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Stochastic integral: extended definition (2)

Definition 8

Let u → L2
a. The stochastic integral of u with respect to W is the

process J (u dW ) such that for all s < t,

Jst(u dW ) = L2
(!) ↑ limn→↑

Jst(un dW ),

where (un
)n↓0 is an arbitrary sequence of simple processes

ω↓ converging to u in L2
a.
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Integral of a L2

a process: properties

Proposition 9

Let u a process of L2
a, Jst(u dW ) its stochastic integral.

Then for ε, ϑ → R:
1 Jtt(u dW ) = 0

2 Jst((εu + ϑv) dW ) = εJst(u dW ) + ϑJst(v dW )

3 E[Jst(u dW )|Fs ] = 0, i.e martingale property
4 E[(Jst(u dW ))

2
] =

∫ t
s E[u2

w ] dw
5 E[(Jst(u dW ))

2|Fs ] =
∫ t

s E[u2
w |Fs ] dw

Remark: For this construction, crucial use of:

Independence of increments for W
L2

convergence in probabilistic sense
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Wiener integral

Proposition 10

Let:
W a 1-dimensional Wiener process, and ω > 0.
h1, h2 deterministic functions in L2

([0, ω ]).
Then the following stochastic integrals are well defined:

W (h1
) =

∫ ω

0
h1

r dWr , W (h2
) =

∫ ω

0
h2

r dWr .

In addition:
1 (W (h1

), W (h2
)) centered Gaussian vector.

2 Covariance of W (h1
), W (h2

):

E
[
W (h1

) W (h2
)

]
=

∫ ω

0
h1

r h2
r dr .
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Proof

Approximation: For m → 1 we set sj = sm
j =

jω
m and

h1,m
=

m→1∑

j=0
h1

sj 1(sj ,sj+1], h2,m
=

m→1∑

j=0
h2

sj 1(sj ,sj+1].

Then:

W (h1,m
) =

m→1∑

j=0
h1

sj εWsj sj+1 , W (h2,m
) =

m→1∑

j=0
h2

sj εWsj sj+1 .

Approximation properties: we have

(W (h1,m
), W (h2,m

)) Gaussian vect. since W Gaussian process.

E[W (h1,m
) W (h2,m

)] =
∫ ω

0 h1,m
r h2,m

r dr .

Then limiting procedure for Gaussian vectors.
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Outline

1 Itô’s integral

2 Itô’s formula

3 Extensions and consequences of Itô’s formula
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Problem IfCc is a <'

function on10
,
T2

'

then the usual change of
variable formula reads

I (x0 ) - f (x0 ) = Oflxlot same for

=>6t f'(cr) der f (t, xε )

1 irar

Question : What if i is not
differentiable ?

(like W= BM



Functional set C1,2

Definition 11

Let

ω > 0

f : [0, ω ] → Rd ↑ R
We say that f ↓ C1,2

b,ω if:

1 t ↔↑ f (t, x) is C1
([0, ω ]) for all x ↓ Rd

2 x ↔↑ f (t, x) is C2
(Rd

) for all t ↓ [0, ω ]

3 f and its derivatives are bounded
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1-d Itô’s formula

Theorem 12

Let:
W real-valued Brownian motion
f ↓ C1,2

b,ω

Then f (t, Wt) can be decomposed as:

f (t, Wt) = f (0, 0) +

∫ t

0
εr f (r , Wr) dr

+

∫ t

0
f →

(r , Wr) dWr +
1

2

∫ t

0
f →→

(r , Wr) dr .

Remark:

Proof for the 1-d formula only
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Multidimensional Itô’s formula

Theorem 13

Let:
W Brownian motion, d-dimensional
f ↓ C1,2

b,ω

! ↗ Laplace operator on Rd , i.e ! =
∑d

j=1 ε2
xj xj

Then f (t, Wt) can be decomposed as:

f (t, Wt) = f (0, 0) +

∫ t

0
εr f (r , Wr) dr

+

d∑

j=1

∫ t

0
εxj f (r , Wr) dW j

r +
1

2

∫ t

0
!f (r , Wr) dr
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Physicists proof ofIt for fIWA1 :

Idea :
· Taylor expansion up to order
o L )t

·dW" =
" Ut

We get I

df(W z) = f'lWF) cTWE +1f"(WEl dt

+ o (Ct)

Integrating
,
we getIto.



Real proof. Consider a partition
of τo

,
←) .

{ O - to CE. . . SER - E } - T

H1 = mat{ ltire- tilb

We write 5j E [WEi,Wejn]

OfIWlot = 2 OfW)titin
j-o

Taylor2 f'(WE) DWEitin J"
"

E

↑ [ f"(5i) (ONEitin) E2T



Taylor expansion. If a< 6 , 757 /a,6)
s .t

f(6)= flas + f'lal (-a /

t i f "(5 ) (6-a(



Term Jt
*

->
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"E U
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Uit -" f ( Wi) I 1 ti,tir,]
Then

t“- tuā dúr

二
Ʃ § ICto,tiaコ ( t )¿
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JE UrdWr = 5: JWEitin



We can easily see that

Ut slas U ← f
'(ω )

Therefore

JE ← Yot Un dur
222) (

*
Ur dwr

1 ot f
'
(ur ) dur



Term J24
FTO*"

N
)
]- trn-tz

丁悲臨 "
f

"
(
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Term D Assume AEC3

忘 ("
(

ょ )- A
" (

ω

oz))UWorltin) プ

We have
fEC63

(f 5j) - f"(Wei) 1 -> Cf 15% - Weil

≤ Cf KCω) | tin -ε j15 8일

↓ C(W) ITTI



We get

忘
(
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≤ (2 (ω) Hir E 無: 0



Term D2 ⇌ Z㉕

f "
(

ωtz
) ⑥ WEjtin) ?-E -ょ

EI D
“

K ] ≤ cf ← Eπ[ ]

二 臨
" A(

" (Woz ) )
に Zz
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>
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expectation + # increments

of ω



zi = [COWEitin)2 - (Ein-Ei]

Wehave : OWEstin = (oxitj/' y

where X~ WCO
,

1). Thus

Z
5 - t- t5 ) C 1 ) 2

→ “ EZ⑧ } - Ʃt - trPEE归]
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Conclusion

D램 ,(2)

Term

f "
(

Wor ) tim -tz )I

= Riemann sum for %*1"(W= ) dt
Thus

JIT
a.; /5f" (WE) dE



Rmk

some of the convergences are

a. S., some are ((r) . But

taking subsequences Tum '

we get Iro's formula



Itô’s formula for physicists

Simplification: We consider f : R → R only.

Intuition:

Taylor expansion of f (W ) up to o(t).

dWt can be identified with
↑

dt.

Heuristic computation: We get

df (Wt) = f →
(Wt) dWt +

1

2
f →→

(Wt) (dWt)
2

+ o
(
(dWt)

2)

= f →
(Wt) dWt +

1

2
f →→

(Wt) dt + o(dt) .

Itô’s formula is then obtained by integration.
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Proof in the real case

Simplification: We consider f : R → R only

Generic partition: We consider

ω = {t0, . . . , tn} with 0 = t0 < · · · < tn = t
|ω| = max{|tj+1 ↓ tj |; 0 ↔ j ↔ n ↓ 1}

Taylor’s formula: we have

εf (W )0t =

n↑1∑

j=0
εf (W )tj tj+1

=

n↑1∑

j=0
f →

(Wtj ) εWtj tj+1 +
1

2
f →→

(ϑj)
(
εWtj tj+1

)2
,

where ϑj ↗ [Wtj , Wtj+1].
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Proof in the real case (2)

Notation: We set

J1,ω
t =

n↑1∑

j=0
f →

(Wtj ) εWtj tj+1 , J2,ω
t =

n↑1∑

j=0
f →→

(ϑj)
(
εWtj tj+1

)2

Aim: Find a sequence (ωm)m↓1 such that a.s

limm↔↗ |ωm| = 0

limm↔↗ J1,m
t =

∫ t
0 f →

(Ws) dWs with J1,m
t = J1,ωm

t

limm↔↗ J2,m
t =

∫ t
0 f →→

(Ws) ds with J2,m
t = J2,ωm

t
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Proof in the real case (3)

Analysis of the term J1,m
t : we have

J1,m
t =

∫ t

0
um

s dWs , with um ↘
∑

tj ↘ωm
utj 1(tj ,tj+1]

Since u ↘ f →
(W ) ↗ L2

a, continuous and bounded

ϖ→ according to Proposition 6 we get:

L2
(!) ↓ limm↔↗

J1,m
t =

∫ t

0
f →

(Ws) dWs

a.s convergence: For a subsequence ωm ↘ ωmk we have

a.s ↓ limm↔↗
J1,m

t =

∫ t

0
f →

(Ws) dWs .
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Proof in the real case (4)

Analysis of the term J2,m
t , strategy: We set

J3,ω
t =

n↑1∑

j=0
f →→

(Wtj )

(
εWtj tj+1

)2
, J4,ω

t =

n↑1∑

j=0
f →→

(Wtj ) (tj+1 ↓ tj)

We will show that a.s, for a subsequence ωm with |ωm| → 0:

limm↔↗

∣∣∣J2,ωm
t ↓ J3,ωm

t
∣∣∣ = 0 (1)

limm↔↗

∣∣∣J3,ωm
t ↓ J4,ωm

t
∣∣∣ = 0 (2)

limm↔↗

∣∣∣∣J4,ωm
t ↓

∫ t

0
f →→

(Ws) ds
∣∣∣∣ = 0 (3)

This will end the proof.
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Proof in the real case (5)

Recall: we have

J4,ωm
t =

n↑1∑

j=0
f →→

(Wtj ) (tj+1 ↓ tj)

Thus J4,ωm
t ↘ Riemann sum for f →→

(W )

Proof relation (3): Since s ≃→ f →→
(Ws) continuous, we have

limm↔↗
J4,ωm

t =

∫ t

0
f →→

(Ws) ds.
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Proof in the real case (6)

Proof relation (1): we have

J3,ω
t ↓ J2,ω

t =

n↑1∑

j=0

(
f →→

(Wtj ) ↓ f →→
(ϑj)

) (
εWtj tj+1

)2

Additional Hyp. for sake of simplicity: f ↗ C3
b . Then for 0 < ϱ < 1

2
we have:

ϑj ↗ [Wtj , Wtj+1]

|εWtj tj+1 | ↔ cW ,ε|tj+1 ↓ tj |ε
ϖ→ |f →→

(Wtj ) ↓ f →→
(ϑj)| ↔ cW ,ε,f |ωm|ε

Thus applying Theorem 27, Brownian Chapter:

∣∣∣J3,ωm
t ↓ J2,ωm

t
∣∣∣ ↔ cW ,ε |ωm|ε

n↑1∑

j=0

(
εWtj tj+1

)2

↔ cW ,ε |ωm|ε V 2
0,t(W ) = cW ,ε t |ωm|ε m↔↗↓→ 0
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Proof in the real case (7)

Notation: We set

εtj ↘ (tj+1 ↓ tj), Zj ↘
(
εWtj tj+1

)2
↓ εtj

Proof relation (2), strategy:

we have

J4,ωm
t ↓ J3,ωm

t =

n↑1∑

j=0
f →→

(Wtj ) Zj .

We proceed as follows:

1 We show limm↔↗ E[|J4,ωm
t ↓ J3,ωm

t |2] = 0.

2 For a subsequence ωm ↘ ωmk we deduce:

a.s ↓ limm↔↗

∣∣∣J4,ωm
t ↓ J3,ωm

t
∣∣∣ = 0.
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Proof in the real case (8)

Decomposition of J4,ωm
t ↓ J3,ωm

t :

we have J4,ωm
t ↓ J3,ωm

t =
∑n↑1

j=0 f →→
(Wtj ) Zj . Thus:

E
[∣∣∣J4,ωm

t ↓ J3,ωm
t

∣∣∣
2]

= K m,1
t + K m,2

t

with

K m,1
t =

n↑1∑

j=0
E

[(
f →→

(Wtj ) Zj
)2]

K m,2
t = 2

∑

0≃j<k≃n↑1
E

[
f →→

(Wtj ) Zj f →→
(Wtk ) Zk

]

Lemma: Let X ⇐ N (0, ς2
). Then:

E
[(

X 2 ↓ ς2
)2]

= 2ς4
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Proof in the real case (9)

Convergence of K m,1
t :

We have εWtj tj+1 ⇐ N (0, εtj) and εWtj tj+1 ⇒⇒ Ftj . Therefore:

K m,1
t =

n↑1∑

j=0
E

[(
f →→

(Wtj ) Zj
)2]

=

n↑1∑

j=0
E

[(
f →→

(Wtj )

)2]
E

[
Z 2

j
]

= 2

n↑1∑

j=0
E

[(
f →→

(Wtj )

)2]
(εtj)

2

↔ cf |ωm|
n↑1∑

j=0
εtj = cf t |ωm| m↔↗↓→ 0.
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Proof in the real case (10)

Proof relation (2): we have seen

limm↔↗
K m,1

t = 0.

In the same way, one can check that:

K m,2
t = 0.

Thus:

limm↔↗
E[|J4,ωm

t ↓ J3,ωm
t |2] = 0.

This finishes the proof of (2) and of Itô’s formula.
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