→ pr−s(∆f)(Ws) = E[∆f(Wr) | Fs] is continuous at r = s. Divid-
ing (2.59) by h and letting h → 0+, this continuity gives

lim
h→0+

1
h

∫ s+h

s
E

[
∆f(Wr)

∣∣∣ Fs

]
dr = E

[
∆f(Ws)

∣∣∣ Fs

]
= ∆f(Ws),

the last equality since ∆f(Ws) is Fs-measurable. Combined with (2.59), this proves (2.57).
■

Remark 2.3.7. Taking E[ · ] (unconditionally) in (2.57) and interchanging the limit with
the (unconditional) expectation, justified as in Step 3 above, recovers the relation

lim
h→0+

1
h

(
phf(x) − f(x)

)
= 1

2∆f(x),

at s = 0 and W0 = x. This is exactly the generator identity of Remark 1.6.13, now derived
from Itô’s formula rather than from the Gaussian density of pt.

The same computation, with the drift and diffusion terms of an Itô process contributing
their own pieces, extends Proposition 2.3.6 to Itô processes. We record the result and refer
to Karatzas–Shreve [6] for the (routine) proof, identical to that of Proposition 2.3.6 once
Theorem 2.3.3 is used in place of Theorem 2.2.4 in Step 1.
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Theorem 2.3.8: Generator of an Itô process

Let X be an Itô process driven by a d-dimensional Wiener process W , with data
a, b, σ as in Definition 2.3.1, and let f ∈ C2

b (Rn). Then, for every s ∈ [0, τ), almost
surely,

lim
h→0+

E
[
δf(X)s,s+h

∣∣∣ Fs

]
h

=
n∑

j=1
∂xj

f(Xs) bj
s

+ 1
2

n∑
j1,j2=1

d∑
k=1

∂2
xj1 xj2

f(Xs)σj1k
s σj2k

s . (2.61)

Remark 2.3.9. The right-hand side of (2.61) defines the infinitesimal generator of the Itô
process X, applied to f and evaluated at Xs. It depends on X only through its drift b and
diffusion matrix σσT , and is a second-order differential operator in x, with coefficients that
may themselves depend on s and ω through bs and σs. When b and σ are deterministic
functions of (s,Xs) alone, as will be the case for the stochastic differential equations
studied in Chapter 3, we get a genuine generator of a Markov process (in the sense of
Theorem 1.6.10). This generalizes Proposition 1.6.12 beyond Brownian motion.



CHAPTER 3

Stochastic differential equations

Chapter 2 introduced Itô processes (Definition 2.3.1): processes that decompose as the
sum of a Lebesgue integral and a stochastic integral against a Wiener process W , with
drift and diffusion data that may depend on ω and s in a completely arbitrary, adapted
way. This chapter specializes that picture in a single respect. From now on, the drift and
diffusion at time s depend on ω only through the current value Xs of the process itself,
via two fixed functions on Rn. The resulting object is a stochastic differential equation
(SDE): the stochastic analogue of an ordinary differential equation ẋ = b(x), driven by
an additional source of Gaussian noise.

This first section states the equation, its most immediate consequence (the infinitesi-
mal drift and covariance identity of Proposition 3.1.4), and three examples to which we
return throughout the chapter: geometric Brownian motion, the Ornstein–Uhlenbeck pro-
cess, and a diffusion approximation of a branching population model. In each example
a solution is exhibited explicitly, so existence is not an issue there. Section 3.2 isolates
a further case that already goes beyond direct substitution: equations whose diffusion
coefficient depends on time alone, not on the state, for which a simple change of variables
reduces existence and uniqueness to classical, deterministic ordinary differential equation
theory. The general question of existence and uniqueness, with a diffusion coefficient that
genuinely depends on the state, is taken up in the section after that.

71
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3.1 Introduction and examples

3.1.1 Stochastic differential equations

Throughout this section we fix τ > 0, n, d ≥ 1, and a stochastic basis (Ω,F , (Ft)t∈[0,τ ],P)
carrying a d-dimensional Wiener process W with respect to (Ft)t∈[0,τ ] (Definition 1.3.13).

Definition 3.1.1: Solution of a stochastic differential equation

Let α ∈ Rn, and let b : Rn → Rn and σ = (σ1, . . . , σd) : Rn → Rn×d be continuous. A
continuous, Ft-adapted process X = {Xt ; t ∈ [0, τ ]} with values in Rn is a solution of
the stochastic differential equation with coefficients (α, b, σ), driven by W , if σjk(X·) ∈
L2

a([0, τ ]) (Definition 2.1.8) for every 1 ≤ j ≤ n, 1 ≤ k ≤ d, and, almost surely, for
every t ∈ [0, τ ] and 1 ≤ j ≤ n, the following relation holds true:

Xj
t = αj +

∫ t

0
bj(Xs) ds +

d∑
k=1

∫ t

0
σjk(Xs) dW k

s . (3.1)

We also write this in differential form as

dXt = b(Xt) dt + σ(Xt) dWt, X0 = α, (3.2)

a shorthand for (3.1) with no independent meaning.

Remark 3.1.2 (Well-posedness). Every term in (3.1) is well defined. Since X and b are
continuous, s 7→ bj(Xs) is almost surely continuous, hence bounded, on the compact inter-
val [0, τ ], so the ordinary (Lebesgue) integral

∫ t
0 b

j(Xs) ds makes sense path by path. The
stochastic integral

∫ t
0 σ

jk(Xs) dW k
s is well defined by Definition 2.1.13, precisely because

of the integrability condition σjk(X·) ∈ L2
a([0, τ ]) imposed above.

Remark 3.1.3 (Relation to Itô processes). When b and σ are, in addition, bounded, as
in Proposition 3.1.4 below, b(X·) is automatically a bounded adapted process, and σjk(X·)
automatically belongs to L2

a([0, τ ]), being bounded on the finite interval [0, τ ]. In this case
a solution X of (3.1) is an Itô process (Definition 2.3.1), with bs = b(Xs) and σs = σ(Xs).
In particular, by Remark 2.3.2, X decomposes as the sum of a finite-variation part and
a martingale part, the latter a genuine martingale by Corollary 2.1.21. When b or σ fail
to be bounded, as in the geometric Brownian motion and Ornstein–Uhlenbeck examples
below, we verify these properties directly for each solution instead.

We can now state, and prove, the basic link between the coefficients (b, σ) of a stochas-
tic differential equation and the short-time behavior of its solution: the coefficients deter-
mine the conditional mean and covariance of X, to first order in time.
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Proposition 3.1.4: Infinitesimal drift and covariance

Let b, σ be bounded and continuous, and let X be a solution of (3.1) (Definition 3.1.1).
Set a := σσT : Rn → Rn×n, and, for s ∈ [0, τ), h ∈ (0, τ − s], and 1 ≤ l,m ≤ n,

Covs

(
X l

s+h, X
m
s+h

)
:= E

[
X l

s+hX
m
s+h

∣∣∣ Fs

]
− E

[
X l

s+h

∣∣∣ Fs

]
E

[
Xm

s+h

∣∣∣ Fs

]
. (3.3)

Then, for every s ∈ [0, τ) and 1 ≤ l,m ≤ n, almost surely, we have

lim
h→0+

E[X l
s+h | Fs] −X l

s

h
= bl(Xs), (3.4)

lim
h→0+

Covs(X l
s+h, X

m
s+h)

h
= alm(Xs).

Proof. By Remark 3.1.3, X is an Itô process with bs = b(Xs), σs = σ(Xs), so Theo-
rem 2.3.8 applies to it.
Step 1: the drift identity. Fix 1 ≤ j ≤ n and apply Theorem 2.3.8, extended to unbounded
f by Proposition 2.3.5, to the linear function f(x) := xj. Having the relations ∂xk

f = δjk

and ∂2
xk1 xk2

f = 0 in mind, and since bs = b(Xs), this gives (almost surely):

lim
h→0+

E[Xj
s+h −Xj

s | Fs]
h

= bj(Xs). (3.5)

Moreover X is adapted, Xj
s is Fs-measurable, so E[Xj

s | Fs] = Xj
s almost surely, and (3.5)

is exactly the first line of (3.4).
Step 2: the quadratic identity. Fix 1 ≤ l,m ≤ n and apply Theorem 2.3.8, again extended
by Proposition 2.3.5, to the quadratic function f(x) := xlxm. We compute ∂xk

f(x) =
xmδkl + xlδkm and ∂2

xk1 xk2
f = δk1lδk2m + δk1mδk2l, so that

n∑
k=1

∂xk
f(Xs) bk

s = Xm
s bl(Xs) + X l

s b
m(Xs),

1
2

n∑
k1,k2=1

d∑
k=1

∂2
xk1 xk2

f(Xs)σk1k
s σk2k

s =
d∑

k=1
σlk(Xs)σmk(Xs) = alm(Xs).

Theorem 2.3.8 therefore gives, almost surely,

lim
h→0+

E[X l
s+hX

m
s+h −X l

sX
m
s | Fs]

h
= Xm

s bl(Xs) + X l
s b

m(Xs) + alm(Xs). (3.6)

Step 3: the covariance identity. By Step 1, applied to both l and m, the two maps
h 7→ E[X l

s+h | Fs] and h 7→ E[Xm
s+h | Fs] have a right-derivative at h = 0, equal to bl(Xs)
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and bm(Xs) respectively, and both equal X l
s, respectively Xm

s , at h = 0. The one-sided
product rule therefore gives

lim
h→0+

E[X l
s+h | Fs]E[Xm

s+h | Fs] − X l
sX

m
s

h
= bl(Xs)Xm

s + X l
s b

m(Xs). (3.7)

Subtracting (3.7) from (3.6) and recalling Definition (3.3) of Covs, we end up with

lim
h→0+

Covs(X l
s+h, X

m
s+h)

h
= alm(Xs),

the second line of (3.4). This finishes the proof. ■

Remark 3.1.5 (Interpretation). Proposition 3.1.4 justifies the terminology attached to b
and σ in Definition 3.1.1. Namely b(Xs) is the infinitesimal drift of X at Xs: the first-
order rate of change of its conditional mean. And a(Xs) = σσT (Xs) is the infinitesimal
covariance of X at Xs: the first-order rate of change of its conditional covariance matrix.
Equation (3.2) should be read through this lens. Namely b prescribes an average, ordinary
differential drift, while σ prescribes the intensity of the Gaussian noise superimposed on
it, via the driving Wiener process W .

3.1.2 Examples

We now work through three examples of stochastic differential equations, in each of which
n = d = 1 and a solution can be exhibited explicitly.

Proposition 3.1.6: Geometric Brownian motion

Let µ ∈ R, σ > 0, α ∈ R, and let W be a real-valued Wiener process. Set

Xt := α exp
(
µt+ σWt

)
, t ∈ [0, τ ]. (3.8)

Then X is a solution (Definition 3.1.1, n = d = 1) of (3.2) with coefficients

b(x) =
(
µ+ σ2

2

)
x, σ(x) = σx. (3.9)

Proof. Step 1: continuity and adaptedness. The map (t, w) 7→ α exp(µt+σw) is continuous
on [0, τ ] × R, and t 7→ (t,Wt) is continuous and Ft-adapted, so X, as their composition,
is itself continuous and Ft-adapted.

Step 2: the integrability condition. Since Ws ∼ N (0, s) (Definition 1.3.2), its moment
generating function gives E[e2σWs ] = e2σ2s, so

E
[
X2

s

]
= α2e2µs E

[
e2σWs

]
= α2e(2µ+2σ2)s, (3.10)
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a continuous, hence bounded, function of s ∈ [0, τ ]. Consequently
∫ τ

0 E[σ(Xs)2] ds =
σ2 ∫ τ

0 E[X2
s ] ds < ∞, so σ(X·) = σX· ∈ L2

a([0, τ ]) (Definition 2.1.8).

Step 3: Itô’s formula. Set f(t, w) := α exp(µt+σw), and apply Theorem 2.2.2 to f along
W , extended to this unbounded f by Proposition 2.3.5. We compute ∂tf = µf , f ′ = σf ,
and f ′′ = σ2f , and f(0, 0) = α, f(t,Wt) = Xt, so (2.37) gives

Xt = α +
∫ t

0
µXr dr +

∫ t

0
σXr dWr + 1

2

∫ t

0
σ2Xr dr

= α +
∫ t

0

(
µ+ σ2

2

)
Xr dr +

∫ t

0
σXr dWr,

which is exactly (3.1) with the coefficients (3.9). ■

Remark 3.1.7 (Interpretation). In the differential form (3.2), the coefficients (3.9) iden-
tify b(Xs) = (µ + σ2/2)Xs and σ(Xs)2 = σ2X2

s as the infinitesimal drift and variance of
X at Xs. Note that Proposition 3.1.4 does not apply directly here, since b and σ in (3.9)
are unbounded. However, the proof of Proposition 3.1.6 obtains the same two identities
directly, by Itô’s formula (rather than through the boundedness hypothesis of Proposi-
tion 3.1.4). Three features of (3.8) make it a standard model for an asset price.
(i) Xt ≥ 0 for every t ∈ [0, τ ], since X is defined as an exponential.

(ii) The infinitesimal drift (µ+ σ2/2)Xt is linear in the current price Xt.

(iii) The infinitesimal standard deviation is proportional to Xt, so that absolute fluctua-
tions grow with the price level.
These features are the basis of the Black–Scholes model of option pricing.

Figure 3.1 – A simulated path of geometric Brownian motion (3.8), with µ = 1, σ = 1/2,
α = 1.
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Proposition 3.1.8: Ornstein–Uhlenbeck process

Let α, σ > 0, x0 ∈ R, and let W be a real-valued Wiener process. Set

Xt := e−αt
(
x0 + σ

∫ t

0
eαs dWs

)
, t ∈ [0, τ ]. (3.11)

Then X is a solution (Definition 3.1.1, n = d = 1) of

dXt = −αXt dt + σ dWt, X0 = x0, (3.12)

and, for every t ∈ [0, τ ], we have

Xt ∼ N
(
x0e

−αt, σ2
t

)
, with σ2

t :=
σ2

(
1 − e−2αt

)
2α . (3.13)

Proof. Step 1: an auxiliary Itô process. The deterministic function s 7→ σeαs is continu-
ous, hence bounded, on [0, τ ], so it belongs to L2

a([0, τ ]) (Remark 2.1.7). The process

Yt := x0 + σ
∫ t

0
eαs dWs, t ∈ [0, τ ],

is therefore an Itô process (Definition 2.3.1), with vanishing drift and diffusion coefficient
σs = σeαs. Furthermore, we obviously have Xt = e−αtYt.
Step 2: Itô’s formula. Set f(t, y) := e−αty, and apply Theorem 2.3.3 to f and Y , extended
to this unbounded f by Proposition 2.3.5. We compute ∂tf(t, y) = −αe−αty, ∂yf(t, y) =
e−αt, and ∂2

yf = 0, and f(0, Y0) = x0. Owing to (2.56), we get

Xt = f(t, Yt) = x0 − α
∫ t

0
e−αrYr dr +

∫ t

0
e−αr dYr

= x0 − α
∫ t

0
Xr dr +

∫ t

0
e−αr σeαr dWr

= x0 − α
∫ t

0
Xr dr + σ

∫ t

0
dWr,

where we have used e−αrYr = Xr on the second line. This is exactly (3.1) for the dy-
namics (3.12). Since σ(x) ≡ σ is trivially bounded and continuous, Remark 3.1.3 gives
σ(X·) ∈ L2

a([0, τ ]), so X solves (3.12) in the sense of Definition 3.1.1.
Step 3: the law of Xt. Fix t ∈ [0, τ ]. The function ht := eα(·)1[0,t] belongs to L2([0, τ ]), so
Proposition 2.1.19, with h1 = h2 = ht, shows that

∫ t
0 e

αs dWs =
∫ τ

0 ht(s) dWs is a centered
Gaussian random variable, with variance

E
[(∫ t

0
eαs dWs

)2]
=

∫ τ

0
ht(s)2 ds =

∫ t

0
e2αs ds = e2αt − 1

2α . (3.14)
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By (3.11), Xt is the image of this Gaussian random variable under the affine map z 7→
e−αt(x0 + σz), hence itself Gaussian, with mean x0e

−αt and (thanks to (3.14)) a variance
given by

σ2e−2αt e
2αt − 1

2α =
σ2

(
1 − e−2αt

)
2α ,

which is (3.13). ■

Remark 3.1.9 (Interpretation). Equation (3.12) models the velocity of a Brownian parti-
cle subject to friction, of coefficient α > 0. The drift −αXt pulls X back toward 0 at a rate
proportional to its current displacement, while the term σ dWt superimposes a constant
intensity of Gaussian noise. As in Remark 3.1.7, Proposition 3.1.4 does not apply directly
to (3.12), since b(x) = −αx is unbounded on R. By (3.13), the law of Xt converges, as
t → ∞, to N (0, σ2/(2α)), independently of the initial condition x0: an instance of the
equilibrium behavior that friction, balanced against noise, produces.

Figure 3.2 – A simulated path of the Ornstein–Uhlenbeck process (3.11), with α = 1,
σ = 1, x0 = 1. The stationary nature of the process, described in Remark 3.1.9, is already
apparent from the picture: the path fluctuates around 0 with a range that settles down,
rather than drifting or spreading out over time.

3.1.3 A diffusion limit of a branching population model

The two previous examples exhibit an explicit solution of a stochastic differential equation
directly. This last example goes the other way: it derives a stochastic differential equation
as the limit of a family of elementary, discrete population models. The derivation given
here is heuristic, and we state it for its own interest, since it explains where the square-
root diffusion coefficient below comes from. We refer to Ethier–Kurtz [3] for the rigorous
justification of the limit.

Fix n ≥ 1 and α > 0, and consider a Galton–Watson branching process started from
⌊nα⌋ individuals. In this model each individual, independently, has a random number of
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offspring distributed as a random variable Qn, with

E[Qn] = 1 + β

n
, Var(Qn) = σ2, (3.15)

for fixed β ∈ R and σ2 > 0. Denote by Zn
m the population size at generation m ≥ 0, so

Zn
0 = ⌊nα⌋, and set Xn

t := Zn
⌊nt⌋/n, a rescaled, continuous-time population size. Summing

the mean and variance of ⌊nα⌋ independent, identically distributed offspring counts, and
rescaling by (3.15), gives

E
[
Xn

1/n − α
∣∣∣Xn

0 = α
]

≈ αβ
1
n
, Var

(
Xn

1/n

∣∣∣Xn
0 = α

)
≈ ασ2 1

n
. (3.16)

We can now compare (3.16) with Proposition 3.1.4. Namely over a time step of length
1/n, the process Xn has infinitesimal drift ≈ βXn

0 and infinitesimal variance ≈ σ2Xn
0 ,

matching the coefficients

b(x) = βx, σ(x) = σ
√
x, x ≥ 0. (3.17)

This suggests, and one can show rigorously [3], that Xn converges in law, as n → ∞, to
a process X solving

dXt = βXt dt + σ
√
Xt dWt, X0 = α, (3.18)

the Feller diffusion. Unlike (3.9) and (3.12), the coefficients (3.17) are not defined (let
alone continuous or bounded) on all of R. More specifically σ is only defined on [0,∞), and
fails to be Lipschitz continuous at x = 0. Existence and uniqueness of a solution of (3.18),
in particular the fact that X stays nonnegative for all times, is a delicate question, outside
the scope of Definition 3.1.1 as stated. We do not pursue it further here.

0 1 2 3 4 5

0
2

4
6

8
12

Figure 3.3 – A simulated path of the Feller diffusion (3.18), with β = 0.02, σ = 2.

These three examples, linear coefficients solved by direct substitution on the one hand,
and the Feller diffusion obtained only as a heuristic limit on the other, already suggest
that existence of a solution is not automatic, and that different classes of coefficients call
for different tools. This is the subject of the rest of the chapter.
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3.2 Equations with additive noise

The two solved examples of the previous section, geometric Brownian motion and the
Ornstein–Uhlenbeck process, share a feature that made their explicit solution possible:
their coefficients are linear in Xs, so that an integrating factor turns the equation into
something solvable by direct substitution. This trick breaks down as soon as the drift is no
longer linear. There is, however, a different case in which an explicit reduction remains
available even for a fully nonlinear drift: equations in which the diffusion coefficient
depends on time alone, not on the state Xt. Because the noise term does not see Xt, it
can be computed on its own, ahead of time, and subtracted off. The resulting change of
variables turns the equation into an ordinary differential equation whose right-hand side
depends on ω only through this now-explicit, subtracted noise term, and can therefore
be solved path by path with classical, deterministic tools. An equation transformed in
this way is called a random ordinary differential equation, and the underlying change of
variables a special case of the Doss–Sussmann transformation [1, 8]. We refer to Han and
Kloeden [4] for a systematic treatment.

Definition 3.2.1: Solution of an equation with additive noise

Let f : [0, τ ] × Rn → Rn and g : [0, τ ] → Rn×d be continuous. A continuous, Ft-
adapted process X = {Xt ; t ∈ [0, τ ]} with values in Rn solves the equation with
additive noise of coefficients (α, f, g), driven by W , if, almost surely, for every t ∈
[0, τ ],

Xt = α +
∫ t

0
f(s,Xs) ds +

∫ t

0
g(s) dWs. (3.19)

Remark 3.2.2 (Well-posedness). Every term in (3.19) is well defined, exactly as in
Remark 3.1.2. That is since X and f are continuous, s 7→ f(s,Xs) is almost surely
continuous, so the ordinary integral

∫ t
0 f(s,Xs) ds makes sense path by path. Furthermore

each entry of g, being deterministic and continuous, is bounded on [0, τ ], hence automati-
cally belongs to L2

a([0, τ ]) (Definition 2.1.8). Therefore the stochastic integral
∫ t

0 g(s) dWs

requires no further hypothesis to make sense, unlike the general case of Definition 3.1.1.

Notation 3.2.3: Additive noise process

Given a continuous function g : [0, τ ] → Rn×d, we write

At :=
∫ t

0
g(s) dWs, t ∈ [0, τ ], (3.20)

for the Rn-valued process with components Aj
t := ∑d

k=1
∫ t

0 g
jk(s) dW k

s , 1 ≤ j ≤ n
(Notation 2.1.14).
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Corollary 3.2.4: Properties of the additive noise process

The process A = {At ; t ∈ [0, τ ]} of Notation 3.2.3 admits a continuous, Ft-adapted
modification. For this modification, A is a centered Gaussian process (see Defini-
tion 1.4.1).

Proof. Step 1: continuity and adaptedness. Fix 1 ≤ j ≤ n. Each entry gjk, 1 ≤ k ≤ d, is
deterministic and continuous, hence lies in L2([0, τ ]), viewed as an element of L2

a([0, τ ])
(part (ii) of Remark 2.1.7). By Corollary 2.1.21, applied to the scalar Wiener process W k,
the process

∫ ·
0 g

jk(s) dW k
s is Ft-adapted and admits a continuous modification. So does

the finite sum Aj = ∑d
k=1

∫ ·
0 g

jk(s) dW k
s , and hence A = (A1, . . . , An).

Step 2: Gaussianity. Fix m ≥ 1 and t1, . . . , tm ∈ [0, τ ]. By definition, showing that
(At1 , . . . , Atm) is a centered Gaussian vector in Rnm amounts to showing that every finite
linear combination of its entries,

m∑
i=1

ci A
ji
ti
, 1 ≤ j1, . . . , jm ≤ n, c1, . . . , cm ∈ R,

is a centered Gaussian random variable. Fix such j1, . . . , jm and c1, . . . , cm. Grouping
terms by k, we have

m∑
i=1

ci A
ji
ti

=
d∑

k=1

∫ τ

0

( m∑
i=1

ci g
jik(s) 1[0,ti](s)

)
dW k

s .

Note that the right hand side above has to be seen as a finite sum, over k, of Wiener inte-
grals of the deterministic, square-integrable function hk(s) := ∑

i ci g
jik(s) 1[0,ti](s). Those

Wiener integrals are computed against the independent Wiener processes W 1, . . . ,W d

(Remark 1.3.14). Each term
∫ τ

0 h
k(s) dW k

s is a centered Gaussian random variable, by
part (i) of Proposition 2.1.19. A sum of independent centered Gaussian random vari-
ables is itself centered Gaussian, so ∑

i ci A
ji
ti

is centered Gaussian. Since j1, . . . , jm and
c1, . . . , cm were arbitrary, (At1 , . . . , Atm) is a centered Gaussian vector in Rnm. Since m
and t1, . . . , tm were themselves arbitrary, this proves that A is a Gaussian process. ■

With A now known to admit a continuous, adapted, Gaussian modification, we turn
to existence and uniqueness for (3.19). For this we label a standard assumption on the
drift f .
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Assumption 3.2.5: Global Lipschitz drift

There is L ≥ 0 such that

|f(t, x) − f(t, y)| ≤ L |x− y|, t ∈ [0, τ ], x, y ∈ Rn. (3.21)

Under this assumption we can use deterministic type arguments to solve (3.19), as the
following proposition shows.

Proposition 3.2.6: Reduction to a random ordinary differential equation

Let g : [0, τ ] → Rn×d be continuous, let f be as in Definition 3.2.1 and satisfy Assump-
tion 3.2.5, and let A denote the continuous, adapted modification of Corollary 3.2.4.
Then there is one, and, up to indistinguishability (Definition 1.2.2), only one, contin-
uous Ft-adapted process X solving (3.19). It is given by

Xt = At + Yt, t ∈ [0, τ ], (3.22)

where, almost surely, Y = {Yt ; t ∈ [0, τ ]} is the unique continuous solution of

Yt = α +
∫ t

0
f(s, Ys + As) ds, t ∈ [0, τ ]. (3.23)

Remark 3.2.7. Equation (3.23) is formally the ordinary differential equation

Ẏt = f(t, Yt + At), Y0 = α,

with random, but path-by-path continuous and deterministic, right-hand side.

Proof of Proposition 3.2.6. Step 1: reduction. Suppose X solves (3.19), and set Yt :=
Xt − At. Subtracting (3.20) from (3.19) gives, almost surely, for every t ∈ [0, τ ],

Yt = α +
∫ t

0
f(s,Xs) ds = α +

∫ t

0
f(s, Ys + As) ds,

which is (3.23). Conversely, if Y solves (3.23), then X := Y +A solves (3.19), by the same
computation read backwards. So X solves (3.19) if and only if Y := X −A solves (3.23),
and it suffices to prove existence and pathwise uniqueness for Y .
Step 2: pathwise existence and uniqueness. Fix ω in the almost-sure event on which A(·, ω)
is continuous (Corollary 3.2.4), and set F ω(t, y) := f(t, y+At(ω)), for (t, y) ∈ [0, τ ] ×Rn.
Since f is continuous and A(·, ω) is continuous, F ω is continuous on [0, τ ] × Rn, and, by
Assumption 3.2.5,

|F ω(t, y) − F ω(t, y′)| = |f(t, y + At(ω)) − f(t, y′ + At(ω))| ≤ L |y − y′|,
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for every t ∈ [0, τ ] and y, y′ ∈ Rn, so F ω is globally Lipschitz in y, uniformly in t, with
the same constant L as f . By the classical Cauchy–Lipschitz theorem, for an ordinary
differential equation with right-hand side jointly continuous in t and globally Lipschitz
in y uniformly in t (see e.g. Hartman [5]), the equation Yt(ω) = α +

∫ t
0 F

ω(s, Ys(ω)) ds
has a unique continuous solution on the whole interval [0, τ ], for every such ω. This gives
existence of a continuous process Y solving (3.23). It also gives uniqueness up to indis-
tinguishability: if Y and Y ′ are two continuous processes solving (3.23), then, for every ω
in the intersection of their two almost-sure defining events, Y (·, ω) and Y ′(·, ω) are both
continuous solutions of the same deterministic equation above. Therefore they coincide,
by the uniqueness we just proved. So Y = Y ′ outside a negligible set, simultaneously for
every t ∈ [0, τ ]. Otherwise stated, Y and Y ′ are indistinguishable.
Step 3: adaptedness. We check that the solution Y of Step 2 is Ft-adapted, so that
X = Y +A is a legitimate solution of (3.19) in the sense of Definition 3.2.1. The Cauchy–
Lipschitz theorem constructs Y as the almost sure, uniform-in-t limit of the successive
approximations Y (0)

t := α,

Y
(k+1)

t := α +
∫ t

0
f

(
s, Y (k)

s + As

)
ds, k ≥ 0.

By induction on k: Y (0) is constant, hence adapted, and if Y (k) is continuous and adapted,
then so is s 7→ f(s, Y (k)

s +As), being a continuous function of the continuous, adapted pro-
cesses Y (k) and A, so its integral up to time t is Ft-measurable, exactly as in Remark 3.2.2,
and Y (k+1) is again continuous and adapted. Hence every Y

(k)
t is Ft-measurable, and so

is its almost sure limit Yt, which proves that Y is Ft-adapted. Together with Step 2, this
shows that X = Y + A is a continuous, Ft-adapted solution of (3.19). This finishes the
proof. ■

Remark 3.2.8 (Generative diffusion models). Equation (3.19), in the special case where
f is linear in x, is exactly the forward noising process at the heart of score-based generative
models, taken up in Chapter ??. There, having g depend on time alone is what keeps the
conditional law of Xt given X0 explicitly Gaussian, as follows from Corollary 3.2.4 once
the linear ordinary differential equation (3.23) for Y is solved by an integrating factor, as
in the previous section, and this explicit Gaussian law is essential to training such models
efficiently.

Proposition 3.2.6 covers every case in which the diffusion coefficient does not depend
on the state, but says nothing when σ genuinely depends on Xt, as in geometric Brownian
motion or the Ornstein–Uhlenbeck process of the previous section. Handling that general
case, without an explicit change of variables to fall back on, is the subject of this section.

3.3 Existence and uniqueness

When σ depends on the state Xt, the noise term of (3.1) can no longer be computed ahead
of time and subtracted off, so the reduction of Section 3.2 is no longer available. We instead
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adapt, to this stochastic setting, the classical strategy for ordinary differential equations
already used in the proof of Proposition 3.2.6: under a global Lipschitz assumption on
the coefficients, a Picard iteration converges to a solution, and the same Lipschitz control
forces any two solutions to coincide.

3.3.1 Statement of the theorem

Throughout this section we keep the stochastic basis and the d-dimensional Wiener process
W fixed as in Subsection 3.1.1, and we return to equation (3.1), with coefficients (α, b, σ)
as in Definition 3.1.1. Since the basis, and in particular the filtration (Ft)t∈[0,τ ], is fixed
once and for all, two notions specific to this setting are worth making precise before we
state the main result: what it means for a solution to be built from W alone, and what
it means for two solutions to coincide.

Definition 3.3.1: Strong solution

Let (FW
t )t∈[0,τ ] denote the (completed) natural filtration of W (Remark 1.2.7), so that

FW
t ⊂ Ft for every t ∈ [0, τ ]. We say that a solution X of (3.1) (Definition 3.1.1) is

a strong solution if X is, in addition, FW
t -adapted.

Remark 3.3.2. Equivalently, Xt is, for every t ∈ [0, τ ], a measurable function of the
initial condition α and of the path {Ws ; 0 ≤ s ≤ t} alone, not of any further random-
ness that the ambient filtration (Ft)t∈[0,τ ] might carry. When b or σ fail to be Lipschitz,
existence may hold only after enlarging the probability space itself (a weak solution), with-
out X being a strong solution in this sense. This phenomenon does not occur under the
hypotheses of this section.

Definition 3.3.3: Pathwise uniqueness

We say that (3.1) enjoys pathwise uniqueness if, whenever X1 and X2 are two solu-
tions of (3.1) (Definition 3.1.1) with the same coefficients (α, b, σ), X1 and X2 are
indistinguishable (Definition 1.2.2):

P
(
X1

t = X2
t for every t ∈ [0, τ ]

)
= 1. (3.24)

We can now state the hypothesis under which we prove existence and pathwise unique-
ness.

Assumption 3.3.4: Global Lipschitz coefficients

There exist constants Lb, Lσ ≥ 0 such that, for every x, y ∈ Rn,

|b(x) − b(y)| ≤ Lb |x− y|, |σj(x) − σj(y)| ≤ Lσ |x− y|, 1 ≤ j ≤ d. (3.25)

The natural space in which to measure solutions, and the distance between them, is
the following.
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Definition 3.3.5: The space L2(Ω; C([0, τ ];Rn))

Let C([0, τ ];Rn) denote the space of continuous functions f : [0, τ ] → Rn, equipped
with the sup norm ∥f∥∞,τ := supt∈[0,τ ] |ft| (as in Definition 1.4.6). We denote by
L2(Ω; C([0, τ ];Rn)), abbreviated Hτ , the set of Rn-valued, continuous, Ft-adapted
processes Z = {Zt ; t ∈ [0, τ ]} such that

∥Z∥2
Hτ

:= E
[
∥Z∥2

∞,τ

]
= E

[
sup

t∈[0,τ ]
|Zt|2

]
< ∞. (3.26)

Theorem 3.3.6: Existence and pathwise uniqueness

Let α ∈ Rn and let b, σ satisfy Assumption 3.3.4. Then equation (3.1), with coeffi-
cients (α, b, σ), admits a strong solution X (Definition 3.3.1) belonging to Hτ (Def-
inition 3.3.5), and it enjoys pathwise uniqueness (Definition 3.3.3) among solutions
belonging to Hτ .

The rest of this section is devoted to the proof of Theorem 3.3.6, in four steps: we
set up the Picard iteration and its basic contraction estimate, we use that estimate to
show the iteration converges, we identify its limit as a solution, and we use the same
contraction estimate a second time, together with a deterministic comparison lemma, to
obtain pathwise uniqueness.

3.3.2 The Picard iteration

As in the classical Picard–Lindelöf proof of the Cauchy–Lipschitz theorem invoked in the
previous section (Proposition 3.2.6), we construct the solution X as the limit of a sequence
of successive approximations, each obtained by feeding the previous one into the right side
of (3.1).
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Notation 3.3.7: Picard map and Picard iterations

Given Y ∈ Hτ (Definition 3.3.5), we set Γ(Y ) := Ỹ , the Rn-valued process defined by

Ỹt := α +
∫ t

0
b(Ys) ds +

d∑
j=1

∫ t

0
σj(Ys) dW j

s , t ∈ [0, τ ]. (3.27)

Starting from X
(0)
t := α, t ∈ [0, τ ], we define the Picard iterations {X(n) ; n ≥ 0} by

X(n+1) := Γ
(
X(n)

)
, n ≥ 0. (3.28)

By construction, and comparing (3.27) with (3.1), a process X ∈ Hτ solves (3.1) if
and only if X = Γ(X): existence and uniqueness for (3.1) in Hτ amount to existence
and uniqueness of a fixed point of Γ.

The next lemma is the technical heart of the section: it bounds the effect of Γ on
the distance between two processes, in Hτ , by the same distance, up to a constant that
is linear in the elapsed time. It will be used twice, once to show the Picard iterations
converge, and once to prove pathwise uniqueness.

Lemma 3.3.8: Contraction bound for Γ

Under Assumption 3.3.4, let Y, Z ∈ Hτ and set Ỹ := Γ(Y ), Z̃ := Γ(Z) (Nota-
tion 3.3.7). With

cL,τ,d := 2τL2
b + 8d2L2

σ, (3.29)
we have, for every t ∈ [0, τ ],

E
[

sup
s∈[0,t]

|Ỹs − Z̃s|2
]

≤ cL,τ,d

∫ t

0
E

[
|Yr − Zr|2

]
dr. (3.30)

Proof. Step 1: decomposition. Fix t ∈ [0, τ ]. Subtracting the two instances of (3.27) gives

Ỹt − Z̃t =
∫ t

0

[
b(Ys) − b(Zs)

]
ds +

d∑
j=1

∫ t

0

[
σj(Ys) − σj(Zs)

]
dW j

s ≡ Jt,1 + Jt,2. (3.31)

The elementary bound |u+ v|2 ≤ 2|u|2 + 2|v|2 then gives, for every s ∈ [0, τ ],

sup
r∈[0,s]

|Ỹr − Z̃r|2 ≤ 2 sup
r∈[0,s]

|Jr,1|2 + 2 sup
r∈[0,s]

|Jr,2|2. (3.32)

Step 2: the Lebesgue-integral term Jt,1. By the Cauchy–Schwarz inequality on [0, r] ⊂
[0, τ ], and the Lipschitz bound on b (Assumption 3.3.4),

|Jr,1|2 ≤ r
∫ r

0
|b(Ys) − b(Zs)|2 ds ≤ τL2

b

∫ r

0
|Ys − Zs|2 ds, r ∈ [0, τ ].
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The right side of the above equation is nondecreasing in r. Thus for every t ∈ [0, τ ], we
get

E
[

sup
r∈[0,t]

|Jr,1|2
]

≤ τL2
b

∫ t

0
E

[
|Ys − Zs|2

]
ds. (3.33)

Step 3: the stochastic-integral term Jt,2. Fix 1 ≤ j ≤ d and 1 ≤ l ≤ n, and set

M j,l
t :=

∫ t

0

[
σlj(Ys) − σlj(Zs)

]
dW j

s .

Since Y, Z ∈ Hτ and |σlj(x) − σlj(y)| ≤ |σj(x) − σj(y)| ≤ Lσ|x− y| by Assumption 3.3.4,
the integrand σlj(Y·) − σlj(Z·) belongs to L2

a([0, τ ]) (Definition 2.1.8). Therefore Corol-
lary 2.1.21 applies: M j,l is a continuous Ft-martingale. Proposition 2.1.20, applied on
[0, t], together with the isometry (2.22) and the Lipschitz bound on σj, gives

E
[

sup
r∈[0,t]

(M j,l
r )2

]
≤ 4E

[
(M j,l

t )2
]

= 4
∫ t

0
E

[
(σlj(Ys) − σlj(Zs))2

]
ds.

Writing Jt,2 = ∑d
j=1 M

j
t , with M j

t := (M j,1
t , . . . ,M j,n

t ), the bound | ∑
j vj|2 ≤ d

∑
j |vj|2

and |M j
r |2 = ∑n

l=1(M j,l
r )2 give

E
[

sup
r∈[0,t]

|Jr,2|2
]

≤ d
d∑

j=1
E

[
sup

r∈[0,t]
|M j

r |2
]

≤ d
d∑

j=1

n∑
l=1

E
[

sup
r∈[0,t]

(M j,l
r )2

]

≤ 4d
d∑

j=1

∫ t

0
E

[
|σj(Ys) − σj(Zs)|2

]
ds ≤ 4d2L2

σ

∫ t

0
E

[
|Ys − Zs|2

]
ds.

Step 4: conclusion. Combining (3.32) at s = t with the bounds of Steps 2 and 3, we end
up with

E
[

sup
r∈[0,t]

|Ỹr − Z̃r|2
]

≤ 2τL2
b

∫ t

0
E

[
|Ys − Zs|2

]
ds + 8d2L2

σ

∫ t

0
E

[
|Ys − Zs|2

]
ds.

We have thus achieved our claim (3.30), recalling the definition (3.29) of cL,τ,d. ■

Remark 3.3.9 (Γ is well defined on Hτ ). Let Y ∈ Hτ . Owing to Assumption 3.3.4, we
have

|b(y)| ≤ |b(0)| + Lb|y|, and |σj(y)| ≤ |σj(0)| + Lσ|y|,

for every y ∈ Rn and 1 ≤ j ≤ d, so b(Y·). In addition, every process of the form σj(Y·)
is continuous, Ft-adapted, and belongs to L2

a([0, τ ]) componentwise, since Y ∈ Hτ (see
Notation 3.3.7). Every term on the right side of (3.27) is therefore well defined, exactly
as in Remark 3.1.2, and Γ(Y ) is itself continuous and Ft-adapted, by Corollary 2.1.21.
Applying Lemma 3.3.8 with Z ≡ 0, and observing that the process Γ(0) has ∥Γ(0)∥Hτ < ∞,
we obtain that Γ(Y ) ∈ Hτ . In particular, since X(0) ≡ α ∈ Hτ , induction on n shows
that X(n) ∈ Hτ for every n ≥ 0.
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3.3.3 Convergence of the Picard iterations

We now use Lemma 3.3.8 to show that the Picard iterations converge, first almost surely
and uniformly on [0, τ ], then in Hτ .

Lemma 3.3.10: Bound for the increments of the Picard iterations

Let {X(n) ; n ≥ 0} be the Picard iterations (Notation 3.3.7), and set, for n ≥ 1 and
t ∈ [0, τ ],

∆n(t) := E
[

sup
s∈[0,t]

|X(n)
s −X(n−1)

s |2
]
. (3.34)

Then, with cL,τ,d as in (3.29), the following upper bound holds true:

∆n(t) ≤ c1 (cL,τ,d)n−1 tn

n! , t ∈ [0, τ ], n ≥ 1, (3.35)

where c1 := 2τ |b(α)|2 + 8d∑d
j=1 |σj(α)|2. In particular,

sup
t∈[0,τ ]

∆n(t) ≤ c1 (cL,τ,d)n−1 τn

n! .

Proof. Step 1: the case n = 1. By (3.27) with Y ≡ α (a deterministic constant), it is
readily checked that

X
(1)
t −X

(0)
t = b(α) t +

d∑
j=1

σj(α)W j
t .

The deterministic term contributes sups≤t |b(α)s|2 = |b(α)|2t2 ≤ |b(α)|2τt. For the
stochastic term, t 7→ σj(α)W j

t is, for each j, a continuous Ft-martingale with a de-
terministic, hence square-integrable, coefficient, so Proposition 2.1.20 gives

E[sup
s≤t

|σj(α)W j
s |2] ≤ 4|σj(α)|2E[(W j

t )2] = 4|σj(α)|2t.

Arguing as in Step 1 of the proof of Lemma 3.3.8 (the elementary bound |u + v|2 ≤
2|u|2 + 2|v|2, and | ∑

j vj|2 ≤ d
∑

j |vj|2 for the sum over j), we obtain

∆1(t) ≤ 2|b(α)|2τt + 8d t
d∑

j=1
|σj(α)|2 = c1 t,

which is (3.35) for n = 1.

Step 2: induction. Let n ≥ 1 and suppose (3.35) holds for n, for every t ∈ [0, τ ]. Thanks
to (3.28), we trivially check that

X(n+1) −X(n) = Γ(X(n)) − Γ(X(n−1)).
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Therefore Lemma 3.3.8, applied with Y = X(n), Z = X(n−1) (both in Hτ by Remark 3.3.9),
gives

∆n+1(t) ≤ cL,τ,d

∫ t

0
E

[
|X(n)

r −X(n−1)
r |2

]
dr ≤ cL,τ,d

∫ t

0
∆n(r) dr,

where the last inequality bounds E[|X(n)
r −X(n−1)

r |2] by

E[sup
s≤r

|X(n)
s −X(n−1)

s |2] = ∆n(r).

Now by the induction hypothesis, it holds

∆n+1(t) ≤ cL,τ,d

∫ t

0

c1 (cL,τ,d)n−1 rn

n! dr = c1 (cL,τ,d)n tn+1

(n+ 1)! ,

which is (3.35) for n+ 1. This finishes the induction, and the proof. ■

Lemma 3.3.11: Almost sure convergence of the Picard iterations

Let {X(n) ; n ≥ 0} be the Picard iterations (Notation 3.3.7). Then, almost surely,
X(n) converges, uniformly on [0, τ ], to a continuous process X = {Xt ; t ∈ [0, τ ]}.

Proof. Step 1: reduction to a series. Telescoping,

X(n) = X(0) +
n−1∑
k=0

(
X(k+1) −X(k)

)
, n ≥ 1,

so (X(n))n≥0 converges uniformly on [0, τ ] as soon as the series ∑
k≥0 ∥X(k+1) − X(k)∥∞,τ

converges: on the event where it does, the partial sums form a uniformly Cauchy sequence
of continuous functions on [0, τ ], which converges uniformly to a continuous limit.

Step 2: Borel–Cantelli. Let An := (∥X(n)−X(n−1)∥∞,τ ≥ 2−n). By Chebyshev’s inequality
and Lemma 3.3.10, applied at t = τ ,

P(An) ≤ 4n ∆n(τ) ≤ 4n c1 (cL,τ,d)n−1 τn

n! = c1

cL,τ,d

· (4cL,τ,dτ)n

n! .

Since ∑
n≥1(4cL,τ,dτ)n/n! = exp(4cL,τ,dτ) − 1 < ∞, we get ∑

n≥1 P(An) < ∞, so, by the
(first) Borel–Cantelli lemma, P(lim supn An) = 0.

Step 3: conclusion. On the almost-sure event where only finitely many An occur, there is
n0(ω) such that ∥X(n)(ω)−X(n−1)(ω)∥∞,τ < 2−n for every n ≥ n0(ω), so ∑

n≥0 ∥X(n+1)(ω)−
X(n)(ω)∥∞,τ < ∞ by comparison with the convergent geometric series ∑

n 2−n. By Step 1,
this proves almost-sure uniform convergence of X(n) to a continuous limit X. ■
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Lemma 3.3.12: Hτ convergence of the Picard iterations

Let X be the almost-sure uniform limit of {X(n) ; n ≥ 0} given by Lemma 3.3.11.
Then X ∈ Hτ and

lim
n→∞

E
[
∥X(n) −X∥2

∞,τ

]
= 0. (3.36)

Proof. Step 1: a Cauchy criterion. For n > m ≥ 0, the triangle inequality for ∥ · ∥∞,τ ,
followed by the triangle inequality in L2(Ω), gives

∥∥∥ ∥X(n) −X(m)∥∞,τ

∥∥∥
L2(Ω)

≤
n−1∑
k=m

∥∥∥ ∥X(k+1) −X(k)∥∞,τ

∥∥∥
L2(Ω)

=
n−1∑
k=m

∆k+1(τ)1/2. (3.37)

Now we have seen in Lemma 3.3.10 that

∆k+1(τ)1/2 ≤
(
c1(cL,τ,d)kτ k+1/(k + 1)!

)1/2
,

a term whose series in k converges. Hence the right side of (3.37) tends to 0 as m,n → ∞.
This is exactly the statement that ( ∥X(n) −X(m)∥∞,τ )n≥0 is Cauchy in L2(Ω), jointly in
m,n.
Step 2: passing to the limit. Fix n ≥ 0. Almost surely, ∥X(n)−X(m)∥∞,τ → ∥X(n)−X∥∞,τ

as m → ∞, by Lemma 3.3.11. Fatou’s lemma, applied to (∥X(n) − X(m)∥2
∞,τ )m≥0 as

m → ∞, together with Step 1, then gives

E
[
∥X(n) −X∥2

∞,τ

]
≤ lim inf

m→∞
E

[
∥X(n) −X(m)∥2

∞,τ

]
≤

( ∞∑
k=n

∆k+1(τ)1/2
)2

−−−→
n→∞

0,

again using the convergence of ∑
k ∆k+1(τ)1/2 from Step 1. This proves (3.36). Fi-

nally, ∥X∥Hτ ≤ ∥X(0)∥Hτ + ∥X(0) − X∥Hτ < ∞, and X is continuous and Ft-adapted
(Lemma 3.3.11), so X ∈ Hτ . ■

Remark 3.3.13 (Role of Lemma 3.3.11). Bound (3.37), from Step 1 of the proof above,
only shows that (X(n))n≥0 is Cauchy for the norm of Hτ . This does not, by itself, produce
a limit process: doing so directly would require completeness of Hτ , a fact we have not es-
tablished. Instead we reused the explicit almost-sure, uniform limit X already constructed
in Lemma 3.3.11, by an elementary Borel–Cantelli argument. Then Step 2 of the proof
above only had to check, via Fatou’s lemma, that this particular, genuinely continuous
X is also the Hτ -limit of (X(n))n≥0. Lemma 3.3.11 is thus not merely a convenience: it
stands in for the completeness argument that Definition 3.3.5 does not supply on its own.

3.3.4 Proof of the theorem

It remains to identify the limit X of Lemma 3.3.12 as a (strong) solution of (3.1), and to
prove pathwise uniqueness.
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Lemma 3.3.14: The limit solves the equation

Let X ∈ Hτ be the limit of Lemma 3.3.12. Then X = Γ(X), where Γ is introduced
in Notation 3.3.7. Hence X is a solution of (3.1) as given in Definition 3.1.1.

Proof. Set X̂ := Γ(X) ∈ Hτ (Remark 3.3.9). By Lemma 3.3.8, applied with Y = X,
Z = X(n), at t = τ ,

∥X̂ −X(n+1)∥2
Hτ

= E
[
∥Γ(X) − Γ(X(n))∥2

∞,τ

]
≤ cL,τ,d

∫ τ

0
E

[
|Xs −X(n)

s |2
]
ds

≤ cL,τ,d τ ∥X −X(n)∥2
Hτ
,

which tends to 0 as n → ∞ by Lemma 3.3.12. Next we invoke the triangle inequality for
∥ · ∥Hτ :

∥X̂ −X∥Hτ ≤ ∥X̂ −X(n+1)∥Hτ + ∥X(n+1) −X∥Hτ ,

which yields ∥X̂ − X∥Hτ = 0, by letting n → ∞ and invoking Lemma 3.3.12 once more
for the second term. Hence

E[ sup
t∈[0,τ ]

|X̂t −Xt|2] = 0,

so X̂t = Xt for every t ∈ [0, τ ] simultaneously, almost surely. We have thus proved that
X = Γ(X). ■

Remark 3.3.15 (X is a strong solution). Every Picard iteration X(n) is built, through
(3.27)–(3.28), from the deterministic α and from Lebesgue and Itô integrals of functions
of W against W itself. An immediate induction on n, using Definition 2.1.13 and Re-
mark 1.2.7, shows that X(n)

t is FW
t -measurable for every t ∈ [0, τ ] and n ≥ 0. By

Lemma 3.3.11, Xt is, for every t, an almost-sure limit of FW
t -measurable random vari-

ables, hence itself measurable with respect to the completion of FW
t . So the solution X of

Lemma 3.3.14 is a strong solution (Definition 3.3.1).

Existence is now proved. For uniqueness we first label a purely deterministic compar-
ison lemma, which is classical in the theory of ordinary differential equations. As we will
see, it turns the recursive bound (3.30) into a genuine uniqueness statement.

Lemma 3.3.16: Gronwall’s lemma

Let φ : [0, τ ] → R+ be continuous, and suppose there are constants c, κ ≥ 0 such that

φt ≤ c + κ
∫ t

0
φs ds, t ∈ [0, τ ]. (3.38)

Then
φt ≤ c exp(κt), t ∈ [0, τ ]. (3.39)
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Proof. Step 1: a majorizing function. Fix ϵ > 0 and set ψt := (c + ϵ) exp(κt), t ∈ [0, τ ].
By (3.38) at t = 0, φ0 ≤ c < c + ϵ = ψ0. If φt < ψt for every t ∈ [0, τ ], we are done,
letting ϵ → 0+ at the end of the proof. Otherwise, set t∗ := inf{t ∈ [0, τ ] ; φt ≥ ψt}. Since
φ0 < ψ0 and both are continuous, we must have t∗ > 0. Hence invoking continuity again,
we get φt∗ = ψt∗ while φs < ψs for every s < t∗.

Step 2: contradiction. Using (3.38) at t = t∗, and φs < ψs for s < t∗ from Step 1,

ψt∗ = c+ ϵ+ κ
∫ t∗

0
ψs ds > c+ κ

∫ t∗

0
ψs ds ≥ c+ κ

∫ t∗

0
φs ds ≥ φt∗ .

This contradicts φt∗ = ψt∗ from Step 1.

Step 3: conclusion. The contradiction in Step 2 rules out the second case of Step 1, so
φt < (c+ ϵ) exp(κt) for every t ∈ [0, τ ] and every ϵ > 0. Letting ϵ → 0+ gives (3.39). ■

Proposition 3.3.17: Pathwise uniqueness

Under Assumption 3.3.4, equation (3.1) enjoys pathwise uniqueness (Definition 3.3.3)
among solutions belonging to Hτ .

Proof. Step 1: a continuous comparison function. Let X1, X2 ∈ Hτ solve (3.1) with the
same coefficients (α, b, σ), so that X1 = Γ(X1) and X2 = Γ(X2) (Notation 3.3.7). Set

φt := E[ sup
s∈[0,t]

|X1
s −X2

s |2],

for all t ∈ [0, τ ], and observe that φ is a finite function since X1, X2 ∈ Hτ . Pathwise,
t 7→ sups∈[0,t] |X1

s (ω) −X2
s (ω)| is continuous, being the running maximum of a continuous

function. Furthermore, it is dominated by the integrable random variable 2∥X1∥2
∞,τ +

2∥X2∥2
∞,τ . Dominated convergence therefore shows that φ is continuous on [0, τ ].

Step 2: Gronwall. Since X1 = Γ(X1) and X2 = Γ(X2), Lemma 3.3.8, applied with
Y = X1, Z = X2, gives, for every t ∈ [0, τ ],

φt ≤ cL,τ,d

∫ t

0
E

[
|X1

s −X2
s |2

]
ds ≤ cL,τ,d

∫ t

0
φs ds,

which is (3.38) with c = 0 and κ = cL,τ,d. Gronwall’s lemma (Lemma 3.3.16) then gives
φt ≤ 0 · exp(cL,τ,dt) = 0 for every t ∈ [0, τ ].

Step 3: conclusion. As a direct application of Step 2, we get φτ = 0. Otherwise stated,
we have

E[ sup
t∈[0,τ ]

|X1
t −X2

t |2] = 0.

This yields X1
t = X2

t for every t ∈ [0, τ ] simultaneously, almost surely: X1 and X2 are
indistinguishable. ■
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Proof of Theorem 3.3.6. Let X ∈ Hτ be the almost-sure uniform limit of the Picard
iterations, given by Lemma 3.3.11 and Lemma 3.3.12. By Lemma 3.3.14, X solves (3.1),
and, by Remark 3.3.15, X is a strong solution (Definition 3.3.1). This proves existence.
Pathwise uniqueness among solutions in Hτ is Proposition 3.3.17. This finishes the proof.

■

Remark 3.3.18 (Further generality). We proved pathwise uniqueness among solutions
belonging to Hτ , a restriction not present in Definition 3.3.3. This restriction is remov-
able, at the cost of a further localization argument: any solution of (3.1) in the sense
of Definition 3.1.1 can be shown, via a stopping-time truncation, to coincide with a so-
lution in Hτ on an increasing sequence of events covering Ω, which suffices to extend
Proposition 3.3.17 to full generality. Theorem 3.3.6 itself extends well beyond the global
Lipschitz Assumption 3.3.4; we record two such extensions without proof, referring to
Karatzas–Shreve [6] or Revuz–Yor [7] for details.
(i) Coefficients b, σ merely locally Lipschitz, with a linear growth bound |b(x)| + |σ(x)| ≤
c(1 + |x|) for some constant c > 0: existence and pathwise uniqueness still hold on all
of [0, τ ], the local Lipschitz property giving a solution up to a stopping time through the
same Picard scheme applied on balls of increasing radius. Then the linear growth bound
rules out explosion of the solution in finite time.

(ii) In dimension n = d = 1: b Lipschitz and σ merely γ-Hölder continuous with γ ≥ 1/2
still guarantees existence and pathwise uniqueness, through a genuinely different, more
delicate argument than the contraction scheme of this section.

With Theorem 3.3.6, the well-posedness toolkit of this chapter is complete: linear
coefficients solved directly by an integrating factor (Subsection 3.1.2), additive noise re-
duced to a random ordinary differential equation (Proposition 3.2.6), and now genuinely
state-dependent, Lipschitz diffusion coefficients handled by a Picard iteration. Chap-
ter ?? builds on exactly this last, most general case: score-based generative models run
a stochastic differential equation of the form (3.1) forward, from data to noise, and then
ask whether the process can be run backward, from noise back to data, along a differently
defined but related stochastic differential equation. The existence and uniqueness theory
of this chapter is what makes both directions of that construction meaningful.
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