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INTRODUCTION

In two basic papers ([3], [4]) M. Artin has developed the theory of rational singu-
larities of algebraic surfaces. Roughly speaking, these are isolated singularities of a surface
whose resolution has no effect on the arithmetic genus of the surface; alternatively, they
are singularities which are ¢ cohomologically trivial ”’. Among these singularities are
included all normal points which birationally dominate a regular (i.e. simple) point,
and in particular — by abuse of the term * singularity > — the regular points themselves
(cf. § 1 for precise statements) (1).

Our purpose is to fill in the theory, and to demonstrate its wide applicability by
expanding upon a number of familiar topics in the theory of surfaces:

-— Resolution of singularities of surfaces by means of quadratic transformations
and normalizations (cf. [22]).

— Factorization of birational maps of non-singular surfaces into quadratic trans-
formations (cf. [24, § I1.1]).

— Complete ideals in two-dimensional regular local rings (cf. [2x] and
[25, Appendix 5]; cf. also [14] and [x4']).

— Factorial henselian two-dimensional local rings (cf. [7, § 3]).

— The contractibility criterion of Castelnuovo and M. Artin (cf. [4]).

In part I, we show that Zariski’s method of desingularization by quadratic trans-
formations and normalizations works for any excellent surface (i.e. reduced two-
dimensional noetherian scheme). Resolution of singularities for excellent surfaces has
been established by Abhyankar and Hironaka ([2], [9], [10]), and we must make use

(!) Rational “ double points ** have been known and studied for many years; for more historical and biblio-
graphical information cf. [6, § 1].

196



RATIONAL SINGULARITIES 197

of their result, at least in its weak form of ¢ local uniformization ”. Thus it is the process
— and not the fact — of resolution which is of interest in part I. We also extend the
classical theorem on factorization into quadratic transformations to proper birational
maps f:X—Y where X is a regular surface and Y is a surface having only rational
singularities. From the point of view of novelty, the sine qua non of part 1 is
Proposition (3.1).

In parts II and V we generalize Zariski’s theory of complete ideals in two-
dimensional regular local rings to two-dimensional normal local rings S kaving a rational
singularity. 'The principal result in part II is to the effect that any product of complete
ideals in such an S is again complete (cf. Theorem (7.1)). This implies, among other things,
that rational singularities can be resolved by quadratic transformations alone. In partV
we take up the question of unigue factorization of complete ideals into simple complete
ideals. Theorem (20.1) states that suck unique factorization holds for all complete ideals
in S if and only if the completion (or henselization) of S is factorial. The method used is to
resolve the singular point of Spec(S) and to relate the problem of unique factorization
to the behaviour of exceptional curves on the resulting regular surface. The necessary
preliminaries about curves on surfaces are developed in parts III and IV.

That unique factorization of complete ideals holds when S is regular is a central
point of Zariski’s theory. Our approach yields an alternative proof of this fact, and
naturally suggests the question: which S — other than the regular ones — are such that
their completion (or henselization) is factorial? The interest of this question is heightened by
the result: Let R be any two-dimensional analytically normal henselian local ring with algebrai-
cally closed residue field. If R is factorial, then R has a rational singularity. (More
generally, R has a rational singularity if and only if R has a finite divisor class group,
cf. Theorem (17.4).) In part VI we find that the answer to the above question is:
essentially those rings studied by Scheja in [19] (cf. § 25 for details). In particular we
obtain the following generalization of a theorem proved by Brieskorn [%] for local rings
over the complex numbers: let R be any non-regular analytically normal two-
dimensional henselian local ring with algebraically closed residue field of characte-
ristic 2, 3, 5; then R is factorial if and only if the maximal ideal of R is generated
by three elements x, y, 7 satisfying 22+ *+ ¥°=o.

To obtain this result we follow the same strategy as Brieskorn: we first show that
a ring of the desired type has multiplicity two (§ 22), and then describe explicitly all
rational “ double points ” together with their divisor class groups (§§ 23-24). The
rational double points are classified according to the ¢ configuration diagram * of
exceptional curves on a minimal desingularization. These diagrams turn out — a poste-
riori — to be precisely the Dynkin diagrams used in the theory of Lie groups and algebras
(cf. § 24). This means that the intersection matrix

(2(Ei.Ej))

(E.E) (E;, E; exceptional curves)
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198 JOSEPH LIPMAN

is identical with a ¢ Cartan matrix ”’

, and conversely each Cartan matrix appears as
such an intersection matrix for the minimal desingularization of some rational double
point. This striking phenomenon was observed by Du Val, who first classified rational
double points with algebraically closed residue field, thereby obtaining (in effect) all
Dynkin diagrams in which only the integer “ 1 * appears (cf. [7 1/2]). By allowing
arbitrary residue fields, we get the remaining types of diagram. Is there some deeper
connection with Lie algebras, or is this all mere coincidence??

The main unanswered question is: does every complete two-dimensional factorial local
ring R have a rational singularity? (*) The answer is affirmative, as we have already noted,
if R has an algebraically closed residue field. This restriction on the residue field is
entirely due to the same restriction in Complement (11.3). What the question comes
down to, in part, is: when does the Picard scheme of a one-dimensional algebraic scheme
over an arbitrary field £ have just one k-rational point in its connected component?

In the Appendix, we include two basic theorems about surfaces. The first is
essentially a well-known theorem of Zariski on the elimination of indeterminacies of
rational mapsj; it is of constant use throughout the paper. The second is a generalization
of the contractibility criterion of Castelnuovo and M. Artin; the proof involves most of
the theory of rational singularities.

For more details about the contents of the individual parts and sections, we refer
to their respective introductory remarks.

There is a certain amount of material of an expository nature included for the
usual reasons: ““ in order to be self-contained ** or * for the convenience of the reader .
Generally this consists of facts which are very well known for surfaces over algebraically
closed fields, and readily worked out, but not conveniently available, in the context of
arbitrary two-dimensional schemes (in which generality they are required, since we
work throughout with arbitrary two-dimensional local domains subject only to some
restriction of the type ¢ analytically normal ). Similar expositions can be found
in [13] and [20].

I wish to express my appreciation for stimulating conversations with Professors
S. S. Abhyankar, H. Hironaka and R. Hartshorne. I am much indebted to the two
cited papers of M. Artin without which I could not have begun. Finally, I am dedi-
cating this paper to Professor Oscar Zariski, from whom I have learned so much.

§ o. Some terminology and notation.

In the absence of explicit indications to the contrary, the following conventions will be in force
throughout the paper:

1. All rings and schemes are noctherian. All schemes and maps (=morphisms)
are separated.

() (Added in proof.) No ! (P. SaLMON, Rend. Lincei, May 1966). But cf. Proposition (17.5).

198



RATIONAL SINGULARITIES 199

2. Whenever we speak of a birational map f:X—Y, itis tacitly assumed that
both X and Y are reduced schemes.

3. A point x of a scheme X is regular if the local ring O , is regular; otherwise x
is singular. X is regular, or non-singular, if all of its points are regular. A map f:X—>Y
is called a desingularization if f is proper and birational and X is regular. Sometimes,
by abuse of language, we say that ¢ X is a desingularization of Y ” meaning that ¢ there
exists a desingularization f:X-—>Y 7.

4. We say that a map f:X—>Y is a quadratic transformation if f is obtained by
blowing up a closed point (1) of Y. If Y is reduced, then such an f is birational
(cf. [8, chapter II, § 8.1], or, as we will write from now on [EGA 1I, § 8.1]).

5. The word “ surface > will mean * reduced noetherian separated scheme of dimension two >’

We shall often use, without explicit mention, the following facts:

A) The normalization (=integral closure) of a surface in its total ring of fractions is
a surface (cf. [EGA II, (6.3.8)] and [x47, Theorems (33.2) and (33.12)]).

B) If Y is a surface and g : W—Y is a proper birational map, then W is a surface.

(For, W is clearly noetherian, separated, and of dimension < 2 (dimension formula),
and dim W>2 because the inverse image of any non-closed, non-maximal point of Y
is a non-empty collection of non-closed, non-maximal points of W.)

6. If X is a scheme and &, ¢ are Oyx-modules, we may write “ FQ% > for
“ F®, % ” if no confusion is possible. Similarly, we may denote cohomology groups
by ¢ HP(#) * instead of ¢ HF(X, #) .

7. We say that a ring R is factorial if R is a Unique Factorization Domain.

I. — APPLICATIONS TO THE BIRATIONAL
THEORY OF SURFACES

§ 1. Birational behavior of rational singularities.

We recall the definition of rational singularity (cf. [4]):

Definition (x.1). — A normal local ring R of dimension 2 is said to have a rational
singularity if there exists a desingularization f : X—Spec(R) such that H'(X, Og)=o.

Note that if R is regular then R has a rational singularity (take X =Spec(R)).

Two important facts about rational singularities are given in the next proposition.

Proposition (x.2). — Let R be a two-dimensional normal local ring having a rational
singularity, and let g : W—Spec(R) be a birational map of finite type.

1) If weW is a normal point of codimension two, then the local ring Oy ,, has a rational
singularity.

2) If W is normal and g is proper then HY (W, Oy)=o.

() With reduced subscheme structure.
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200 JOSEPH LIPMAN

Progf. — The proposition follows from two familiar facts:

A) If X s any regular surface and j:Z—>X is a quadratic transformation, then
HY(Z, 0,) ~HY(X, 0).

B) Let f:X—>Spec(R) be a desingularization. If g is proper, then there exists a commu-
tative diagram of proper birational maps

V4

h

- W

j
v v
X —> Spec(R)

g

with j a product of (i.e. succession of) quadratic transformations.

A) is proved in [20, pp. 59-61]; for convenience we will give the proof again below.
B) is a special case of Theorem (26. 1) of the Appendix (*‘ elimination of indeterminacies ).
By induction A) holds also when j is a product of quadratic transformations; consequently
if X and Z are as in B), and we assume, as we may, that HY(X, @0y)=o0, then also
HY(Z, 0;)=o. If furthermore W is normal, then k (0;)=0y; since there is a canonical

injection HYW, £ (0,)) = HYZ, 0;)=o0

we conclude that HY(W, @) =0, proving 2).

To prove 1), we first remark that some affine open neighborhood of w is a dense
open subscheme of a scheme W* which is projective over Spec(R); we may replace W
by W7 ie. we may assume that g is projective. Let £ :Z—->W be as in B) with
HY(Z, 0;)=o0 as before, and let V =Spec(ly ,)xwZ. V is proper and birational
over Spec(0y,), V is regular, and since H'(Z, 0;)=o0 [EGA III, (1.4.15) (espe-
cially p. 94)] shows that HY(V, ¢;)=o0 (). Q.E.D.

We can prove statement A) by showing that R1j,(0,) = o : the desired conclusion then follows from the exact
sedquence o = HX(X, 0) - HY(Z, 0,) - H'(X, RY,(0,))

of terms of low degree in the spectral sequence for H%j,. (Note that 0y =j,(0,).)

Since RYj,(0,) is concentrated at the point x which is blown up, we may replace X by an affine neighborhood
Spec(T) of x which is such that x corresponds to a maximal ideal in T generated by two elements, say b and c. We
have then to show that HY(Z, @,)=o.

Z is covered by the affine open sets Ujy= Spec(T[¢/b]), U,= Spec(T[b/c]). For this covering, the alternating
one-cochains with values in @, are the elements of I'(U,NU,, 0,)=T[¢/b, b/c]. Since

i,zjﬁj(g)i( é)j=j§i“’(£)i_j—j§i(‘“3) (I—:)j_i

every alternating one-cochain is a coboundary. Thus HY(Z, 0,)=o0. Q.E.D.
(Another proof of A) can be obtained from Corollary (23.2).)

(1) We must first show that R¥,(0,)=o0 ! By [EGA IIL (4.2.2)], HAW, £,(0)) o and R*,(0,) has
support of dimension < o ; now use the exact sequence

HYZ, 0,) — H'(W, R'%,(0;)) — HXW, £,(0,))
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RATIONAL SINGULARITIES 201

§ 2. Resolution of singularities by quadratic transformations and normali-
zation (method of Zariski).

We show now that the methods of Zariski’s original paper [22] on the resolution
of singularities can be applied to any excellent surface (cf. [EGA IV, (7.8.5)]) once
some form of local uniformization is known. Local uniformization for excellent surfaces
has been established through the work of Abhyankar [2] and Hironaka [g], [10]. The
following theorem shows therefore that any excellent surface can be desingularized by a succession
of quadratic transformations and normalizations.

Since the normalization of an excellent surface is a disjoint union of integral excel-
lent surfaces, plus possibly some regular schemes of dimension <1, we need only consider
the integral case. Whenever it is convenient, we will take the point of view of models,
i.e. given any integral scheme Y, with field of rational functions K, and a birational
map f:X—Y, we will regard X as a collection of local rings with field of fractions K
(in particular we regard Y in this way), and then f associates to each element S
of X the unique element of Y which is dominated by S (cf. [25, chapter VI, § 17]
and [EGA I, § 8]).

If A, B, are subrings of a ring C, then ¢ [A, B]  denotes the least subring
of G containing both A and B. C is ¢ essentially of finite type > over A if there
are finitely many elements ¢, ¢, ...,¢, in G such that G is a ring of fractions
of Afey, 6oy + -1y 6,

Theorem (2.1). — Let Y be an integral excellent surface, with field of rational functions K.
Suppose that each valuation v of K which dominates a local ring ReY also dominates a regular
local ring A whose quotient field is K, and whick is such that the unique localization of [R, A]
dominated by v is essentially of finite type over both R and A. Let Y, be the normalization of Y
in K, and let

(Z) Y <Y, <Y, «...

be a sequence such that, for 1>1, Y, is the normalization of a surface obtained by blowing up a
stngular point on Y,;_,. Then the sequence (X) is finite.

Proof. — We follow the line of reasoning in [22]. A normal sequence in K is defined
to be a sequence (finite or infinite)

R,<R,<R,<...

of normal two-dimensional local rings with quotient field K such that, for i>1, R; belongs
to the normalization of the surface obtained by blowing up the maximal ideal of R;_,.
Such a normal sequence will be called singular if none of its members is regular. We are
going to show that there are only finitely many singular normal sequences as above with
R,€Y,. Since clearly any local ring which is blown up somewhere in the sequence (X)
is a member of such a singular normal sequence, Theorem (2.1) will thereby be
proved.
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The excellence of Y will be needed only so that the following statement holds
(cf. [EGA IV, (7.8.6)]): '

For any W birational and of finite type over Y, (1) the normalization W' of W in K s finite
over W, and (11) W' has only finitely many singular points (1).

Now let 8, (n>1) be the set of surfaces defined inductively by:

S, ={Spec(R) |[ReY,, R not regular };

S, , = { normalizations of all those surfaces which can be obtained by blowing up
a singular point on a member of §,}.

By induction we see that 8, is a finite set for all .
Let T, (n>1) be the set of all local rings Q) such that there exists a singular normal

sequence
R<R,<...<R,=Q

with R,€Y;. Each element of T, is a singular point on one of the finitely many members
of §,,; hence T, is a finite set for all 7.

Suppose there were infinitely many singular normal sequences beginning with an
element of T,;. Since T, is finite, there would be infinitely many beginning with a
specific member R,. Since T, is finite, there would be some R,eT, such that among
those sequences beginning with R, infinitely many begin with R, <R,<... Since T,
is finite, infinitely many of these latter sequences would begin with R,<R,<R,<. ..
for some fixed R,;eT;. Continuing in this manner, we define R,, R,, ..., and so obtain
an infinite singular normal sequence

R,<R,<R,<R,<R,<...

Now il>J1R" is a valuation ring R, (This is proved in [ 1, p. 337] under the assumption
that the R; are regular. The proof in the general case is essentially the same; it can be
reconstructed by piecing together the following information in [25]: Corollary, p. 21;
Proposition 1, p. 330; Corollary 2, p. 339; and the argument in the middle of p. 392.)
v dominates R,€Y,, and it follows from the hypotheses of Theorem (2.1) that » dominates
a local ring of the form B, where p is a prime ideal in B=R[b,, b, ..., b,], such
that B, is essentially of finite type over a regular local ring A with quotient field K.
Since R, = l,J R;, R, contains B for all sufficiently large n, and since R, dominates R,

it follows at once that R, dominates B,. Then for m>n, R, is essentially of finite
type over A, whence, by 1) of Proposition (1.2), R, has a rational singularity.
Let f: X—Spec(R,) be a desingularization. Since v dominates R, » dominates

(1) Even if Y is not assumed to be excellent, we find, using theorems of Rees [ ¥. London Math. Soc.,36 (1961),
p. 27] and Nacara [EGA IV, (6.14.6)] that for (i) to hold it is sufficient that Nor(Y) contain a non-empty open
set and that every local ring on Y be analytically unramified. For (ii) to hold it is sufficient that furthermore Sing(Y;)
be finite (use [EGA IV, (6.12.2)]). These conditions on Y and Y, certainly must be satisfied if Y can be desingu-
larized (cf. Lemma (16.1)).
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RATIONAL SINGULARITIES 203

some SeX, and then as above we see that Ry dominates S for some N>n. We shall
show below that:

(x) If R has a rational singularity, and f:X—Spec(R) is a desingularization with
X & Spec(R), then X dominates the quadratic transform V of Spec(R) (i.e. V is the surface
obtained by blowing up the maximal ideal of R), and hence X dominates the normalization of V.

Since no R; is regular, an easy induction based on (x) shows that S dominates
R,,R,.:,,...,Ry. Hence S=Ry, contradicting the fact that Ry is not regular.
This completes the proof, modulo (x).

§ 3. Conclusion of the proof : a key proposition.

(x) is a basic point. A proof was given in [22, Lemma, p. 686] in the case of
surfaces over an algebraically closed ground field of characteristic zero. More generally,
(x) follows from Theorem 4 in [4], at least if R has an algebraically closed residue field.
For our purposes, however, a more direct proof is desirable. We will now prove a
generalization of (%) as a separate proposition,

First some notation. Let X be any normal surface and let #x be the sheaf of
rational functions on X. For any coherent Oyx-submodule £+ (o) of %y, let ¢!
be the coherent Og-submodule of %y whose sections over any affine open UCX are
given by

F N U)={aeZx(U) [0 f(U) € 0x(U)}

Suppose £ is an Oy-ideal. Then ¢ is a subsheaf of (#~)~!; locally, (£~ 1)~!
is the intersection of those primary components of ¢ which belong to height one prime
ideals. We say that ¢ is divisorial if fF=(f"1)""

Proposition (3.x). — Let R be a local domain with maximal ideal m=+(0), and let
S : X—>Y =Spec(R) be a proper map, not an isomorphism, with f (Ox)= Oy, where X is a
normal surface such that H(X, Oyx)=o0. Then the Ox-ideal M =m0y is divisorial.

In particular, if the local rings on X are factorial, then mOy is invertible, so that f factors
through the quadratic transform of Spec(R).

(This proposition generalizes (x) because of (2) of Proposition (1.2).)

Proof. — Write #' for (#~')~'. Our aim is to show that .#'/#=o0. In the
first place, Supp(#'/#) is a closed subset of X which clearly contains only points whose
local ring on X has dimension >1. Thus Supp(.#’/#) is at most zero-dimensional,
and so HYX,.#’[.#)=0. We have then the exact cohomology sequence

o> DM |M)—>T(Oy|M)—>T(Og)M) —>H (X, A|#)=0.

I claim that I'(0Og/#)=R/m. If this is granted, the sequence shows that one
of the R-modules I'(.#'|.#), T'(Ox/#"), must be (0). But Oy/.#’ has a non-zero global
section unless #’= 0y, in which case Oy/.# has zero-dimensional support, which is
impossible (since by assumption f is not an isomorphism) either by some form of Zariski’s
“ main ” theorem, for example [EGA III, (4.4.1)], or, in view of [EGA III, (4.2.2)],
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204 JOSEPH LIPMAN

by Serre’s criterion [EGA II, (5.2.2)]. Hence I'(#'|.#)=o0, and since .#'|.# has
at most zero-dimensional support, .#'/.#=o0 as desired.
Now since .#=m0y, we have an exact sequence

o>X - 05—~ 4 —>o0

for some positive integer # and some coherent 4". The fibres of f are of dimension <1,
so R¥ (A)=o0 ([EGA III, (4.2.2)]), ie. H*(A)=o. By hypothesis H'(0%)=o.
Hence H'(#)=o0, and therefore
I'(Ox/-M)=T(Ox)|T(A).
But clearly
mcT(#)ST(0x)=R

so that, indeed, I'(Ox/#)=R/m.
This completes the proof of Proposition (3.1) and of Theorem (2.1).

§ 4. Resolution of rational singularities; factorization of proper birational
maps into quadratic transformations.

For surfaces having only rational singularities the situation is described in the next
theorem.

Theorem (4.%). — Let Y be a normal surface having only finitely many singular points,
all of which are rational singularities. Then there exists a unique minimal desingularization
S XY (i.e. every desingularization of Y factors through f) ().  Moreover, any desingularization
of Y is a product of quadratic transformations.

Proof. — We shall assume the following result, to be proved later (Proposition (8.1)).

If Y is a normal surface having only rational singularities, and iof h : Y'Y 15 a quadratic
transformation, then Y' is a normal surface.

Now, blow up a singular point on Y (if there is one). Then blow up a singular
point on the resulting surface. Continue in this way. The preceding result, along
with 1) of Proposition (1.2), implies that the surfaces which arise are normal and have
only rational singularities. Moreover, these surfaces have only finitely many singular points.
(For any such point dominates one of the singular points » on Y, and so we need only
see that any normal surface W which is proper and birational over Spec(0,) has only
finitely many singular points. But such a surface W is dominated by a regular surface Z
which is proper over Spec(0@,) (cf. B) in the proof of Proposition §1.2)), and the desired
conclusion follows from the fact that the local rings on W which are also on Z form an
open subset of W which includes all one-dimensional local rings on W. Alternatively,
use [EGA IV, (6.12.2)].)

As in Theorem (2.1), the preceding process leads eventually to a regular surface.

(1) Cf. also Corollary (27.3).
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RATIONAL SINGULARITIES 205

(The situation here is much simpler, since all the local rings involved already have rational
singularities and since, also, normalization is superfluous.) So we have a desingularization
S+ X-Y, and moreover, because of the way in which this desingularization is obtained,
(x) (§ 2) shows that for every desingularization f':X'->Y, X’ dominates X.

It remains to be shown that we can get from X to X’ by quadratic transformations
alone. This is a classical result [x, 24, ¥3]. Actually, since a non-singular surface
has only rational singularities we can reach the conclusion by arguing exactly as we

have just done, except that we must replace “ singular points ” by ¢ points which do not
J > P P g p Y P
dominate X' . Q .E.D.

Example. — For non-rational singularities the process of successive quadratic transformations and normaliza-
tions does not always lead to a minimal desingularization. As an example, take the origin on the surface
72+ X3 +Y"=o0 (over any ground field). The corresponding local ring R is normal, and its maximal ideal m
has a basis of three elements x, y, z satisfying 2?2+ x*+ 3" =o.

In the ring S=R[y%x, z/x, xy/z] consider the ideal p generated by the elements x, v=2z/x, w=xy[z. From
the relations
x(1+3(%x)%) + P =0
y=wrEeP
z = xvE]P
Plx=w??x =—uP(1 +y(»*x)*)ep
we see that M P, and that S/p = R/m, so that P is a maximal ideal and Sp is a two-dimensional local
domain dominating R. Further we see that x =22 (unit) in Sp, so that pSp is generated by the two elements v, w.
Thus Sp is regular. Now
mSp = (x, ¥, 2)Sp = (v2, v, v*)Sp
=y. pSp
Hence mSp is not principal, and so Sp does not dominate the quadratic transform of R.
Actually this is only a local counterexample. To globalize, one can check that the normalization of the surface

obtained by blowing up the ideal (x, %, z)R is a non-singular surface on which Sp is the only point which does not
dominate the quadratic transform of R.

II. — COMPLETE AND CONTRACTED IDEALS

§ 5. Complete ideals and projective normalization (1).

A number of results in the sequel have to do with complete ideals. This notion can
be conveniently described in terms of the integral closure of one graded ring in another.
(A valuation-theoretic treatment is also possible, cf. [25, Appendix 4] and [12].) In
this section and the next, we review the salient points and prepare the way for the theorems

in § 7.
Let R= 62 R, be a graded ring and let A= E?OA" be a graded subring of R.
n>0 n

Let A’ be the int(?gral closure of Ain R. A’isagraded s?xbring of Rjie. A'= €>BOA',, with

() In this section only, rings and schemes need not be noetherian (or even separated).
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AL,=A'nR, [5, p. 30]. For d>0 set R?=D R, AV=D A ,, (AYI=D A/,.
One sees easily that: "2 "= "z

(1) (A" is the integral closure of A® in R,

If M is a multiplicatively closed subset of A consisting of homogeneous elements,
among them the element 1, then we denote by Ay, the set of all fractions a/m where acA
and meM are of the same degree. (A, is a subring of the usual ring of fractions Ay.)
The rings Ay, Ry are defined similarly. We have Ay, CAy CRyy. It is straight-
forward to verify that:

(i) Apy is the integral closure of Ay in Ry,

Similar considerations apply when A and R are replaced by quasi-coherent graded
Oy-algebras =D o, CRA=D %, on a (pre-)scheme X. Let o’ be the integral

n>0 n>0
closure of &7 in # (;f [EGAII, —§~6 .3]). Over any affine open subset of X, this situation
reduces to the previous one. In particular, &'=€D (&/'n%,). In the present context,
(ii) becomes: "=

(i) Let o, R, ' be as above, let ¢ : A —>R be the inclusion map, and let
Proj(¢) : G(¢) — Proj() be the associated affine morphism, where G(¢@)CProj(#) [EGAII,
(2.8.3)].  Then the integral closure of Proj(Z) in G(¢) is Proj(e/’).

Now let X be an integral scheme, with sheaf of rational functions %#y, and let S
be a quasi-coherent @y-submodule of Zx. Set /= n@jo.f " (F'=0), and X =7@0%§,

(% =Rx). & and % are quasi-coherent grade&- Oy-algebras. (£ is isomorphic
to #x[T], T an indeterminate.) Let &/'= neéof" be the integral closure of &/ in £.
Note that when X is normal, © 03 is integral_lly closed, so that if £ is an Ox-ideal, then
so is S, for each n. r2

Definition (5.1). — Under the preceding circumstances we say that S is the completion
of . F is complete if F=.7,.

Remarks. — a) #, itself is complete. In fact,
A =@I"CRICA’

so that &/’ is also the integral closure of @.#7.

b) By (i) above, we see that .#, is the completion of #* for all d>o.

Remark 4) shows that if all the positive powers of # are complete, then &=/’
except in degree zero; in other words Proj(&/’)=Proj(«/). In applying (iii) to the
present situation we observe that Proj(.7) is now the scheme obtained by blowing up £,
and that Proj(#) is simply Spec(K) where K is the field of rational functions on X.
We conclude:

Lemma (5.2). — Let X be an integral scheme and let SF+o0 be a quasi-coherent
Ox-submodule of Rx. If all the positive powers of S are complete, then the scheme obtained by
blowing up S is normal.
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¢) Once again let # be any quasi-coherent Oy-submodule of %#y. One checks
that the completion .#, can be described as follows: for any open UCX, I'(U, #,)
consists of those sections seI'(U, #y) for which there exists an open covering {V,}
of U with the property that for each «, if sazs\Va, there is a relation

(Sa)na +a1a<sa)"a—1 + e + anacz:O
with a,el(V,, 79 (i=1,2,...,1,)

d) Let # be asin ¢). If ¢ is the completion of #, then for any local ring S of
a point on X, #®S is the completion of F®S on Spec(S).

¢e) Let £ be as in ¢), with completion .#,, and let & be an invertible Ox-submodule
of Zy. Then the completion of F &£ is S/, Z.

/) Let f:X—Y be a birational map. Let _# be a quasi-coherent @y-submodule
of Zy==%A, with completion #,. Then _#,0,C(completion of Z0). (Proof. —
We may assume X and Y to be affine, and apply ¢).) In particular, if #=f (#)
(S as in ¢), with completion .#,) then since f (#).04xC.#, we have

F#10x C (completion of f (F).0x)CF,

from which follows

F1Cf(F10x) €/ (F1)

Hence:

Lemma (5.3). — Let X be an integral scheme with sheaf of rational functions Ry, let S
be a quasi-coherent Oy-submodule of R, and let f: X —>Y be a quasi-compact quasi-separated
birational map (so that f (F) is a quasi-coherent Oy-submodule of Ry=Rx). If S is complete
then so is f(S).

§ 6. Contracted Ideals.

Connected with complete ideals are contracted ideals.

Definition (6.1). — Let f:X—>Y be a morphism of schemes such that f,(0Ox)= Oy.
Let 7 be an Oy-ideal. We say that # is contracted for fif S is of the form f ( #) for some
Ox-ideal #.

Suppose F=f (#). The commutative diagram

SIF > F

I — O

207



208 JOSEPH LIPMAN

shows that S 0y(=image of v)C #. Hence f (F0x)Cf(F)=F. On the other hand,
we always have the commutative diagram

£ — £ I f(s0y)

Oy = S(Ox)
which shows that S Cf (F0x). Thus S is contracted for f if and only if S =f (F0x).
Proposition (6.2). — Let Y be an irreducible normal noetherian scheme. A coherent

O-ideal F is complete if and only if S is contracted for every proper birational map f:X-—>Y.

Proof. — We may assume £ +(0). Let # be the completion of #; £ is an

Oy-ideal. The finite-type @y -algebra EPO F" being integral over @OJ‘T ", 1s actually a

finite-type module over @OJ " whence, for large N, & #¥ = g¥+1, Let X =Proj( @ FM
n> n=>90

and let f: X—Y be the structural morphism; fis proper and birational. Also, ¢ N0«
is invertible, and

(L OR) (I Ox) = I F%Ox =(F Ox)(F"Ox)
so that IOy = F0y.

Hence FEf(FOx)=f(I0x).

If 7 is contracted for f, then #C.7, ie. £ is complete.
Now let f: X—Y be an arbitrary proper birational map. Let

Y = Spec(nejof”) X' = Spec( D (F70y)).

n>0

Then X'’ is a closed subscheme of Y’ XyX so that the canonical map X'—Y’ is proper.
It is also birational. [EGA II, (7.9.11)] shows then that @ f.(F"0x) is integral
n>0

over @ S7; in particular, f (#0x) is contained in the completiongf S. If £iscomplete,
n>0

then c_onsequently f(FOg)=S. Q.E.D.

Remark. — Let f:X—Y be as in the preceding proof. A similar argument shows
more generally that if X" is a coherent Ox-ideal contained in the completion of SOy, then f (A")
is contained in the completion of S.

In § 8 we will need:

Lemma (6.3). — Let Y and S be as in Proposition (6.2). Suppose there exists a proper
birational map f: X—>Y with X normal such that % Oy is invertible. Let W be the normaliza-
tion of the scheme Z obtained by blowing up F. Then W is of finite type over Y.

Progf. — Let # be the completion of #. Then V:Proj(nEP0 F") is finite and

birational over Proj( @Oﬂ'"), so that X dominates V, i.e. #0 is invertible. As in
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Proposition (6.2), therefore, fF=f (£0x)=f(F0). Similarly, for every n>1 the
completion of #™is S =f (F"0Ox). Thus by (iii) of § 5 and the remark 4) following it,

W= Proj (gaofn) = Proj (n@ﬁ(f "Ox))

Now [EGA III, (3.3.1)] shows that W is finite over Proj( EPOJ"). Q.E.D. (M.

Corollary (6.4). — Let Y be a normal surface for which there exists a desingularization
f:X->Y. Let g:W—Y be a birational map of finite type. Then the normalization of W
is finite over W (3).

Proof. — The question is local on both Y and W, so we may assume that Y is affine
and integral and that g is projective. Then W is obtained by blowing up a coherent
ideal .# on Y, and so, as in (6.3), it will be sufficient to find a desingularization Z of Y
such that #0, is invertible. This can be done as in B) of Proposition (1.2) (with Y in
place of Spec(R)). Q.E.D.

As another application of (6.2), we generalize Proposition 5 of [25, p. 381].

Proposition (6.5). — Let f: X—>Y be a birational proper map of irreducible normal surfaces such that Rf,(0y)=o.
If # is a complete coherent ideal on Y, then SOy is a complete ideal on X.

Proof. — Let g: W—X be a birational proper map. Then S0, < g, (#0,) so that there is an exact

sequence
o —> SO0, — g (SO, — A — o.

It will be sufficient, by Proposition (6.2), to show that & =o0. On X, thereis a finite set S of closed points
such that g induces an isomorphism from g=!(X-—S8) to X—S§; hence the support of ¢ is contained in S. Thus,
if f,(A)=o0, then X =o.

Applying f, to the above sequence, we get an exact sequence

O£ (FO) > £,8,(FO) — £u(H) > RY,(Sy).

But f,g,(F04)=f(F0)=F since # is complete (Proposition (6.2)), i.e. « is an isomorphism. Therefore, it
is enough to show that Rf,(#0y)=o0. For this purpose we may assume Y to be affine, and then £ is a homo-
morphic image of 0% for some n. Since R2f, vanishes for all coherent sheaves on X, we conclude that RYf,(#0y)
is a homomorphic image of RYf,(03)= o. Q_ED

§ 7. Products of complete and contracted ideals.

Our main purpose in this section is to prove:

Theorem (77.1). — Let Y be a normal irreducible surface having only rational singularities.
Then any product of complete coherent Oy-ideals is again complete.

Theorem (7.1) is a consequence of:

Theorem (77.2). — Let Y be an integral noetherian scheme, let X be a normal surface, and
let f:X—>Y be a proper map with f(Ox)=0y, RYf (Ox)=o0. Then any product of coherent
contracted (for f) Oy-ideals is again contracted.

() (Added in proof.) It would be simpler to note that X dominates Z, say g:X—Z, and then
W = Spec(g,(0y)) Is finite over Z.

(3) Corollary (6.4) holds without the assumption that Y is a surface; the proof is indicated in the footnote
in § 2.
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To deduce Theorem (7.1) from Theorem (7.2), we first remark that it is enough
to treat the case Y =Spec(S), S being a two-dimensional normal local domain with a
rational singularity (cf. remark 4) following Definition (5.1)). Let £, X be coherent
complete Oy-ideals; it will be sufficient to show that £% is complete. Let _# be the
completion of £ and let W be obtained by blowing up #. There exists a desingula-
rization f:X—Y, and moreover, after applying suitable quadratic transformations,
we may assume that X dominates W (cf. B) in the proof of Proposition (1.2)), so that #0y
is invertible. Y being affine, the requirement R'f,(0x)=o0 meanssimply H'(X, 0x)=o,
which is certainly satisfied in this case (Proposition (1.2)}. So Theorem (7.2) applies:
since # and X" are complete, they are contracted for f (Proposition (6.2)) and so then
is L. Since # 0y is invertible, the first part of the proof of Proposition (6.2) (with .#
replaced by A7) shows that £X is complete. Q.E.D.

We begin the proof of Theorem (7.2) by collecting together the technical
details in:

Lemma (77.3). — Let X be any scheme (not necessarily noetherian) for which:

1) HY(Oy)=o0, and

2) H3(#)=o0 for all quasi-coherent Ox-modules & such that L CO%, n finite (V).

Let F and ¢ be two quasi-coherent Ox-modules such that

3) I'(F) and T'(F) are finitely generated T'(Ox)-modules, and

4) F and ¢ are generated by their global sections.

Then the canonical map

p:T(F)®rel'(F) = (I @0, F)

is surjective.

We will use Lemma (7.3) via:

Corollary, — Suppose I and § are Oy-ideals and let F ¢ be the image of the natural map
ui I® g — Ox. If, in addition to the conditions of Lemma (7.3), we have H'(kernel of u)=o,
then

I(A).D(f)=T(S #).
Indeed, if the Lemma holds, then the composite map
T(S)®T( ) > [(F® ) —5 (I #)

is surjective, and the Corollary results.

Proof of Lemma (77.3). — By 3) and 4) there are exact sequences
oA, — 0% 57 >0

B
0—>Hy—> 0% > F—>0

(1) A simple argument [EGA II, top of p. 98] shows that 2) need only be assumed for n= 1.

210



RATIONAL SINGULARITIES 211

(s, t finite) such that in the derived exact sequences
[(0%) > T(#) —~ H'(#) > Hi(0%) =0
D(0)) > D(#) ~ H'(3) > H(0}) =0
the maps y and § are surjective. Necessarily, then, H'(#")=H!(4¢,)=o0.
Let A be the kernel of a®p. The exact sequence
H=(AH,®0)®(A,00%) > 0500, 28 50 ¢ 50

1ves an exact sequence
g ! o> > H > A—>o0.

But H'(#")=o0, and, since &' CH CO¢DOY, 2) gives HX(F')=0. Hence H'(A")=o0
and so the map I'(«®p) is surjective. From the commutative diagram

['(o3) ® I(0%) -Z> T(0%®0%)

Ta®p)

N#er(g) L I'(Fo9)

we see then that p is surjective. Q.E.D.

Now let f:X—+Y be as in Theorem (7.2), let I, J be coherent Oy-ideals, and
let #=10y, #=]0x. Theorem (7.2) is proved if we show that f (#).f,(#)=f.(F7).

To do so, we may assume that Y is affine and of dimension >0, and then we must
show that I'(S#).I'(#)=TI(##). The conditions of Lemma (%7.3) are now satisfied.
(H2 vanishes because f is dominant, so the fibres of f are of dimension <i1). As for
the kernel of p: J® ¢S ¢, we remark that unless IJOyx=(0), both 10y, and JOx ,
are invertible whenever xeX is such that dim.0x ,<1; thus in any case, the
kernel of u has at most zero-dimensional support, and the Corollary applies. This
completes the proof of Theorem (7.2).

In part III we will refer to the following consequence of Lemma (7.3):

Corollary (77.4). — Let A be a ring, let X be a quasi-compact separated scheme satisfying 1)
and 2) of Lemma (7.3) and let g : X —Spec(A) be a morphism. Let £ be an invertible
Ox-module such that T'(F) is a fimtely generated A-module. If £ is ample and £ is generated
by its global sections, then £ is very ample for g (and, of course, conversely).

Proof. — By [EGA 11, (4.6.3) and (4.4.9)] it is enough to show that the graded
A-algebra 7L€>BOF($®”) is generated by I'(#) over A, i.e. that

T(£)®,(£)8,...0,(%) > T(L%

is surjective for each n. But this follows by induction from Lemma (7.3) (with =2,
F=L% (k=1,2,3,...)).
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§ 8. Normality of blowing-up and join.
Throughout this section Y will be a normal irreducible surface having only rational singularities.

Proposition (8.x). — Let Y be as above and let 5 be a complete coherent Oy~ideal. Then
X =Proj(& #™) is normal (whence X has only rational singularities). In particular, any
n>0

quadratic tra_ngform of Y is normal.

Proof. — The first assertion follows from Theorem (7.1) and Lemma (5.2).
Let » be a closed point of Y, and let # be the ideal whose stalk at x€Y is O, if x+3,
and whose stalk at y is the maximal ideal of ¢),. The surface obtained by blowing up y
is Proj (ﬁ?o,ﬂ”). But it follows easily from the definitions that .# is complete. Q.E.D.

Let K be the field of rational functions on Y. Given two surfaces X, and X,
dominating Y birationally, we say that the closed image X of the canonical map
Spec(K) =X, xyX, is the join of X, and X, over Y. A surface Z with function field K
dominates X if and only if it dominates both X, and X,.

If X, and X, are obtained by blowing up 0Oy-ideals £, _# respectively, then Z
dominates X, (resp. X,) if and only if #0, (resp; F0,) is an invertible @p-ideal; on
the other hand, S0, and #0, are both invertible if and only if (£ #)0, is invertible;
it follows at once that X is obtained by blowing up the O-ideal £ #. Now if X, is
normal, then the considerations of Lemma (6. ) show that X, is also obtained by blowing
up the completion of .#; in other words, we may assume # to be complete. Similarly,
if X, is normal, then we may assume _# to be complete. If both .# and ¢ are complete,
then Theorem (7.1) shows that ¢ is complete; thus (Proposition (8.1)), the join
of X, and X, is normal.

More generally, we have:

Proposition (8.2). — Let Y be as above and let X,, X, be any normal surfaces which are
birational and of finite type over Y. Then the join of X, and X, over Y is also normal.

Proof. — The question is local on X, and X,, so we may assume X, and X, to be
dense open subschemes of X,, X, respectively, where X,, X, are projective over Y.
Because of (6.4) we may replace X,, X, by their normaltiazions (this does not affect X,
or X,). In other words, we may assume to begin with that X, and X, are projective
over Y. We may also assume that Y is affine. But then the situation is the one dealt
with in the preceding discussion. Q.E.D.

§ 9. Pseudo-rational singularities,

It is conceivable that one might wish to apply Theorem (7.1) and the results
in § 8 to a surface without knowing a prior: that the points of the surface can be desingu-
larized. For this purpose, the definition of rational singularity can be weakened: say
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that a two-dimensional normal local domain R has a pseudo-rational singularity if the
following condition holds:

For any projective birational map g : W —Spec(R) there exists a normal surface Z, proper
and birational over Spec(R), such that Z dominates W and H(Z, 0,) = o.

A) and B) in the proof of Proposition (1.2) show that if R has a rational singularity
then R has a pseudo-rational singularity. Conversely, that proof shows that if R has
a pseudo-rational singularity and R can be desingularized then R has a rational singu-
larity (use Chow’s Lemma). The analytically reducible normal local ring described
by Nagata in [x7; Example 7, p. 209] has a pseudo-rational, but not a rational, singu-
larity. (To prove this, one can use Proposition (23.5).)

Using Chow’s Lemma and the fact that projective birational maps into integral
affine schemes are obtained by blowing up suitable ideals, one can prove without difficulty
the analogue of Proposition (1.2) for pseudo-rational singularities. Theorem (7.1)
and the results in § 8 hold for surfaces having only pseudo-rational singularities. The
proofs are practically the same.

III. — NUMERICAL THEORY OF RATIONAL EXCEPTIONAL CURVES

The goal of part III is Theorem (12.1), whose statement will be essential later on.
In § 10 we review some well known facts about degrees of locally free sheaves on one-
dimensional schemes. (These facts are required in §§ 11-12, and also in part IV in
connection with intersection theory.) In Proposition (11.1) we see that the numerical
characters of an invertible sheaf on a ¢ rational > one-dimensional scheme determine
whether the sheaf has enough global sections; this generalizes some of Theorem (1.7)
of [3]). Theorem (12.1) is a relative version of Proposition (11.1); it is related in
part to Theorem 4 of [4].

§ 10. Degrees of locally free sheaves on curves.

To begin with, we fix some terminology and notations. By a curve we mean a one-
dimensional noetherian scheme. A component of a curve G is a one-dimensional closed
subscheme of C which is integral (i.e. reduced and irreducible) — the components of C
are in one-one correspondence with the (finitely many) non-closed points of C.

We will be dealing mainly with curves C which admit a proper map f: G—Spec(A)
where A is a noetherian ring and the image of f is zero-dimensional, i.e. is a finite set of
closed points. For such a G, the cohomology modules of any cokerent Op-module
are of finite length over Aj; it makes sense therefore to talk about A°(#) and A'(F)
(the lengths of H*(&), H'(%) respectively), and about the Euler-Poincaré characteristic
Y(F)=K(F)—hF). (Of course £°, A', and y depend on the choice of A and f.)
The degree of a locally free O-module A" of finite rank n is defined to be the integer

dego(A”) = x(A")—x(08) = 1 (A") — mx(Oc).
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Some basic properties of “ degree ” will follow easily from the next lemma.

We say that two coherent @ -modules F and ¥ are generically isomorphic if there is an
open subset U of C such that C—U is zero-dimensional and such that the restrictions
F ]U and ¥ |U are isomorphic. It is the same thing to say that for each non-closed
point x of C, the stalks %, and %, are isomorphic @,-modules.

Lemma (x0.1). — Let f: C—Spec(A) be as above, and let F and G be two coherent
Oc-modules which are generically tsomorphic. Then for any locally free Oc-module N of finite
rank n, we have

WUFON )= (FON ) =n((F)—x(%))

Proof. — By assumption there is an open subset U of C, with inclusion map, say,
1: U—>C, such that C—U is zero-dimensional and such that i(#) and (%) are
isomorphic. We have exact sequences

o>H | >F >ii (F)>H o0
I
0>H '3>G —>ii (9)>H,—0

where, for 1=1, 2, 3, 4, ', is concentrated on CG—U (so that (A, @A) =ny(X)).
The conclusion is obtained by tensoring these exact sequences with 4" and taking Euler-
Poincaré characteristics. Q.E.D.

Proposition (10.2). — Let f: G—Spec(A) be as above:
a) If M and N are locally free Oy-modules of fimte ranks m, n respectively, then
deg (M ON)=n.deg (M) + m.deg(A).
In particular, if # and A are invertible O.-modules, then
deg (A ®N)=deg () + degy(A).
b) If h:C'—GC is a proper map, with C' a curve, such that h (0Oy) is generically

isomorphic to Of for some integer t>0 (which is always the case, for example, if C is integral)
then for any locally free Oymodule A (of rank n<co)

dego (KA )=t.dege(AH)
(Here ¢ degree ” on C' is relative to the map foh: CG'—>Spec(A).)
Proof. — a) By Lemma (10.1) (with F =4, 9=07)
KA ON) =y (OGON) = n(y (M) — x(TT))

Le. dego (M BN )+ mny (Oc) —my(AN) =n.deg ()
ie. deg (A ON")—m degy(AN) =n.deg.(A).

b) The standard exact sequence

o—~H'(C, ki’ N") >HY(C', K N#")>H(C, R% (K A")) —0
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along with the isomorphism
HY(C, ki’ /) SHYC, B A")
gives XAEAN )=y (BN )= KRB (K A))
i.e. Ak (Og)ON ) —x (KA )=H(R'E (O)®A")
(cf. [EGA oy, (12.2.3)]). Since C’is one-dimensional, at most finitely many of the
fibres of k are one-dimensional; consequently R'% (@) has support of dimension <o,
and so
1k (00) @A) —x (KN )=n. B (R (Op))=n. (x(k,(On)) —1(00))
(Take A =0 to get the last equality.) Thus
dege (K N") = (K N)~nx(0)
=Xk, (Oc)®A") —ny (k,(O))

=y (O®N)—ny (OF) (Lemma (ro.1))
=t (A) —nx(0c))
—t.degg(N). Q.E.D.

For a (Cartier) divisor 2 on C (cf. [16, Lecture g] or [EGA IV, § 21]) we define
the degree, deg.(2), to be the degree of the corresponding invertible sheaf 0,(2).
Corollary (10.3). — If & is an effective (i.e. positive) divisor on G, then

dego(2)=H"(0g).
Proof. — By definition, there is an exact sequence

0>0.(—2D)>0;—>04h—>0

whence deg (2) =deg{0:(2))
=—deg(0c(—2)) (Proposition (10.2) a))
= 1(00)—1(0o(—2))
=x(0g)
=h(04) Q.E.D.

Some more known facts about degrees of invertible sheaves are collected together
in the next proposition.

Proposition (10.4). — Let f: G — Spec(A) be as above, let C,, C,, ..., C, be the
components of the curve C, and let <, : C;—C (i=1,2, ...,n) be the corresponding inclusion
maps. Let £ be an tnvertible sheaf on G, and for 1=1,2, ...,n let

5, = degg, (¢;(£))
(i) If =0, then 3,=o0 for all 1.
(i) If & is generated by its sections over G, then 3,>o0 for all i.
(i11) & s ample if and only if 3, >0 for all i.

Progf. — The hard part of the proposition is the implication “ §>o for all (=%

ample ”, which can be proved as in [1x, p. 318-319: proof that (iv) implies (i)].
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For the rest of the proof, we may assume that C is integral (cf. [EGA II, (4.6.13)
(ibis)]). (i) is then obvious. Under the condition of (ii), there must be an exact
sequence :
0>0,~F—>HA —>o0

where " has support of dimension <o, and so
dego(&) = x(&) —1(O0) =x(H) =K (A") >o.

Note that if deg.(¥#)==0 in this case, then % =0, ie. F=0.

Now suppose that .# is ample. Because of the additivity of degree, we may
replace ¥ by #®" for any n>o0; we may therefore assume that % has non-zero
global sections, and then the preceding argument shows that degy(#)>o. (Here
there is strict inequality because, I'(C, @;) being artinian, @ is not ample [EGA II,

(5.1.2)]). Q.E.D.

§ 11. Numerical theory of rational curves.

We will be especially interested in a situation in which Proposition (10.4) admits
a converse. :

Proposition (x1. 1), — With the notation of Proposition (10.4), assume that H'(C, 0;)=o:
(i) If 8;=o for all i, then L =0.

(ii) If 8,20 for all i, then & is generated by its global sections, and H'(F)=o.

(iii) If 8,>o0 for all i, then £ is very ample for f.

Proof. — If &Z is generated by its global sections, then .# is a homomorphic image
of @ for some integer s>o0, so that H(.%#) is a homomorphic image of H!(0})=o;
ie. HY(Z)=o. (ii) implies (iii) in view of Proposition (10.4) and Corollary (7.4).
Moreover (ii) implies (i) because of the following simple fact:

. Let C be any locally noetherian (pre-)scheme such that H(C, O,) is artinian. Let & be
an invertible sheaf on C such that both & and L~ are generated by their global sections. Then
£=0,.

(Proof. — Since the connected components of C are open [EGA I, (6.1.9)], we
may assume that Cis connected. Then the image of the canonical map C-—>Spec(H°(0,))
is connected, hence consists of one point, and it follows that H(0,) is a local ring. If x
is any point of C, the hypotheses imply that there exist global sections A, A’ of &, ¥ !
respectively such that (A®1’), is a unit in @,; thus A®%’ is an element of H%(0,)
which is not nilpotent. Since H%(0@.) is a local artinian ring, A®’ is a unit in H%(0,),
and consequently A is a nowhere-zero global section of .#. Q.E.D.)

It remains therefore to prove the first assertion of (ii), and this will be done in the
following roundabout way. Note first that, as in the preceding proof, we may assume C
to be connected, so that H’(0) is an artinian local ring. The effect on degrees of
sheaves of replacing A by H%(0.) is simply division by a positive constant, namely the
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length — as an A-module — of the residue field of H*(@,); hence we may assume that A
is an artinian local ring, with maximal ideal, say, m. By [EGA oy, (10.3.1)] there
exists a faithfully flat local A-algebra A" whose maximal ideal is mA’, and which is such
that K=A’/mA’ is an algebraic closure of £=A/m. A’ is artinian since some power
of mA’ vanishes. Let C'=Cx,A’, and let = : C'—>C be the projection map. Note
that, = being flat, H'(C', 0,)=0 [EGA III, (1.4.15)]. We will show first that in
proving (ii) we can replace A by A’, C by C’ and & by «'(%); in other words we may
assume A to have an algebraically closed residue field. Second we can remark that,
under the preceding assumption, (i) is proved, in effect, in [g] or in [18]. Finally we will
see, still assuming A to have an algebraically closed residue field, that (ii) follows from (i).

To begin, then, we show that: if D’ is a component of the curve C', with inclusion map
e: D'=C’', then

(1) degy, (' (£)) >o.

3

(Here, of course, “ degp,  is calculated over A’.) D’ is a component of == '(C,) for
some ¢, and we have a commutative diagram

€

Spec(K) «— D' ———

|
Spec(k) «— G, ——— G

(k=A/m and K=A’/mA’). In calculating degrees of invertible sheaves on C; (resp. D’)
we may replace A by £ (resp. A’ by K). We may therefore assume, for proving (1),
that C=GC;,, A=%, A’=K.

Now [EGA 1V, (4.8.13)] there is a field L with #CLCK, [L:k]<co, such
that D’=D® K for some component D of C®,L. We have then a commutative
diagram

DI

Since H?(D', ¢ #)=H?(D, #)®, K for any coherent ¢y-module # and any p>o
([EGA III, (1.4.15)]) we have

degp (¢'n'(£)) = degy (¢ (£)) = degp(h (£))

where ¢ degp, ’ is calculated over L; it is therefore sufficient to show that degp(h' (%)) >o.
But clearly for this purpose we may calculate ¢ degp, ” over £ instead of over L. Then,

since degy(#)>0, Proposition (10.2) 5) (with D in place of C’) gives the desired
conclusion.
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To complete the first step, we show that: & is generated by its sections over C if and
only if (L) is generated by its sections over C’. Indeed, if .# is the subsheaf of % generated
by the sections of # over C, then, since A’ is flat over A, H(C', " #)=H"(C, #)®, A,
and so 7 (M)=M®, A’ is the subsheaf of n'(F)=F®, A’ generated by the sections
of n'(&#) over C'; and since A’ is faithfully flat over A the inclusion map & <% is
surjective if and only if the corresponding map =« (M) = ' (&) is.

We may now assume that the residue field £ of A is algebraically closed. Under
this assumption (i) is proved by the argument given in [3; Lemmas (1.4) and (1.6)]
with one small modification, namely in Lemma (1.4) the induction should be carried
out with respect to the chain of schemes

Crad - C(l)—c» C(Z)—C—' . 'SC(t) = C

where, if 4 is the sheaf of nilpotents of O, then G is the subscheme of C defined
by 4%, and ¢t is such that A#“~'4o0, #*=0. (A similar argument appears in
[18; Chapter (5.1)].)

To deduce (ii) from (i) we make use of the following description of divisors on
curves (cf. [EGA IV, § 21.9]).

Lemma (xx.2). — Let x, %, ..., x, be closed points on a curve C, and for each
i=1,2, ...,n let f; be a unit in the total quotient ring of O,,. Then there is a unique divisor 9
on C such that f; is a local equation of & at x;(1=1,2, ...,n) and 1 is a local equation at
all xxy, %yy ...y X,

(Proof. — It is possible to choose, for each 7, an affine neighborhood U,=Spec(R,)
of x;, and a unit g in the total quotient ring of R; such that: a) (g),=/f;; 8) (g).is a
unit in @, for all x in U, x+x;; ¢) for j+i, x¢U,. If Uy=C—{x,x, ...,1.},
then the collection {(1, Uy), (g1, Uy), . .-, (gs» U,)} clearly defines the desired 2.)

We need the following consequence: let C be a curve, let C'=C,,; be the asso-
ciated reduced curve, and let 4 : C*—>C be the canonical map; for any divisor 2 on C,
k' (9D) is a well-defined divisor on C*, and from Lemma (11.2), it follows without difficulty
that every divisor 2° on C* such that h(x) is of depth 1 for all x in the support of D" is of the
Sform K (D).

We prove finally that (i) implies (ii) when G is proper over an artinian local ring
with algebraically closed residue field £. Each component G; of C may be regarded
as a complete curve over £. Hence we may choose on C,; distinct closed points P;, Q ;,
which are regular points of C” and such that A(P;), #(Q,) are of depth 1 on C. The
effective divisor 2" =2X8§,P; on C' is of the form #'(2), where & is an effective divisor

on C, and the invertible sheaf 0o(2) induces the invertible sheaf 0 (2") which in turn
induces, for each 7, an invertible sheaf of degree §; on C; (Corollary (10.3)). By
additivity of degree, F®0(—2) induces an invertible sheaf of degree o on each
component C,;, whence, by (i), ZRO(—2)20;, ie, FL=0(P). Similarly, if
E'=%5,Q,; we have & =k(&) with Z=0(&).
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Since the supports of £ and & have no point in common, % is generated by some
two of its global sections, and this completes the proof of Proposition (11.1).

In some cases, Proposition (11.1) holds orly if HYC, 0,)=o.

Complement (xx.3). — With the notation of Proposition (11.1), assume that each point
in the image of f has an algebraically closed residue field. If either (1) or (ii) of Proposition (11.1)
is true (for all invertible sheaves ¥ on C) then HYC, 0,)=o.

Progf. — As before, we may assume that G is connected and that A is an artinian
local ring. Since (ii) implies (i) (cf. beginning of proof of Proposition (11.1)), it is suffi-
cient to show that (i) implies H'(C, O;)=o0. This also is done in [3; Lemmas (1.4)
and (1.6)], Lemma (1.4) being modified as indicated during the proof of Pro-
position (rr.1). Q.E.D.

We will also make use in § 27 of the following simple lemma.

Lemma (11.4). — f: C — Spec(A) being as in § 10, assume further that C is integral
and that HY(C, O)=o. If & is an invertible Oy-module, then HY(C, £)=o0 if and only if
dego(L)=>—h(0).

Proof. — If HY(#)=o0, then

dego (L) =h(L) —h(05) > —h(0y).

In proving the converse, we may assume that H%(¥)=o; for, if H’(¥)+o,

then, C being integral, we have an exact sequence

0>0,>F—->A—o0

where " has support of dimension <o, and so there is a surjection HY(0;) -~ H'(%),
ie. H(#)=o0. Now if deg.(#)>—H(0;) and i (F)=o, then

o <dego(ZL) + h*(0Oc) = dego(Z) + x(0c)
=1(Z)
=—h(P)

Thus A(%L)=o0. Q.E.D.

§ 12. Relativization.

For the applications which we have in mind, it is necessary to give Proposition (11.1)
a relativized form.
Let A be a noetherian ring, and let f:X — Spec(A) be a map of finite type.
If # is a coherent Oy-module, and C is a closed subscheme of X, defined by a coherent
O-ideal, say, .#, we set
Fo=F®p, (04| F)=F |IF

Let i#;: C—>X be the inclusion map. There are canonical isomorphisms

([EGA III, (1.3.3)])
(2) H? (X, #,) 3 HP(C, iy(#)), p>o,
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Suppose now that G is a curve on X (by which we mean that C is a closed
subscheme of dimension one). We say that G has exceptional support, or that C is an excep-
tional curve (relative to f) if the support of C is proper over A and f{C) is zero-dimensional.
Such a C is then of the type considered in §§ 10-11, and so for any invertible sheaf &
on X, we may set

(£.C)=deg(ic(£)).

Theorem (x12.1). — Let A be a local ring with maximal ideal m, and let f: X — Spec(A)
be a proper map whose fibres have dimension <1. Assume that HY(X, Oy)=o0. Let L be
an invertible Ox-module. Then:

(i) (&L.E)=o0 for all integral exceptional curves E on X if and only if ¥ =0x.

(i1) (&L.E)>o0 for all integral exceptional curves E on X if and only if &L s generated
by its sections over X, and when this is so, HY(¥)=o.

(i11) (ZL.E)>o0 for all integral exceptional curves ¥ on X if and only if £ is ample, and
when this is so, L is even very ample for f.

Progf. — The ¢ if ” parts of (i), (ii), (iii) follow at once from Proposition (10.4).

Since the fibres of f have dimension <1, H*(#)=o0 for all coherent Oy-modules F
[EGA III, (4.2.2)]. Hence if # is generated by its sections over X, then H'(.%)
is a homomorphic image of H'(0%) for some positive integer s, and so H(#)=o.

If (£.E)>o for all E as in (iii) then i;,(#) is ample if D is the closed fibre of f
(Proposition (10.4)) and consequently [EGA III, (4.7.1)] £ is ample. Then (ii)
and Corollary (7.4) show that % is very ample for f. (This last statement is the only
part of (iii) in which the hypothesis H!(0x)=o0 is used.)

To complete the proof we need:

Lemma (x2.2). — Let F be a coherent Ox-module. Then HY(F)=o if and only if
HY(#F)=o0 for all exceptional curves G on X.

Proof. — Since H? vanishes for all coherent @x-modules and & is a homomorphic
image of #, H(#)=o0 implies HY(ZF ) =o.

Conversely, if H'(%;)=o0 for all C, then, letting ~ denote completion with
respect to the maximal ideal m, we have

H!(#)" =lim H(#® (0x /n?Oy))
£>0
=lim (o
;;)( )
=0

(cf. [EGA 1II, (4.1.7)]). Thus HY(#)=o. Q.E.D.

We return to the proof of (ii). Let x be a closed point of X. We have to show
that some global section of # does not vanish at x. Lemma (12.2) implies that
HY(C, 0;)=o0 for any exceptional curve C, so Proposition (11.1) shows that i;(.%)
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is generated by its sections over G, and the same is obviously true of ig(m0y). Hence
i(ZL®m0y) is generated by its sections over C so that (cf. beginning of proof of
Proposition (11.1), and the isomorphisms (2) above)

0 =HY(G, if(LOm0y)) = H(X, (LOm0y))-

It follows from Lemma (12.2) that HY(Z®@m0y)=o.

The exact cohomology sequence shows then that HY(%) — HY(¥® (Ox/mly)) is
surjective. For the closed fibre D on X, defined by m0y, we have, as above, that iy (%)
is generated by its sections over D (this being obvious if D is zero-dimensional); hence
some section of ¥, =® (Ox/m0) over X does not vanish at x, and since this section
can be lifted to a global section of ., we are done.

The proof of (i) is almost identical, the only difference being that ip(#) — and
hence ¥ — has a global section which does not vanish at any closed point x. Q.E.D.

Remarks. — 1. Theorem (12.1) can easily be reformulated so as to apply to the
situation where Spec(A) is replaced by an arbitrary locally noetherian scheme.

2. For later use, we set down some simple properties of the ¢ intersection
product ” (& .C) defined at the beginning of this section:

a) If C is integral then (£.C) is an integer multiple of #°(C, @;).

(This is because cohomology groups of coherent sheaves on G are vector spaces
over the field H(C, 0,)). '

b) If # and A" are invertible sheaves on X, then

(M@ H').C)= (M .C)+(N.C)

b ]

(This follows at once from the additivity of * degree > (Proposition (10.2) a)).)

¢) If @ is an effective divisor on X whose support contains no associated point
of C, then
(0x(2).C)=r((03)c)-

(Under our assumptions, (%) is an effective divisor on G, and the assertion
follows easily from (2) above and Corollary (10.3).)

IV. — AN EXACT SEQUENCE FOR THE DIVISOR
CLASS GROUP

In part IV we continue to lay a proper foundation for the results in parts V and VI.
To a large extent, IV is devoted to a systematic presentation of more or less familiar
facts in a setting suitable for the subsequent applications. Some of these applications
are given in § 17.

Throughout R will be a two-dimensional normal local ring, with maximal ideal m,
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admitting a desingularization, say, f:X — Spec(R) (*). We study an exact sequence
of abelian groups

(3) o - Pic®(R) — Pic(U) - H

where U==Spec(R)—{m}, so that Pic(U) is the divisor class group of R. The
group Pic®(R) is the numerically trivial part of Pic(X), while H is (approximately) the
finite abelian group defined by the intersection matrix of the exceptional curves on X.
(The requisite intersection theory is reviewed in § 13.) The homomorphisms in (3)
are defined in § 14. If R is kenselian, then Pic(U)—>H is surjective (Proposition (14.4)).
In § 15 it is shown that the sequence (3) is actually independent of the choice of the
desingularization X (so that the notation ¢ Pic’(R) ” is justified). In § 16 we examine
the relation between (3) and the corresponding sequence for a formally smooth R-algebra.

When R is the local ring of a point on a two-dimensional complex space, Mumford
has obtained, by transcendental means, an exact sequence containing (3) ([15; Part IT]).
An immediate consequence, in this case, is that R. has a rational singularity if and only
if R has a finite divisor class group (cf. [7; Satz (1.5)]). In Theorem (17.4) we reach
the same conclusion for any henselian R with algebraically closed residue field. The treatment
given here is purely algebraic.

We also include a result on the factoriality of certain power series rings (Pro-

position (17.5)).

§ 13. Intersection theory for exceptional curves.

We now review those few facts of intersection theory which we will need in later
sections. The results here are all particular instances of the formalism developed by
Kleiman in [xx; Chapter 1].

As in § 12, we deal with an arbitrary map of finite type f : X—>Spec(A), A being
a noetherian ring. The subsequent considerations will be applicable mainly when X
is two-dimensional because of the following restriction on our previous terminology:
from now on, by a curve on X we mean a one-dimensional closed subscheme of X whose defining
sheaf of ideals is invertible, or equivalently, an effective divisor with one-dimensional support.

Let D be a divisor on X, and let 0(D)=04(D) be the corresponding invertible
sheaf. Let E be a curve on X, with exceptional support (cf. § 12). O(—E) is the sheaf
of ideals defining E; let 0p=0yx/0(—E). For any coherent Oy-module &, we set

F(D)=F®, 0(D)
and asin § 12 Fpg=FQ,, Og.

If ¢ is an Oyx-module which is locally isomorphic to @, then the HP(X, &) are
A-modules of finite length, and we set

degg (%) = x (%) —x(05) = degg(ix(¥))
(*) Cf. Remark (16.2).
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where ;: E—X is the inclusion map (so that iz(%) is an invertible sheaf on E). This
abuse of notation should cause no difficulty. The intersection number (D.E) is defined by

(D.E)=(0(D).E) = degg(0y(D))
(cf. beginning of § 12).
Some basic properties of the intersection number are set out below. They will
be used, sometimes tacitly, throughout the sequel.

It will be convenient to write ¢ AP(E) *, ¥ (E) » in place of < AP(0g) 7, % (Og) .
Proposition (13.1). — Let D, Dy, D, be divisors on X, and let E, F be curves on X with
exceptional support:

a) If E is integral, then (D.E) is an integer multiple of H°(E).
b) (Dy+Dy) . E)=(D,.E)+(D,. E)
(DA(E+F)=(D.E)+(D.F).

c) If D is an effective divisor whose support contains no associated point of E, then
(D.EY>o0, and (D.E)=o0 if and only if the supports of D and E have no point in common.

d) \ (F.E)=3(E) +x(F)—x(E + F)=(E.F).

Proof. — a), the first equality in 5), and ¢), all follow easily from &), 5) and ¢)
of Remark 2 at the end of § 12.

Now tensor the exact sequence
0> 0(—E)—>0;—-0;—0
with the invertible sheaf ¢O(—F) to obtain an exact sequence
0> O(—E—~F) > O(—F) > O(—F) >0
so that the exact sequence ‘
0 - O(—F) [0(—E—F) - Oy 0(—E—F) > 04/0(~F) o
can be written as
\ 0> 0Oy(—F) >0 s> Or—~o0
Tensoring with an Ox-module £ which is locally isomorphic to Oy , ¢, we get an exact sequence

0> Zp(—F)>Z—>Fr—>o0

from which, along with additivity of * degree ’, we obtain
(F.E) = degy(0p(F))
= degy(Ly) —degg(LE(—F))
= (degg(Zp) + x(B)) —x(Za(—F))
= x(Fe) — (L) —x(Z%))
i.e.

(4) (F. E)=3(Ze) + 1 (ZLe) —1(Z)-
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In particular, for L=04,,, we get
(5) (F.E)=y(E)+x(F)—x(E+F)

which is the first equality in d). The second follows by interchanging E and F.
Subtracting (5) from (4), we get

0 = degy(Ly) + degp(Lp) —degs , #(L).
In particular, if 4" is an invertible Oyx-module, then

degg ¢ p(A g 4 5) = degg(Ag) + degp(A5)-
For 4= 0(D), this is the second equality in 4). Q.E.D.

§ 14. Definition of the sequence.

As before, let R be a two-dimensional normal local ring, with maximal ideal m,
admitting a desingularization f:X-—Spec(R). Note that every closed point on X is
of codimension two (by Zariski’s ¢ main theorem ” [EGA III, (4.4.8)], for example).
Since X is regular, it follows that every one-dimensional closed subscheme C of X having
no closed associated points is defined by an invertible Ox-ideal (i.e. Cis a curve on X in the
sense of § 13), and conversely. Thus all the results of § 13 are applicable.

Let E;, E,, ..., E, be the distinct components of the closed fibre, i.e. all the
integral curves on X with exceptional support, so that f~*({m}),=E;+E;+...+E,.
The following lemma of Du Val is important:

Lemma (x4.x). — The intersection matrix ((E;.E;)) is negative-definite.

Proof. — 1t is sufficient (cf. [4; proof of Proposition 2]) to find a curve
C=2X¢FE, (¢;>0) such that a) (C.E)<o for all i and B) (C.C)<o. In view of
Prop:)sition (13.1) ¢), @) implies that if ¢;=o0 and ¢>o0 then E,; and E; do not meet,
so that c'L=JOEi is both open and closed in f~*({m}); since f~'({m}) is connected, it
follows that ¢;>>0 for all 7, and so B) holds provided (C.E,)<o for at least one 7.

Let 7 be any non-unit in R, let z; be the discrete valuation whose center on X is E,,
and let C be the curve 2y (r)E,. Then r0(C)COx, ie. rO(C)=0(—D) where D is
an effective divisor whosel support contains no associated point of C. Moreover there is a
discrete valuation » whose center in R is a height one prime ideal containing r; since f
is proper, the center of v on X is a one-dimensional integral closed subscheme meeting L) E,,
and since »(r)>o, this center is part of the support of Oy/r0(C), i.e. the support of D.
Thus D is a curve such that (D.E;)>o for all 7, with strict inequality for at least one i.

But 0=(r0g.E)=—(C+D.E)=—(C.E)—(D.E)
ie. (D.E)=—(C.E,), so that C is as desired. Q.E.D.

Let E be the additive group of divisors on X with exceptional support, i.e. divisors

n
of the form X 5;E; with s;€Z, the group of rational integers. Since no non-zero
i=1
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principal divisor has exceptional support, the canonical map E-—Pic(X) is injective,
where Pic(X)xH' (X, 0%) is the group of divisor classes on X.
The cokernel of this map is easily determined. Let

U=X—f""({m})=Spec(R)—{m}.

Then Pic(U) is nothing but the divisor class group of R, i.e. the free group generated by
height one prime ideals in R, modulo principal divisors. The restriction map
p : Pic(X) — Pic(U) is clearly surjective and its kernel consists of classes of divisors D
on X which become principal on U. But this condition on D means precisely that D
is linearly equivalent on X to a divisor with exceptional support. Thus we have an

exact sequence o—-E->Pic (X)—‘l Pic(U)—o

Next, for each i=1,2,...,n, let 4, >0 be the greatest common divisor of all the
degrees of invertible sheaves on E;. For each divisor class A in Pic(X) we can
define (A.E;) to be (D.E,) where D is any divisor whose class is A. We define a group

homomorphism 6 : Pic(X) ~E" = Hom(E, Z)

by setting (G(A))(Ei)zg(A.E,-) i=1,2,...,n

i

for A in Pic(X). The kernel of 6 is the group of divisor classes whose intersection number
with every exceptional curve on X is zero; we call this group Pic’(X). Because of the
negative-definiteness of ((E;.E;)) (Lemma (14.1)), the restriction of 6 to E is injective,
i.e. EnPic®(X)=(0). The cokernel H of this restricted map is seen at once to be the
abelian group with generators ¢, ¢, ..., ¢, subject to the relations

li‘(E,-.Ej)ejzo (t=1,2,...,n).
J

I =

]

H is a finite group of order .

dd,. . .d,

Finally, let G be the cokernel of 0 itself. We have then a commutative diagram
with exact rows and columns

det((E;.E,)).
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The definitions of the maps in the last row are self-evident, and the verification of exactness
i1s immediate. Thus:

Proposition (14.2). — With the preceding notation, there is an exact sequence

0—Pic’(X) - Pic(U) > H—->G—o.

We finish § 14 with a sufficient condition for G to vanish.

Lemma (14.3) (Y). — Suppose that for every height one prime ideal p in R, the integral
closure of R[p in its field of fractions is a local ring, i.e. R|p is unibranch. (This condition
holds, for example, if R s henselian.) If E is any exceptional curve on X, then the restriction
map Pic(X) — Pic(E) s surjective.

Before proving this lemma, we deduce:

Proposition (14.4). — If R satisfies the condition of Lemma (14.3), then G =(0), so
that there 1s an exact sequence :

o — Pic’(X) — Pic(U) - H —»o.

Proof. — Let E=E,+E,+...+E, and let ¢ : E,—~E be the inclusion maps.
The exact sequence of abelian groups

() > @;‘:*ﬂl@;;

has cokernel with at most zero-dimensional support; consequently there is a surjection

HY(X, 0}) -~ HY(X, [16}) =TIH\(X, 6},)

from which we conclude easily that the map
Pic(E)=HI(E, 0) 5 TIH!(E,, ¢}) =11 Pic(E)

is surjective.

From the definition of d;, it follows that there is an invertible sheaf of degree d;
on E,, and therefore there is an invertible sheaf #; on E such that ¢;(.%,) has degree d;
and for j+i, (%, has degree zero. Since ; is induced by an invertible sheaf
on X (Lemma (14.3)), we see that 0 is surjective, i.e. G=(0). Q.E.D.

Now we prove Lemma (14.3).

Since E has no embedded associated point, every invertible sheaf on E comes from
a divisor on E. Because of Lemma (11.2), it is sufficient to show that if Q) is a closed
point on E, and w is a non-zero-divisor in @ ¢ then there is a divisor D on X whose
support meets E only at Q) , and whose local equation at () (on X) induces w. Let w
be an element of Oy , whose image in Oy ¢ isw. We may assume that no E; is a component
of the divisor (w) on X. (Let py, Py, -., Py, Pryys -+, P; be the prime ideals in Oy g
corresponding to those E; passing through Q which are not components of E, the labelling
being such that wep,, p,y, ..., P, WEP, 15 -+.» Py; if q is the kernel of the natural

) Cf. [EGA IV, (21.g.12)].
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surjection Ox q—>0g g, then we can choose aeqnp,, n...np, a¢il=rlei, and replace w
by w-a.) Write (w)=D+D’, where no component of D’ passes through Q, and
every component of D passes through Q. Then D is the desired divisor.

To see this, it is clearly enough to show that every prime divisor & on X other than
E, By, ..., E, meets £ in at most one point. Let R’ be the local ring of such a point on X,
let p’ be the height one prime ideal in R’ corresponding to &, and let p=p'nR.
Then R'CR =R, and if g:R,—- R, /pR,=K is the canonical map, then
gR)Cg(R)<K. Since g(R)=R/p is one-dimensional and unibranch, the theorem
of Krull-Akizuki [17; § 33.2] shows that the integral closure S of g(R) in K is a discrete
valuation ring, and S is contained in, hence equal to, the integral closure of g(R’) in K.
Thus S dominates g(R’). Now if x is a non-unit in g~*(S), then g(x) is a non-unit in S
(otherwise x is a unit in R, (since g(x)+0) and g(1/x)=1/g(x)eS, ie. 1/xeg™'(S));
it follows that the sum of two non-units in g~*(S) is a non-unit. We see then that g~*(S)
is a local ring which dominates R’. Since S depends only on &£, and since there can
be no more than one point on X whose local ring is dominated by g=*(S), we are done.

§ 15. Intrinsic nature of the sequence.

In § 14 we have defined an exact sequence
0o —> Pic®(X) - Pic(U) > H—->G —>o

of groups associated with a particular desingularization X of a normal two-dimensional

local ring R. 1In this section we will show that the sequence depends only on R and
not on X.

To this end, let g : X'—>X be a proper birational map with X’ regular. For any
divisor D on X there is a unique divisor D’=g"(D) on X' with the property that for
any x'eX’, alocal equation for D at g(x") is also a local equation for D’ at x’; moreover
we have a canonical isomorphism g'(0x(D)) 3 0x.(D’). D’ can be represented uniquely

in the form D' —DF L F
where D¥ is a formal linear combination of prime divisors whose supports are mapped

by g onto curves on X, while the support of F’ is mapped into a zero-dimensional subset

of X. D¥ is the proper transform of D (by g). It is an easy consequence of Proposi-
tion (10.2) &) that:
o) tf G is an exceptional curve on X then
(D’".CH=(D".C")=(D.C);
B) tof F is any curve on X' such that g(¥) is zero-dimensional, then F has exceptional support,
and (D'.F)=o.

Let E’ be the group of divisors on X’ with exceptional support and let F be the
subgroup consisting of divisors on X’ whose support is mapped by g into a zero-dimensional
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subset of X. It is evident that every divisor on X’ can be written uniquely in the form
D’+F where D is a divisor on X and FeF; D'+F is principal on X'if and only if F=o0
and D is principal on X; and D'+FeE’ if and only if DeE. From these facts, we
obtain the following commutative diagram of split exact sequences:

o > Div(X) %> Div(X') == F - o

! ! H

o > Pic(X) %> Pic(X) == F > o

J J |

g‘
o—> E ) —> F > o
4 i

(where ¢ Div ” denotes ““ Group of divisors on ’) and hence the split exact sequence
ya

o« E E”* F* > o

o ia

| H |

Hom(E, Z) Hom(E',Z) Hom(F,Z)

Lemma (15.1). — Let 0 :Pic(X)—>E* be as in § 14, and let 0" : Pic(X')>E"™ be
similarly defined. Let  :F—>F* be defined by restricting 0', 1.e. $=1%0"0i. If Pic(X")
and B are identified respectively with Pic(X)DF, E*®F* according to the above splittings,
then O becomes identified with 0©4.

Proof. — The lemma is equivalent to the following four equations:

(iv) is the definition of ¢, (iii) is nothing but the relation (D’.F)=o given in §)
above, and (ii) says that (F.E’)=o if FeF, EcE, which is true since (F.E")=(E'.F).
(i) says that for DeDiv(X), E€E, we have 4
(6"(D)) (E) = (8(D)) (E).

It is enough to check this for integral E. Then E'=E*+2nF, (FeF), and since
(D’.F)=o0 for all i we have '

I

(6"(D))(E") = (D" E)

:%(D.E) (cf. «) above)

d
—Z(OD))(E)
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where d>o is the greatest common divisor of all degrees of invertible sheaves on E,
and d*>o0 is defined similarly for E¥. But since E¥ is birational over E, the canonical
map Div(E) — Div(E¥) is surjective (as follows from Lemma (11.2) and the fact that
every locally principal fractionary ideal of a semi-local domain is principal; or
cf. [EGA IV, (21.8.5)]) and by Proposition (10.2) 8), d=d*. Q.E.D.

We will also need:

Lemma (15.2). — The above map ¢ : F—F" is an isomorphism.

Proof. — By the Factorization Theorem (cf. Theorem (4.1)) we have
g=g,=h,oh, io...0h where for 1<k<m, b, :X, > X,_, (X,=X) is a quadratic
transformation. Let F, be the group of divisors on X, (1<t <m) whose support has
zero-dimensional image on X, and let {, : F,—F; be defined as above.

We proceed by induction on m. Just as in Lemma (15.1), we can write
F =F, 0F,{,=1{,_ 9y where F' consists of the multiples of the (unique) integral
curve F on X, whose image on X, _, is a closed point, and ¢’ : F'—F"* is defined by

(" (F)(F) =< (F.F)

7| —

where 3 is the g.c.d. of degrees of invertible sheaves on F. By the inductive hypo-
thesis ¢,, , is an isomorphism; so it is enough to show that {’ is an isomorphism,
i.e. that (F.F)=+3. Since #°(F) divides 3, this follows from the well-known fact that

(F.F)=— K(F).

(This can be seen — for example — as follows : if x is the point on X, _, which is blown up to give X, then F
can be identified with the projective line L over the residue field of x, and then if 1 is the maximal ideal of Oy, _;
we have an identification of

O(—F)= 0F®@Xm ﬂ@xm
with @, (1). Thus
(F.F)=—deg, (0:(1))=—HK(L)=—I(F)

as required. (Alternatively, use Corollary (23.2).) Q.E.D.

We can now prove the main result in this section by piecing together the preceding
information in the form of various commutative diagrams.

First:
o - E — Pic(X) > Pic(U) — o

g‘l Gy l-‘l' Gy lZZ

o > E' - Pic(X’) & Pic(U) - o

The commutative square o, is obtained by applying the functor * Pic ” to

gHU) =X

1

[4

N ¥
U« X
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Second :
(6] (6] (6] (6]
o - Pic(X) ——— Pic(X) ’ E' G > o
’ O3 Gy
l ¢

0 - Pic®(X') > Pic(X')=Pic(X)OF &% E*=E0F — G — o
[¢]

The fact that the commutative square o, induces isomorphisms of the kernels Pic’(X),
Pic®(X’), and the cokernels, G, G’, follows from Lemmas (15.1) and (15.2).

Third:
Pic(X) 0
SN
E l >E* >H >0
Pic(X") l o5 l
/
E’ E™ >H' >0
!
o

The square with the E’s is obtained by putting together s; and o, as shown; the
map from H to H' is defined to be the unique map making o, commute. This cokernel
map H—H’ is an isomorphism for the same reason that G—-G’ was.

Fourth:
Pic(X") E*
Pic(X) =———E*
o' (Pic®(X")) Pic(U) ' \\ >H' » G'e—30
Og Gy l A Cg /
p(Pic’(X)) ——Pic(U) >H >G >0

Of the six faces in the central cube, all but the bottom one (s,) are known to be

commutative; since Pic(X) — Pic(U) 1s surjective o, is also commutative. Similarly
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we find that oy is commutative. The commutativity of o5 follows at once from that
of 6, and o,.
All this ¢ diagramatic nonsense ’ plus a few extra trivia is summarized in:
Theorem (15.3). — The diagram preceding Proposition (14.2) is a contravariant functor
of X as X varies in the category of desingularizations of Spec(R). If ¢: X' —>X is a map
in this category, the corresponding map of diagrams induces an isomorphism of exact sequences

(o} (] (] (o}

l

0o —> Pic®(X) —> Pic(U) — H — G —> o

l

0o —> Pic%X’) —» Pic(U) — H —> @& —> o

l

0 0 (o} 0

Thus the groups Pic’(R) = Pic®(X), Pic(U), H and G and the exact sequence
o — PiCO(R) — PiC(U) —~H->G—>o
depend only on R and not on X.

Proof. — The only thing left to be said is that in verifying the last assertion, one
should recall that any two desingularizations of Spec(R) are both dominated by a third
(cf. B) in the proof of Proposition (1.2)).

§ 16, Formally smooth extensions.

Lemma (16.x). — Let A be a reduced local ring, with maximal ideal m, such that there
exists a desingularization g:Y — Spec(A). Let B be a local ring, and let ¢ : A—>B be a
local homomorphism such that, with A and B topologized by the powers of their respective maximal
ideals, B is a_formally smooth A-algebra (Y). Let A’ be the integral closure of A in its total ring
of fractions T, and let B', Ty, be similarly defined. Then

(1) A’ is a finitely generated A-module.
(11) B s reduced and the projection

&w : L=Y®,B — Spec(B)
is a desingularization.

(iii) With canonical identifications we have
B=A®,BCA'®,BCT,®,BCTy,
and then A'®,B=B".

(%) For our purposes this can be taken to mean that B is flat over A and that B/mB is geometrically regular
over Afm (cf. [EGA oy, (19.7.1) and (22.5.8)]).
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Proof. — (i) Since g is a desingularization it is easy to see that A'XT(Y, 0),
which is a finitely generated A-module.

(ii) To prove that Z is regular it is enough to show that @, , is regular for every
closed point zeZ. We have the cartesian diagram

Y «—"— Z

[4 . 9(s)
S

Spec(A) <~ Spec(B)

Let y=o0(z). Since g, and therefore gy, is proper, g(y)=17(gg(2))=m, and so the
residue field k(y) is a finitely generated extension of A/m; since B/mB is geome-
trically regular over A/m, the fibre

s () =k(y) ® ym B/mB

is regular; and since Oy , is regular and o is flat, it follows that @, , is regular.
The canonical map

¢ : W=Spec(T,)®,B—>Y®,B=Z

induces an isomorphism 0, ., — Oy, for any weW, so that Oy , is regular. Hence
T,®,B is reduced, and since BCT,®,B (cf. proof of (iii) following) B is reduced.
Finally gg, is birational [EGA IV, (6.15.4.1)] and so gg is a desingularization, as
asserted.

(iii) Since B is flat over A, we have a canonical map ¢ :T,—Ty which gives
rise to an injective map T,®,B — T;; we then obtain the indicated identifications
from the inclusion ACA’CT, by tensoring with B. Moreover one checks that when
(Y, Oy) and T'(Z, @,) are naturally identified, as in the proof of (i), with A’ and B’
respectively, then ¢ induces the map

I'(c) : T(Y, Oy) - T'(Z, O,)
corresponding to . Finally, since B is flat over A, I'(s) gives (upon extension of scalars)
an isomorphism
T(Y, 0y)®,B 3 1(Z, 0,) [EGA III, (1.4.15)].
Thus A’®, B=B’. Q.E.D.
Remark (x6.2). — A special case of (16.1) is: if A is a normal local ring admitting
a desingularization, then the completion A is normal. (Take B=A in (ii1).) Conversely,

if A is a two-dimensional local ring such that A is normal, then the methods of Hironaka [10]
show that A admits a desingularization (since the two-dimensional excellent normal
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local ring A can be desingularized by “ modification of the closed point »; and such
a desingularization  descends ” to A).

Proposition (16.3). — Suppose that A and B satisfy the hypotheses of Lemma (16.1) and
that furthermore both are two-dimensional (so that mB is the maximal ideal of B and B/mB is a

separable field extension of Ajm). If either one of A or B is normal then so is the other, and there
is a natural commutative diagram with exact rows and columns

o} (o}

l l

o —> Pic®A) —> Pic(U,) —> H(A) —> G(A) —> o

| | | l

o —> Pic(B) — Pic(Uy) — H(B) — G(B) — o

Moreover if B/mB is a regular field extension of Ajm then y is an isomorphism (*).

(The rows of the diagram are the sequences defined in Theorem (15.3), with A, B,
respectively, in place of R.)

Proof. — If A is normal then so is B, by (iii) of Lemma (16.1). Conversely if B
is normal then so is A, since, by flatness, A=Bn (field of fractions of A).

Let g:Y->Spec(A), g : Z=Y p—>Spec(B), 6: Z->Y, be as in Lemma (16.1),
and let Ey, E; be the groups of exceptional divisors on Y and Z respectively. Since

g ({mB}) =g *({m})®, ,B/mB
each integral curve E with exceptional support on Z dominates a unique such curve ¢(E)
on Y. We define a homomorphism
6, : E;—>Ey
by setting, for each integral curve EcEj,
oy(E) =pgo(E)
where pj is the integer (depending on E) defined in the following lemma (with F =g¢(E),
k=A/m and K=B/mB).

Lemma (16.4). — Let ¥ be an integral curve proper over a field k. Let K be a field
containing k, and let E be a component of the curve ¥y, with projection map = :E-—~F. Let L
be a finite algebraic extension of k which is a field of definition of E, so that E=Dyy,, where D
is a component of ¥y, (such L exist). Let n=[L :k] and let t be the degree of the function

field of D over that of ¥.  Finally let dy, be the g.c.d. of all the degrees (over k) of invertible sheaves
on F and let dg be the g.c.d. of all the degrees (over K) of invertible sheaves on E.  Then

p—na’E

(1) Cf. correction at the end of this paper.
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s an integer, and for every invertible sheaf M on ¥ we have
I

dg

I

aTF degp(A).

degE(ﬂ*%) =P

Moreover if K is a regular extension of k then dg=d, and p=1 (!).
Proof. — Let m; : D—>F be the projection. It follows from Proposition (10.2) 4)
that
n.degp(m ) =t.degy (M)

3

where  degp ” is relative to L. Since E=Dy, and degree is defined in terms

of cohomology groups, we have
degg(n' M) = degy(mM).

Thus 2 degy(w ) =" degp(xtt) =

I
.— degp (A
dE n dE P dF egF( )

as asserted. To see that p is an integer, just take 4 to be an invertible sheaf of degree d.

If K is a regular extension of £, then we can take L =#4 so that n=¢=1. Since p
is an integer, we need only show now that d; divides dz. Let F be the normalization
of F in the field of functions of F, and let E= F(K) . Then Eis birational over E [EGA TV,
(6.15.4.1)] so that dy=d; and dy=dg (cf. end of proof of Lemma (15.1)). Let 35,
be the g.c.d. of all the field degrees [k(x): %] as x runs through the closed points of F,
and let 35y be similarly defined. Since the group of divisors on a curve is generated
by effective divisors with one-point support (Lemma (11.2)) and since F is regular,
we see that 3g,=dp(=d;) and that 3gy divides dg(=dg). But since K is a regular
field extension of k£, we have 3y,=3;x. Q.E.D.

Returning to the proof of Proposition (16.3), let o; be as above and let
o; : Ey=Hom(Ey, Z) >Hom(E,, Z)=E;

be the adjoint homomorphism. Let 6y : Pic(Y)—>Ey, 0,: Pic(Z) >E; be defined

asin § 14. Then the diagram
Pie(o

Pic(Y) =29 Pic(2)
(6) ox Jez

15 commutative. Indeed the commutativity means precisely that: if E is an integral curve

(}) Cf. correction at the and of this paper.
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on Z with exceptional support and F=g¢(E) is the corresponding curve on Y, then for
any invertible sheaf .# on Y, we have

diE<c*<$>.E>=pE.diF<$.F>
and this follows at once from Lemma (16.4).

In view of the definition of the rows (§ 14), it is now completely straightforward
to see that a commutative diagram exists as asserted in Proposition (16.3). To see
that B (and hence o) is injective, we need only note that if I is an ideal in A such that IB
is a principal ideal of B, then I is principal in A (since B is faithfully flat over A). To
see that v is an isomorphism when K is a regular extension of £, it is enough (because
of (6)) to check that o, is an isomorphism, and this too follows from Lemma (16.4).
This completes the proof.

Remark. — It can be shown that if A is henselian and B=A, then « and 8 are isomor-
phisms. (We will not need this result.)

Proposition (16.5). — Let A, B be as in Proposition (16.3). If either one of A or B
is normal then so is the other, and then A has a rational singularity if and only if B has a rational
singularity. ’

Proof. — The assertion about normality is proved at the beginning of the proof
of Proposition (16.3). If A has a rational singularity then there is a desingularization
g:Y—>Spec(A) with HY(Y, 0y)=o. Then gg:Z=Y®,B— Spec(B) is a desingu-
larization of B (LLemma (16.1)) and since B is flat over A,

HY(Z, 0,)=H'(Y, 0y)®,B=o.

Thus B has a rational singularity.
Suppose conversely that B has a rational singularity. Assume, for purposes of
induction on 7, that there exists a cartesian diagram

Y, « > Z,=Y,®,B

In hn = gn(B}

+
Spec(A) '<— Spec(B)

where g, is propbr and £, 1s a product of quadratic transformations. (For n=o0, we
can take Y,=Spec(A), Z,=Spec(B).) Note that Z, is normal (Proposition (8.1)).
then H'(Y,, 00)®,B=H'(Z,, 0,) =0

(Proposition (1.2)) and since B is faithfully flat over A, H'(Y,, Oy )=o0. Also if Z, is
regular, then so is Y, (because o, is faithfully flat, cf. [EGA oy, (17.3.3) (i)]), and

then we are done.
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If Z, is not regular, blow up a non-regular closed point y on Y, and let Y, be
the resulting surface. Since o, is flat, and since the fibres of s, over the closed points
of Y, are regular zero-dimensional schemes (cf. proof of Lemma (16.1)), we see that

Zn+1 :Yn+1XYnZn:Yn+1®AB

is obtained from Z, by blowing up the finite set of closed points on Z, which lie over y.
None of these points is regular on Z,, otherwise, as above, y would be regular on Y,.
Continuing in this way, we construct Y, 5, Z, .5, Y, 3, Z, 5, .... But for sufficiently
large N, Zy must be regular (cf. proof of Theorem (4.1)). This completes the proof.

§ 17. Applications: finite divisor class groups; factorial henselian rings.

We maintain the notation of § 14.

Proposition (x7.1x). — If R has a rational singularity then its divisor class group Pic(U)
is finite. If moreover R satisfies the condition of Lemma (14.3) (in particular, if R is henselian)
then Pic(U)=xH.

Progf. — Theorem (12.1) (i) (along with Proposition (1.2), 2)) shows that if R
has a rational singularity then Pic’(X)=(0). Since H is finite, the conclusion follows
at once from Propositions (14.2) and (14.4). Q.E.D.

Corollary (17.2). — The following are equivalent:

(i) R fhas a rational singularity and H(R)=(o0).

(1) The henselization R of R has a rational singularity, and R” is factorial.

(iii) The completion R of R has a rational singularity, and R is Sfactorial.

Proof. — Proposition (16.5) (with A=R, B=R" or R) shows that either every
one or no one of R, R, R, has a rational singularity. Similarly, Proposition (16.3)

~

gives H(R):H(R')_—_H(R). Finally, by Proposition (17.1), R" (respectively R) is
factorial if and only if H(R") (respectively H(R)) is trivial. Q.E.D.

(17.1) has a partial converse:

Proposition (17.3). — Let R be as in Lemma (14.3), and assume further that R has
an algebraically closed residue field. If Pic(U) is finite then R has a rational singularity.

Progf. — If Pic(U) is finite then so is Pic’(X) (Proposition (14.2)). Let C be any
curve on X such that C ;=E,+E,4...+E,. Let Pic’(C) be the subgroup of Pic(C)
consisting of the classes of those invertible sheaves .# on C such that degg(c;(-#))=o0
for all 1=1,2,...,n (where ¢;: E;—~C is the inclusion map). Lemma (14.3) shows
that Pic’(C) is the image of Pic®(X) under the canonical map Pic(X) — Pic(C), and
so Pic’(Q) is finite. The proof of Complement (11.3) works equally well if one assumes
only that Pic*(C) is finite (instead of Pic’(C)=o0 asin Complement (11.3)); the conclu-
sion is that H'(C, 0,)=o.

For any integer r>o0 let X, be the subscheme of X defined by the ideal m" 0.
Since

H!(X, 0x)" =lim H!(X, 0y [EGA III, (4.1.7)]
r>0
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it will be sufficient to show that H'(0x)=o for all . We cannot use the result of
the previous paragraph directly since X, may not be a ¢ curve on X  in the sense
of § 13. However, there ¢s such a curve C, which is a closed subscheme of X, and
which is such that the inclusion C,—X, is an isomorphism outside the (at most
zero-dimensional) set of “ embedded ** associated points of X,. It follows at once that
H'(0y ) =H'(0,)=o0. Q.E.D.

From Propositions (17.1) and (17.3) we obtain:

Theorem (17.4). — Let R be a two-dimensional normal henselian local ring with an
algebraically closed residue field, such that there exists a desingularization f:X — Spec(R) (1).
Then the divisor class group of R is finite if and only if R has a rational singularity. In particular,
R is factorial if and only if R has a rational singularity and the group H defined in § 14 is trivial.

As a further application we prove a special case of a conjecture of Samuel.

Proposition (17.5). — Let R be a two-dimensional normal local ring having a rational
singularity and such that the group H—=H(R) is trivial. Let R be the completion of R.  Then
the power series ring R[[T,, T, ..., T,]] is factorial for every n>o (%).

Progf. — We may assume that R =R and that R is factorial (Corollary (17.2)).
A theorem of Scheja [19; Satz 2] states that if S is a complete factorial local ring of depth > g,
then any power series ring over S is also factorial. Thus it will be enough for us to show
that R[[T]] is factorial with T=T,. Let m be the maximal ideal of R. By a theorem
of Ramanujam-Samuel [EGA IV, (21.14.1)] it is even sufficient to show that the
ring R[[T]], is factorial, where p is the prime ideal mR[[T]].

Now B=R[[T]], is flat over A=R, mB is the maximal ideal of B, and the
residue field B/mB is the field of fractions of (A /m)[[T]], which is a regular field extension
of A/m. Consequently (Proposition (16.3)) H(B)=H(A)=(0). Moreover B has a
rational singularity (Proposition (16.5)). Hence, as in (17.1),

Pic(Ug)CH(B)=o0
i.e. B is factorial. Q.E.D.

(Actually it will emerge in § 25 that the rings R to which Proposition (17.5) applies
are all of the type treated by Scheja in [19]; hence — a posteriori — the statement of
Proposition (17.5) is not new.)

V. —UNIQUE FACTORIZATION OF COMPLETE IDEALS

It is easily seen that any complete ideal in a noetherian normal ring can be expressed
as a product of simple complete ideals, i.e. of complete ideals which are not themselves
the product of two other non-unit ideals. In this part V, we study questions concerning
the uniqueness of such factorizations in a two-dimensional normal local ring having a

(*) Cf. Remark (16.2).
(3) (Added in proof) Grothendieck has indicated in correspondence that the converse also holds .
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rational singularity. The main result (§ 20) is that such uniqueness holds if and only
if the completion of the ring is factorial.

In § 21, dropping the assumption of ‘ rational singularity ”, we study the condition
of unique factorization in the sense of the # product introduced by Krull, namely for
any two ideals I, J, I+ J is the completion of 1J. The results obtained generalize a number
of those in [25; Appendix 5].

As in IV, R will be a two-dimensional normal local ring with maximal ideal m,
f:X — Spec(R) will be a desingularization with X +Spec(R), and E,, E,, ..., E, will
be the components of the closed fibre f~*({m}).

§ 18. Correspondence between complete ideals and exceptional curves.

As before we denote by E the group of divisors on X of the form X nE,; with
i=1

rational integers n,. Let E* be the set of divisors DeE, D=+o, such that O(—D)
is generated by its sections over X. Let E* denote the set of divisors DeE, Dso,
such that

(0(—-D).E)>o0 (i=1,2,...,n)
iie. (D.E)<o forall ¢=1,2,...,n For these two sets we have:

(i) E*CE*.

(This follows from the trivial part of Theorem (12.1) (ii).)

(ii) If D=2nE.cE", then n>o for all i, i.e. D is a curze on X.

(This follows from the negative-definiteness of the intersection matrix
(Lemma (14.1)): set D=A—B where A, B are curves without common components;
since ((A—B).B)<o and (A.B)>o0, we must have (B.B)>o0, whence B=0.)

(iii) Both E¥ and E* are closed under addition: if D, and D, are in E* (respec-
tively E*) then so is D, +D,.

Now for any D=2XnFE,; in E¥ let

I, =T(X, 0(—D)).

Since D is a curve, O(—D)C @ and hence

L,eT'(X, 0x)=R
i.e. I is an ideal in R. By definition of E¥,

I,0y=0(—D).
I,+ R since D+o. Anelementrof Risin Iifand onlyif o(r)>n, for i=1,2,...,n,
where 7, is the discrete valuation corresponding to E;; thus I, contains a power of m.
Moreover if x is in the completion of I, then we see at once (by remark ¢) of § 5, for

example) that o, (x)>n; for all 7, so that xel,. In other words, I} is an m-primary
complete ideal in R such that 1,0y is invertible.
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Conversely, if I is any complete m-primary ideal in R such that 10y is invertible,
then
10, = 0(—D))

where D;cE# and, by completeness (cf. Proposition (6.2))
I— (X, 0(—Dy).

Thus the association of Iy to D and Dy to 1 sets up a one-to-one correspondence between members
of E¥ and m-primary complete ideals in R which generate invertible Oy-ideals.
For any two ideals I and J in R, we set

IxJ = completion of IJ

(cf. [x2]). If I’, J' are the respective completions of I and J, then
I'sJ =1x].

(To see this, we need only prove that I'J’CIx]J; this can easily be done directly, or by
using the methods of Proposition (6.2). Alternatively, one can use valuation theory
as in [25; Appendix 4, Proposition 1 ¢)].) |

It follows immediately that if K is a third ideal then

(I+J)*K =1I%(J*K)=completion of IJK.

If I and J are both m-primary and complete, and such that 10y, JOx are invertible,
then the same is true of IxJ; in fact

Ix] = (X, [J6) = [(X, 6(—D,—Dy))
because, being complete, I'(X, IJO) contains I%], while (Proposition (6.2))
I«] =T1(X, (I+])0x)3 I'(X, 1J0y).

Thus addition in E¥ corresponds to the » product for ideals.

Let K be an ideal of the form I*J where I and J are proper ideals in R. As above,
K=TI'x], so we may assume that I and J are complete. If furthermore K=1Ix] is
m-primary, then so are both I and J (for otherwise IJ would be contained in a prime
ideal p+m, and since, clearly, p is complete, this would mean I*Jcp). Also, if
KOy = (Ix])0y is invertible, then so is LJ@x (in fact in this case, as in the proof of
Proposition (6.2), IJOyx= (Ix])0y) so that both 10y and JOx are invertible.

We say that a complete ideal K in R is x-simple if K+ 1Ix] for any two proper
ideals I, Jin R.  We say that an element D of E* is indecomposable if D cannot be expressed
as a sum of two elements of E¥, It follows from the preceding paragraph that in the
above correspondence between members of E¥ and m-primary complete ideals, the
indecomposable elements of E¥ correspond precisely to the x-simple m-primary complete
ideals which become invertible on X.

We say that unique decomposition holds in E* if every element in EF is in a unique
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way a sum of indecomposable elements of E¥. The preceding discussion shows that
unique decomposition holds in E¥ if and only if each m-primary complete ideal in R which generates
an invertible Ox-ideal, is in a unique way a * product of *-simple complete ideals.

Finally, let us observe that every ideal I in R is such that 1&, is invertible for some
desingularization g:Z — Spec(R). (Choose Z so that Z dominates the surface W
obtained by blowing up I, cf. B) of Proposition (1.2).)

We have established:

Proposition (x8.x). — Unique factorization, in the sense of the % product, into *-simple
complete ideals, holds for complete m-primary ideals in R if and only if unique decomposition holds
in E¥=E} for all desingularizations f:X — Spec(R). (At least one such X is assumed to
exist.)

We can define “ unique decomposition > in E* just as in E¥. Then:

Corollary (18.2). — If R has a rational singularity, then unique factorization into simple
complete ideals, in the sense of the usual product of ideals, holds for m-primary complete ideals in R
if and only if unique decomposition holds in E*=Ef for all desingularizations f:X — Spec(R).

Proof. — If R has a rational singularity then the % product for complete ideals is
just the usual product (Theorem (7.1)), and Ef=E* (Theorem (12.1)). Also,
if K is complete and K=1IJ, then K=1Ix]J; and conversely, if K=1Ix%], then
K=TI'#]"=1] where I', J' are the respective completions of I and J. Thus K
1s *-simple if and only if it is simple in the usual sense. Q.E.D.

§ 19. Relation with the group H.

With notation as in § 18 we investigate further the meaning of unique decompo-
sition in E*. The main technical result is:

Proposition (x9.1). — Unique decomposition holds in E*=EF for all desingularizations
f: X — Spec(R) if and only if the group H introduced in § 14 is trivial.

Proof. — We first consider a fixed desingularization f:X — Spec(R). For
each i=1,2,...,n let §>0 be the greatest common divisor of the integers
(E,.E), (E,.E), ..., (E,.E).

Lemma (19.2). — For the preceding desingularization f: X — Spec(R), unique decompo-
sttion holds in E* if and only if there exist curves Dy, D,, ..., D, with exceptional support on X
such that, for all 1, j,

(D;.Ej)=—38;3; (Kronecker ;)

If such curves exist, then they are all the indecomposable members of E*.
Proof of Lemma (19.2). — Suppose that such curves D; exist; by definition D,eE*,
For any D=2XrE; in E*, we have, for i=1,2,...,1,
J

(D.E)=—n3; (n;2>0).
Hence (D—Zn,D)).E)=(D.E)—n(—8)=0
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so that, by definiteness of the intersection product (Lemma (14.1)),

D—?nijzo, i.e. Dz?nij.

If also D :ijDj, then
2
(D.E,)=m,(D,.E) (i=1,2,...,1)

i.e. —n;8;,=—m;9;

so m;=nmn; for all 7. Thus unique decomposition holds in E*, and D,, D,, ..., D, are
all the indecomposable elements in E*.

Suppose, conversely, that unique decomposition holds in E*. We first observe
that there cannot be more than n indecomposable elements in E*. Otherwise there
would be a relation

ToAg=1A + A +...+1,A,

(A; indecomposable, 7; integers, r,>0) and so for r>max(|r |, |7, ...,]|7,]) we
would have 7rgAj4-rA; 4. .. +7A, = +nA 4. .. +(r,+1A
decomposition.

Now there exist elements B,cE™ (i=1, 2, ...,n) such that (B,.E;)=o if i+j;
in fact, if (b;) is the inverse matrix of ((E;.E;)), and N is a negative integer such that Nb;

n

. contradicting unique

%
is an integer for all 7, j, then setting Bi:]EleikEk we have (B;.E)=N3;<o. It

follows that there is an indecomposable element D, of ET and a positive integer 8, such
P i P ger o,

that (D,.Ej)=—55

i 04
(any indecomposable summand of B; will do). By the previous paragraph, every
element in E* must be a linear combination of D,, D,, ..., D,, with integer coefficients,
and therefore 3; divides all the integers {(C.E)|CeE*}. We will find a curve CeE*
such that (C;.E)=-—3,. Since 3, divides 3], this will prove that §;=3,.
‘There exist integers ¢; such that —~8i-—:Zcij(Ej.Ei). If M is any sufficiently
large positive integer, !

Ci: EICE+ M
J

=

T D,
i¥i
is as required, and the lemma is proved.
Returning now to Proposition (19.1), and referring to the definition of H (§ 14)
we note that the triviality of H means that for any X as above, there exist elements D;
of E(i=1,2,...,n), such that, for all , j,
(D;.E) = —d3,

where, as in § 14, 4 is the greatest common divisor of all the degrees of invertible sheaves
on E,. Such Dj are, by definition, members of E*. Since obviously d; divides §;,
we see by Lemma (19.2) that if H is trivial, then unique decomposition holds in E*
for all X,
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*k
* 3k
To prove the converse, it will now be sufficient to show that there is at least one X
on which d;=3; for all i=1,2,...,n.
To begin with consider a commutative diagram

X —2—Y

N/

Spec(R)

of proper birational maps, with X and Y regular, and an integral curve E on X with
exceptional support. Let d(E), 8(E) be defined in the obvious way, i.e. d(E) is the
greatest common divisor of all the degrees of invertible sheaves on E, and 3(E) is the
greatest common divisor of all the integers (D.E), where D is a divisor on X with excep-
tional support.

Suppose first that F=g(E) is a curve on Y; then E is the proper transform of F
on X. As we have seen (cf. proof of Lemma (15.1)) d(F)=d(E). Furthermore 3(E)
divides 3(F), because there is a divisor D on Y with exceptional support such that
(D.F)=3(F); and then we have (D'.E)=38(F) where D'=g"(D) (cf. § 15). It
follows for example that if 3(F)=d(F), then §(E) divides d(E) and so 3(E)=d(E).

Suppose next that g(E) is a single point on Y. Then 3§(E)=d(E)=#(E). In
fact, by the factorization theorem (Theorem (4.1)) g factors as

X5y, 5y,5y
where g, is such that g,(E) is a curve on Y, isomorphic to E, and g,(g,(E)) is a single point P
on Y, such that g, is the map obtained by blowing up P (so that g,(E)=g;(P)). Now,
as in the proof of Lemma (15.2), we have
(&(E) . &(E))=—£(g,(E))
and so 3(g,(E)) divides #°(g,(E)). But clearly #°(g,(E)) divides d(g,(E)). Hence
8(g1(E)) =d(g1(E)) = A(g:(E))-
By the preceding remarks (with F=g,(E)), we conclude that:
8(E)=d(E)=d(g,(E)) =#(g:(E)) = F'(E).

Now let &:Z — Spec(R) be some desingularization, and let G be an integral
curve on Z with exceptional support.

Lemma (19.3). — Let A be a divisor on G.  Then there exists a proper birational map
b Y2, withY regular, such that, if ¥ is the proper transform of G on Y and j:F—>G is
the induced map, then j'(A) is the restriction to ¥ of a divisor D on Y with exceptional support.

Remark. — The existence of X with 4;=3; for t=1,2,...,2 can now be shown
as follows: let G, G,, ..., G,, be all the integral curves on Z with exceptional support,
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let G=G,, and choose A in Lemma (19.3) so that A has degree d(G,) on G,; if Y=Y,
F=F, are as in Lemma (19.3), then ;°(A) has degreec d(G,)=d(F,) on F,, and
consequently &(F,)=d(F,); similarly we can find Y,, F, with 3(F)=d(F,) for

*

t=2,3,...,m; then if X is a desingularization of Spec(R) which dominates
Y,,Y,, ..., Y,, the discussion preceding Lemma (19.3) shows that X is as desired.
(Such a desingularization X exists, as can be seen by letting W be the join of Y, Y,, ..., Y,,

(cf. § 8) and applying B) of Proposition (1.2)).

Proof of Lemma (19.3). — Let A’; A" be divisors for which such Y’; D’, resp. Y, D"/,
can be found. Let Y be a desingularization dominating Y’ and Y", let F be the proper
transform of G on Y, and let D; (resp. D{’) be the inverse image of D’ (resp. D’') on Y.
Then clearly Dj+ D induces on F the inverse image of A"+ A".

Hence, in view of Lemma (11.2), we may assume that A is an effective divisor
with support at a single point P of G. Let x be a non-zero element in @; , defining A,
and let x be an element of 0, , whose image in @; » is ¥. The divisor (x) of x on Z

has the form
(x)=C+C

where each component of C, and no component of C’, passes through P. We will
choose % :Y—>Z so that the proper transform [C] on Y of the divisor C does not meet F
at any point of 277 *(P). Then we will have

F(C)=[C]+D+D’

where D is such that the image under % of its support is the point P, while the image
under % of the support of D’ does not meet P. Since C induces on G a divisor A+ A’,
with P¢support of A’, £ (C) induces j*(A)+;(A’), the support of j°(A) being contained
in £2~1(P), while the support of j*(A’) does not meet A~ *(P). It is therefore evident that D
is a divisor with exceptional support inducing j*(A) on F, as desired.
We obtain Y as follows. Let z, be the discrete valuation corresponding to G,

and let v, v,, ..., v, be the discrete valuations corresponding to the components of C.
Note that

v(x)=0, v(x)>0 for ¢>o.
Choose t€0, such that

5(t) >0, yt)=o0 for i>o0

By blowing up, we can find W dominating Z such that the sheaf (x, t)0y is invertible.
Then we can find a regular Y dominating W. What remains to be shown is that for >0
the center of v, on Y does not meet the center of y; on Y, i.e. there is no point yon'Y
such that v, and v; are both non-negative at Oy ,. But for any y on Y, either #/¢ or ¢/x
is in 0 ,, and since

(26 <o, y(t/x)<o for >0

we are done.
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§ 20. The main theorem.

Theorem (20.13). — Let R be a two-dimensional normal local ring, with maximal ideal m,
having a rational singularity. Let R be the completion of R, and let R” be the henselization of R.
The following conditions are equivalent:

1) In R, factorization of m-primary complete ideals into simple complete ideals is unique.

1) In R, factorization of complete tdeals into simple complete ideals is unique.

2) R is factorial.

2’) R" is factorial.

Proof. — We have already seen (Corollary (17.2)) that 2) and 2) are each equi-
valent to the triviality of H(R), and so is 1) (Corollary (18.2) and Proposition (19.1)).
1’) trivially implies 1). Conversely, the triviality of H(R) implies that R is factorial
(since Pic(U) CH, cf. Proposition (17.1)) from which it is immediate that every complete
ideal is in a unique way of the form PI, where P is a principal ideal and I is an m-primary
complete ideal; it follows at once that 1) implies 1’). Q .E.D.

Remarks. — 1. Let R be any two-dimensional normal local ring. If R has an
algebraically closed residue field, then the condition that R is factorial implies that R has
a rational singularity. (Theorem (17.4), and note that R, being excellent, can be
desingularized.) Hence also R has a rational singularity (Proposition (16.5)).

2. Any two-dimensional regular local ring R satisfies the conditions of

Theorem (20.1). In § 25 we describe quite explicitly the non-regular R which satisfy
these conditions.

§ 21. Some consequences of unique x-factorization.

With notation as in § 18, we investigate further the condition of unique *-factoriza-
tion of m-primary complete ideals into x-simple complete ideals (cf. Proposition (18.1)).

Lemma (2x.1). — For a fixed desingularization f:X — Spec(R), unique decomposition
holds in E# if and only if (i): unique decomposition holds in E*, and (ii): E#=ET,

Proof. — We need only show that if unique decomposition holds in E¥, then E* CEF.
We first remark that by negative definiteness, there exists D in E such that (D.E;)<o for
all 7, and then by Theorem (12.1) (iii), @(—D) is ample. Consequently, given D’'€E,
there exists an integer N such that both ND and D’4-ND are in E*; in other words,
E? generates the group E. Since E is a free abelian group of rank z, there must therefore
be at least » indecomposable elements in E¥, But, as in the proof of Lemma (19.2),
unique decomposition implies that E¥ has at most n indecomposable elements. Thus
there are precisely n such elements, which we may name D, D,,...,D,, and these form
a free basis of E. n

Now suppose that A= X £D; is such that —A is ample. If N is a suitably large
positive integer, then =

NA—(D,+D,+...+D,)eE"
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Since every element in E* is of the form Xin,D; with all >0, we conclude that
t, by ..., t, are all >o. *
Finally, if BeE", B=2sD,, then

((?(5«;4—1)1)1) .E)=(B.E)+(D;.E)+...+(D,.E)<o

because (B.E)<o and (D;.E;)<o for all i, with (D;.E)<o for some i (since
(D.E)<o (D as above) and D,, D,, ..., D, generate E). Hence (Theorem (12.1) (iii))
— 2 (s;+1)D; is ample, and so, as we have just seen, 5;4+1>0 for all i, Thus s, >0
for 1all i, and therefore B is in E*, Q.E.D.

We will need the following elementary lemma.

Lemma (2x.2). — Let A be a local ring, let f: X — Spec(A) be a map of finite type, and
let C be a one-dimensional integral closed subscheme of X with exceptional support (cf. § 12). Let &
be an invertible sheaf on X, let S =§Osn be a graded A-algebra, and let § : S »n@)F(X, Fen

be a homomorphism of graded A-algebras with associated map r : G(¢) — Proj(S) (cf. [EGA II,
§ 3.7]) such that G($)nC is not empty. Then (£.C)>0 and (£ .C)=o if and only
if CC€G(Y) and r(C) is a single point.

Proof. — Let Q) be a point in 7(Cn G(¢)). For some n>o there is an element
teS, such that QeSpec(Sy), so that C meets r *(Spec(S,))=X, where u==1{(f)
(cf. [EGA II, (3.7.3)]). If #'=iy(#£®"), where iz: C—X is the inclusion map,
then u induces a section #’ of .#’ over C such that C,=CnX, +0; consequently we

have an exact sequence ,
u
0>0,-% A —>o0

where Supp(#)=C—C, is of dimension <o. Thus

n(&.C)=dego(ZL) = (L") —1(0)
(o

=x(X)
=K ) >o.

For (&.C)=o it is necessary and sufficient that Supp(#") be empty, i.e. CCX,.
This is certainly the case if CCG(¢) and r(C)is a single point (necessarily Q). Conver-
sely, if G€X,, then CCEG(y), and r(C) is a closed subscheme of the affine scheme
Spec(Sy), with r(C) proper over the closed point of Spec(A); this implies that r(C)
is a single point. (Alternatively, if Per(C), P+Q, then, assuming P to be closed, as
we may, we could choose ¢ so that P¢Spec(S,), i.e. CEX,.) Q.E.D.

Let R be as usual. For any ideal I in R, denote by W; the normalization of the
scheme obtained by blowing up I, i.e. WI=Proj(n@>9OIn), where I, is the completion

of I". Note that W is of finite type over Spec(R) (Corollary (6.4)).

Proposition (2x.3). — (1) If unique x=-factorization holds for m-primary complete ideals
in R, then for any s-simple m-primary complete ideal 1, the fibre on Wy over the closed point of
Spec(R) s irreducible.
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(ii) When the hypothesis of (1) holds, if we denote by vy the discrete valuation of the quotient
Sield K of R whose center on Wy is the reduced closed fibre, then the association of 1 to v; sets up
a one-one correspondence between x-simple m-primary complete ideals and valuations of K which
dominate and are residually transcendental over R.

Proof. — To say that the closed fibre on Wi is irreducible for all I as above is
to say:

(1)" Let f:X — Spec(R) be a desingularization, and let D be an indecomposable element
of E*=E%; then (D.E)=o0 for all but one of the integral exceptional curves E on X,

(Proof. — As in § 18, for any such D we have O(—D)=10x for some I as above,
and conversely for any such I, there is an X such that 10y= 0(—D), where D is an
indecomposable element of E¥f —=E%. Fix a corresponding pair I, D, and set £Z=10x.
As in Lemma (6.3), let

W, = Proj( g}or(x, Fom).

In Lemma (21.2), take S= @ I'(X, #®"), and take ¢ to be the identity map, so that
n>0

G{{)=X, since L is generatf:(_:l by its sections over X. ris proper and birational, hence
surjective, and so the closed fibre on Wy is 7(f~*{m}); also, since W is normal, any one-
dimensional integral closed subscheme of W is the image under 7 of a unique integral
curve on X. Thus by Lemma (21.2), the closed fibre on W; is irreducible if and only
if (Z.E)=o for all but one E, i.e. (0(—D).E)=—(D.E)=o0 for all but one E.)

By Proposition (18.1), Lemma (21.1), and Lemma (19.2), unique *-factorization
implies condition (i)".

(Remark. — Since E¥ generates E, one finds, using Lemma (19.2), that (i)’ implies
unique decomposition in E*. Thus if E* always equals E¥f — which is the case, for
example, when R has a rational singularity (Theorem (12.1)) — then (i)’ is equivalent
to unique =-factorization).

(ii) IfI and J are distinct *-simple m-primary complete ideals, and f: X — Spec(R)
is a desingularization such that I0x, JOx are both invertible, then 10y, JOy are distinct
indecomposable elements of E%=Ej}; hence if E; (resp. E;) is the unique integral
curve with exceptional support on X such that (I04.E;)#o0 (resp. (JOx.Ej) +0)
then E;+E; (cf. Lemma (19.2)). However, from the proof of (i) it is clear that E;
(resp. Ej) is the center of v; (resp. v;) on X. Thus v;#+v;.

Now if v is a valuation dominating R and residually transcendental over R, then
the center of v on some regular X is an integral curve E; for instance if r;, 7, in R are
such that v(r,/r,)~>0 and the residue field of r,/r, is transcendental over the residue field
of R, then we can choose any X on which the ideal (r, n,)0 is invertible. For such
an X, there is an indecomposable element of E%, say 10y, where I is a *-simple
m-primary complete ideal of R, such that (I0x.E)=+o. Then, as above, the center
of v on W is the reduced closed fibre; in other words v=v;. Q.E.D.

We continue to assume that s-factorization in R is unique. The next proposition
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describes a ¢ reciprocity > relation among *-simple m-primary complete ideals. Let I, oy,
be as in Proposition (21.3). If f:X — Spec(R) is a desingularization such that 104
is invertible, and E; is the center of v; on X, then 10y is an indecomposable element
of E¥=E}, and § 19 shows that (I0x.E;))=d;, where d; is the greatest common
divisor of degrees of invertible sheaves on E;. Note that d; does not depend on the
choice of X (cf. proof of Lemma (15.1)).

Proposition (21.4). — Suppose that unique %-factorization holds for m-primary complete
ideals in R. Let 1 and J be two %-simple m-primary complete ideals. Then, with the notation
of the previous paragraph, we have

dyoy(J) =d;o,(I)

- Proof. — Let f:X — Spec(R) be a desingularization such that both 104 and JOy
are invertible. Let E;, E,, ..., E, be the components of f~*({m}), and let v;, v, ..., v
be the corresponding discrete valuations, the numbering being such that o =uv;, v, =2;.

n

Let D,= X 5(I).E, D,— % 5(J).E; so that 10x=0(—D,), J0x=0(—D,). Now

(D,-Dy) = 2 u(J).(D,.E)

=2,(J).(Dy.E))+ Z 5(J) .0
—d;.v(J)-

Similarly, (D;.D,)=—d;.v;(I). Q.E.D.

The final result in this section is to the effect that ¢ the transform of a simple
complete ideal is simple . To be more precise, let f: X — Spec(R) be a desingula-
rization, let I be an m-primary complete ideal in R, and let # be the completion of 10x.
(Note that # =10y if R has a rational singularity, cf. Proposition (6.5).) The transform
of I on X is defined to be the ideal #’'=.#"1 (cf. remarks preceding Proposition (g.1)).
F' is complete since multiplication by invertible Oy-modules does not affect completeness
(Remark ¢), § 5).

Given two Ogx-ideals ¢, X we will say that _# divides 4 if there is an Oy-ideal 5#
such that f## ="

Proposition (2x.5). — Assume that unique %-factorization holds for m-primary ideals in R.
Let f:X —>Spec(R) be a desingularization, let 1 be a *-simple m-primary complete ideal in R
and let F'= II~' be the transform of 1 on X (cf. preceding remarks). If ¢ and A
are complete coherent Oy-ideals such that F' divides FH ', then either S’ divides ¢ or S’
divides A,

Proof. — Let A =I'H. Let F'=FF "\ A ' =AHA "\ A =##"" Wesee
easily, since X is regular, that #'#"='#" and consequently we may assume that
F=F, A=H", #=x#". Then Of| ¢ has zero-dimensional support, so that for
sufficiently large n, m"0OxC ¢. Similar remarks apply to 4, 3, JS'. Since
(F~17'2 #2104 and I is m-primary, we see that also #Z.(# )12 m" 0 for large n.

l
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Now, as in the proof of Lemma (21.1), there is an m-primary ideal L such that
L =L0Oy is an ample invertible Ox-ideal. For any p>o0 we have

I y=IH,
where Fp=F (F .
Hy=H L7
Hy=H L.

Note that #,, A, #, all contain m"0x for sufficiently large » (depending on p). It
will be enough for us to find a p such that .# divides either #, or £, since then by
splitting off invertible factors as in the beginning of this proof, we can conclude that .#’
divides either ¢ or &,

We choose p large enough so that ¢, &, #, are all generated by their global
sections. According to the above remarks, J=TI(X, #,) is an m-primary ideal,
and moreover, since £, is complete, so is J (Lemma (5.3)). Similar remarks apply
to K=I'(X,%,) and H=TI(X, ). Also since #,#, is a complete ideal
(Theorem (7.1)), G=I'(X, #,#,)=T(X, ##,) is a complete m-primary ideal in R
containing both JK and IH. Since #,#,=(JK)Ox, and .#5#, is contained in the
completion of (IH)0y, it now follows from the remark following Proposition (6.2) that

G=]J*xK=IxH.

By unique x-factorization in R, we conclude that I divides either J or K in the
sense of the % product, say J=I%*M. Then

Fp=JOg=(1x M)0y

is a complete ideal, which is contained in, and therefore equal to, the completion of (IM)0x
(Remark f), § 5). Thus, if & is the completion of M0y, we have

Fp=IxM=IM (Theorem (7.1)). Q.E.D.

VI. — PSEUDO-RATIONAL DOUBLE POINTS
AND FACTORIALITY

In part VI, the aim is to round out the results of § 17 and § 20 by describing in
detail those two-dimensional normal local rings R which have a rational singularity
and a trivial group H(R). In § 22 we find that any such R has multiplicity <e.
In § 23 we characterize rational ¢ double points >’ as being those two-dimensional normal
local rings of embedding dimension three whose singularity can be resolved by quadratic
transformations only. Using this fact, we describe explicitly all rational double points
together with their associated group H (§ 24). It then appears that the only ones with
trivial H are essentially those considered by Scheja in [1g].

Of particular interest is the case when R has an algebraically closed residue field £
(cf. Theorem (17.4)). In this case, if £ has characteristic +2, 3, 5, and R is not regular,
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then the completion R must be of the form S/(#2-+*+u®) where S is a three-dimensional
regular local ring with regular parameters u, v, w (cf. Theorem (25.1); also Remark (25.2)
for the exceptional characteristics). This result was previously proved by Brieskorn
for local rings on two-dimensional complex spaces [7].

§ 22. Trivial H implies multiplicity <o.

Let A be a noetherian ring and let f:X -> Spec(A) be a map of finite type.
As in § 13, a curve on X is understood to be an effective divisor with one-dimensional
support.

We begin with some lemmas about exceptional curves on X (relative to f; cf. § 12).

Lemma (22.x). — Let F(, ¥y, ..., F, be integral exceptional curves on X and let
14

F = 2 nF, with positive integers n,. Assume that H'(F)=o0. Then for some j we have
1=1
((F—F,).F;) <r(F)).

Proof. — If F'=2nF,, with o<n;<m (i=1,2,...,p), then Op is a homo-
morphic image of @y, whence, F being a curve, H'(F’) is a homomorphic image of
HYF)=o0. Thus y(F)=#t°(F’). If the assertion of Lemma (22.1) were false, then it
would follow that for each i,
| (F—F,).F) >2k(F)
ie. (F.F)>(F,.F)+ 2x(F,).

Now observe that the function

K(D)=(D.D)+2(D)
is an additive function of curves D =24dF,. Indeed
K(D;+D,) = (D;.Dy) + 2(D;. D) + (D D,)
+ 2x(Dy) + 2x(Dy) —2(Dy. Dy) = K(Dy) + K(D,).
If then, as above (F.F,)>K(F,) for all ¢, then
(F.F) =Zn(F.F;) > ZnK(F)
=K(F)
= (F.F) 4+ 2y (F)
ie. 0> 2y (F) = 2i°(F)
which is absurd. Q.E.D.

Lemma (22.2). — Let B, F be distinct integral exceptional curves on X such that EnF
is non-empty. Suppose that H'(E+F)=o. Then (E.F)=max{r’(E), ’°(F)}.

Progf. — As in the proof of (22.1), we have H'(E)=H!'(F)=o0. Hence

0 <H(E+F)=y(E +F) =y(E) + x(F)—(E.F)
=K (E) + r°(F)—(E.F).
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Since (E.F) is positive and divisible by both #°(E) and A°(F), this inequality can hold
only if (E.F)=max{#’(E), #°(F)}. Q.E.D.

Lemma (22.3). — Let P be a closed point on X such that O p is a regular two-dimensional
local ring, and let j:X'—X be the map obtained by blowing up P. Let C be an exceptional
curve on X, and let C’ be the curve j~'(C)=j"(C). Then the canonical maps

HY(X, 0;) - H* (X', 0)
are isomorphisms for all p>o.

Proof. — Let S =04(—Q), I’ = F0x = 0yx,(—C’). One checks that the isomor-
phism Oy —j (Ox) induces an isomorphism of .# onto j (#'). Hence there is an exact
TR 0> S > Ox > j(00) ~ RY, (5.

But A) of Proposition (1.2) shows that RY (0x)=o0 (by [EGA III, (1.4.15)]
the question depends only on the local rings of the points on X) and this implies that
RY (#') =0 (the question is local on X, so we may assume that =0y, whence
F' = 0y). Thus we have an isomorphism

O, :’];(00')-

This proves (22.3) for p=o. Also, since 0y is a homomorphic image of 0.,
RY (0y)=o0. The standard exact sequence

o - H'(X,j,(0p)) —H(X', 0p) >~ H'(X, R}, (0))
leads therefore to the isomorphism
H'(X, 05) > H(X', 0).
This proves (22.3) for p=1. For p>1, there is nothing to prove. Q.E.D.

Lemma (22.4). — Let ¥ be an integral exceptional curve on X, and let d(F) be the greatest
common divisor of all the degrees of invertible sheaves on ¥. Suppose that X is regular at each
point through which ¥ passes, and that H'(F)=o. Then d(F)<2h(F).

Proof. — If F is a regular curve, then the canonical divisors on F have
degree —24°(F).

Suppose then that there exists a point P of multiplicity u>1 onF. P is a closed
point of X, and the local ring of P on X is two-dimensional and regular. Let j: X' —>X
be the map obtained by blowing up P; then F’'=;"(F)=F, + uF, where F, is an integral
exceptional curve on X' (namely F, is the proper transform of F) and F,=;"*(P),,.

Let f(P)=QeSpec(A). The residue field £(P) is a finite algebraic extension of
the residue field £(Q), of degree, say, 3, and we have

(F,.F)) = —K(Ey) = —3
(cf. proof of Lemma (15.2)). Moreover

((Fy+pFy) . Fo)=o

(cf. B) in § 15). Hence
(F,.F,)=pd.
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By (22.3), H'(F,+ uF,)=H!(F)=o0, whence H'(F,)=H!(F,)=HYF, +F,)=o0. (22.2)
shows therefore that

w8 = max{#’(F,), B°(F,) } = max{#*(F,), 3}
so that

Now, by (22.3),
P () = B*(F; + uFy) =y (F; + pFp) =y (Fy) + % (wF2) — (Fy. pFo).

But, by induction on p, we have

—1
$(0F) = ux(F)— 2= (E, Fy
0/ 20 0 wp—1)
Thus 0 I(EF) = °(F,) + ph(Fy) — ——— (Fy. Fy) —u(F,. Fy)
—1
=u8+u3~u—(p~2——)(—3)~—u-u3
i.e. o<8[2u+&(“;1)——u2]
2
so that o<gu—yp?
1.e. u<s.

Since p>1, we must have p=2, and

h°(F)=8[2.2+2(22—I)—22]28.

Finally d(F)=d(F,) (cf. proof of Lemma (15.1)) and
d(F,) divides (F,.F,)=ud =23 = 21°(F). Q.E.D.

We come now to the main result of this section.

Proposition (22.5). — Let R be a two-dimensional normal local ring having a rational
singularity.  If the group H(R) is trivial, then R has multiplicity <a2.

Proof. — Let f:X — Spec(R) be the minimal desingularization of R (cf. Theo-
rem (4.1)). HY(X)=o0, and for every exceptional curve C (relative to f), x(C)=~Hr(C).
From the contractibility criterion (§ 27) (*) and negative-definiteness (Lemma (14.1))
we have that:

If E is any integral exceptional curve on X then
(E.E)<—2k'(E).

(*) § 27 is independent of § 22. Actually, starting with (19.2), (21.2), and (7.1), one can avoid using the
contractibility criterion.
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Let E, E,, ..., E, be all the integral exceptional curves on X. We will show
in a moment that for each i, K(E)=o0 (cf. proof of Lemma (22.1) for the definition
and properties of K). Since K is additive, it follows that K(C)=o, i.e.

(C.C) = — 2y(C) = — 24%(C)

for every exceptional curve G on X. We may as well assume that R is not regular;
then Proposition (3.1) and its proof show that if m is the maximal ideal of R, then m0yx
is invertible, say mOyx=0(—C), and H°(Oy/m0Oy)=R/m,

ie. B(C)=1.
Finally, the proof of Corollary (23.3) (which is completely independent of the conside-

rations of this section) shows that the multiplicity of R is —(G.C)=2, as asserted.
The fact that K(E;)=o is an immediate consequence of Lemma (22.4) and:

Lemma (22.6). — For each i1=1,2,...,n let d; >0 be the greatest common divisor
of degrees of invertible sheaves on E;. Then, for each i,
either (1) —(E;.E))=d,>1*(E))
or (ii) —(E,;.E,)=2d;= 2#°(E,).

Proof. — The triviality of H(R) implies that for each ¢ there exists an exceptional
curve D; such that

(D;. Ey) =—d;3; (J=1,2,...,7)
By Lemma (22.1) we can choose j so that
(D,—E,).E;) <h°(E;).
If j+i, this means that —(E,.E;)<A%E), contradicting the assumption that
f:X — Spec(R) is the minimal desingularization. Hence j=¢ and
—d;—(E;.E) <A(E)).
But d,=r.A%(E) and —(E,.E)=1sd; where r, s are positive integers, and the preceding

inequality gives
—r+sr<1.

Since —(E;.E;)>2/°E,) we cannot have r=s=1. So the only possibilities are
s=1, r>1, which gives (i), and s=2, r=1, which gives (ii). This completes the proof.

§ 23. Some special properties of pseudo-rational singularities,

In this section we give some facts about lengths of ideals which will be of further
use. We also characterize among ““ embedded ” two-dimensional local rings of multi-
plicity two those which have pseudo-rational singularities (roughly — those which remain
normal under any succession of quadratic transformations) and those which have rational
singularities (roughly — those which can be desingularized by quadratic transformations
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alone) (cf. Proposition (23.5)). This characterization will enable us to give explicit
descriptions (§ 24).

Let R be a two-dimensional normal local ring with maximal ideal m, and let
f:X —> Spec(R) be a proper birational map. Since R is normal, H%0x)=R; also,
the support of H'(0y) is contained in the closed point of Spec(R), i.e. the R-module H*(0y)
has finite length which we denote by A'(0y).

For any m-primary ideal J in R we denote by A(J) the (finite) length of the
R-module R/J. IfIis an m-primary ideal in R, and f:X — Spec(R) is as above, we
have for any n>o

I"CHY(I"0) CHY(0) = R
so that H(I1"0) is also an m-primary ideal in R, and A(H(I"0%)) is a well-defined integer.
Suppose further that 10y is an invertible @Oy-ideal, and let C be the curve on X defined

by 10x. Then C has exceptional support relative to f, and so x(C), (C.C), are well-
defined integers.

Lemma (23.1). — Let f: X — Spec(R), I, G, be as in the preceding remarks, and let n>o0
be such that H'(I"Ox)=o0. Then

ME(103))=—(C.0) (3) +(C) .1+ (0.

Proof. — From the cohomology sequence associated with the exact sequence
0—>1"0x— 0y >0, —0
we deduce that
H°(nC) @ H%(04) JH(I"04) = R /H (1" 0)
and
H'(nC) 2 HY(O).
Thus $(nC) =aH(1"0x)) —#(O%).
An easy induction, based on the relation
2(C+ D) =x(C)+x(D)—(C.D)
(cf. Proposition (15.1)) shows that

1(10) =—(C.C) (1) +(C)
and the conclusion follows.
Corollary (23.2). — Let R and 1 be as above, and let f: X — Spec(R) be the map
obtained by blowing up 1 (i.e. X ="Proj(D I"). Then with C as above we have, for all suffi-
ciently large n, "=

A(I" =—(C.C) (Z) +7(C) .+ A (0y).

Proof. — Since 1"0Oy=0x(n) [EGA II, (8.1.7)] we have H!(I"0Oy)=o0 for all
sufficiently large n, and moreover I"=H’(I"0y) for all sufficiently large n [EGA III,
(2.3.4)]. Thus the conclusion follows from Lemma (23.1).
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Corollary (23.3). — Let R be a two-dimensional normal local ring, with maximal ideal m,
having a pseudo-rational singularity, and let 1 be a complete m-primary ideal in R, of multiplicity p..
Then for all n>o

A1) = p.(;l) () ..

Proof. — Let W be the scheme obtained from Spec(R) by blowing up I. By
definition of ¢ pseudo-rational * there exists a proper birational map f: X — Spec(R)
such that X dominates W (so that 160y is invertible) and HY(X, ¢y)=o0. For any
n>o0, I"0xis a homomorphic image of 0% for some finite ¢, and since H* vanishes for all
coherent sheaves (the fibres of f being of dimension <1) we have therefore H'(I"0y)=o.
Moreover, since I is complete, so is I" (Theorem (7.1)), and cf. § g) and therefore
I"=H(1"04) (Proposition (6.2)). Lemma (2g.1) now gives

ML) =—(C.C) (1) +1(C) (n>0).

By definition of ¢ multiplicity ’, —(G.C)=up. Also, setting n=1, we get % (C)=xr(I).
Thus

A(I") = u(;’) () . Q.E.D.

Corollary (23.3) shows that if R is a two-dimensional normal local ring, with
maximal ideal m, of multiplicity 2, having a pseudo-rational singularity, then for all n>o0

A(m™) =n2

Lemma (23.4). — For a local ring R with maximal ideal m the following conditions are
equivalent:

(1) a(mY)=n® for all n>o.

(11) The completion R is of the form S[xS where S is a three dimensional regular local ring,
with maximal ideal, say, M, and xeM?, x¢M>,

Proof. — Suppose (ii) holds. The graded ring € M"/M"*' is isomorphic to a

n>g

polynomial ring in three variables over S/M=R/m and the initial form of x in
this graded ring is a homogeneous polynomial of degree two, which generates the
kernel of the natural surjection

@Mn/Mn-l—l_) @mn/ﬁln+1 (TﬁZmR>

n>0 n>0

It follows easily that the (R/m)-vector space m”/m"t}(=m"/m"*!) is of dimension

(ni—g)—(;t):mz—{—l for n>0, and so
n-—-1
AMm") = §O(2i+1):n2.
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Conversely, if (i) holds then m/m? has dimension g over R/m, so that by Cohen’s
structure theorem R is of the form S/I, where S is a three-dimensional regular local ring
and I is an ideal in S. Also m?/m® has dimension 5 over R/m, so that I contains an
element x such that xeM? x¢M? M being the maximal ideal of S. I must be generated
by x; for, as above, the S-module S/(M"+4 xS) has length #* for all n>o0, and by
hypothesis, S/(M"41I) has the same length; hence M"4- xS =M"41, and so

Ic QO(M”+xS):xS
Thus R=$/xS. Q.E.D. -
We can now proceed to a characterization of “ pseudo-rational double points .
Let R be a two-dimensional normal local ring having a pseudo-rational singu-
larity. Proposition (8.1) and Proposition (1.2) (and cf. § g) lead to the following
conclusion:
a) If
R=R,<R;<...<R, (n>0)

is any sequence in which each R; (0<<¢<{n) is the local ring of a point on the scheme
obtained by blowing up the maximal ideal of R;_,, then R, is normal.

If R has a rational singularity, Theorem (4.1) shows that:

b) R can be desingularized by quadratic transformations alone, i.e. there exists
a sequence

Spec(R) =X« X, «X,« ...« X,
of quadratic transformations with X, regular.

Conversely:

Proposition (23.5). — Let R be a local ring with maximal ideal m such that for all n>o,
Am")=n®. If the preceding condition a) (respectively b)) holds, then R is a two-dimensional
normal local ring of multiplicity 2 having a pseudo-rational (respectively rational) singularity.

Progf. — Lemma (23.4) shows that R, and hence R itself, is a two-dimensional
Macaulay local ring of multiplicity 2. Certainly R is normal if a) holds. If b) holds
then, since quadratic transformations do not affect non-closed points, we see that for
cach prime ideal p in R other than m, R is regular; by Serre’s criterion [EGA 1V, (5.8.6)]
(or otherwise) we conclude again that R is normal.

Assume that a) holds. Let g:W — Spec(R) be a projective birational map.
By the theorem on elimination of points of indeterminacy by quadratic transformations
and normalizations (cf. Appendix), and in view of a), there exists a sequence

Spec(R)=Z, &L Z, £ 7, « ... &

q

of quadratic transformations such that Zq is normal and dominates W. What we must
show is that H'(0p)=o. Similarly, if b) holds, we must show that H'(0,)=o.
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Corollary (23.2) (with I=m) shows that H'(@,)=o0. It is equivalent to say
that Rlg.(0;)=o0. We will show in a moment that every two-dimensional local
ring R’ on Z, either is regular or satisfies the same hypotheses as R. Thus if R’ is the
local ring of the point which is blown up to give the map g,, then we can repeat the
argument to show that R'g,(0,)=o. (Remarks: (i) The sheaf R'g.(@,) is concen-
trated at the point which is blown up; hence to show that this sheaf vanishes, we may
first replace Z, by Spec(R”") [EGA III, (1.4.15)]. (ii) If R" is regular, Lemma (23.2)

still applies since A((m’"))"= (Z) for n>o0. Also, in this case, all the local rings which

appear on Z, but not on Z, are regular.) Since Z, is normal, g,(0;)=0,, and
so the exact sequence

o—>R'g.(gn 0Z2) —-R! (8108) .(0Z2) 81+ (ngz* 022)

o (¢}

(arising from the Leray spectral sequence for giog,) shows that R'(gog) (05)=o.
Continuing in this way we conclude altimately that R'(gjog,0...0 4,),(05,) =0, ie. that
Hl(ﬁzq):o as required. In a similar way, we can see that H'(0y )=o.

So let R’ be any two-dimensional local ring belonging to a point on Z;. Then R’
dominates R, and as in the proof of [EGA IV, (7.9.3)], there is a unique local ring R"
belonging to the quadratic transform of Spec(R) such that R* and R’ have the same
completion. Let S, M, x be as in Lemma (23.4). Then R is of the form S°/x’,
where S’ is a three dimensional local ring on the quadratic transform of S, and " is the
transform of x in S, i.e. x"=xt"? where ¢ is a generator of MS". If R’ (and hence R)
is not regular, then x"e(M)% x"¢(M")® (M’ being the maximal ideal of S'), and it
follows easily that all the hypotheses of Proposition (29.5) which hold for R also hold
for R’. This completes the proof.

Remark. — For the case of complex spaces, the preceding characterization of
rational double points is given in [6; Satz 1].

§ 24. Explicit description of pseudo-rational double points.

Let R be a two-dimensional normal local ring of multiplicity two having a pseudo-
rational singularity. Since A(m?)=4 (Corollary (23.3)) every minimal basis of the
maximal ideal m of R consists of three elements. We shall classify R by studying its
behaviour under successive quadratic transformations, and by relating this behaviour
to certain conditions involving, more or less explicitly, a suitable basis {x, y, z} of m.
We also prove converse statements of the type:  If R is any local ring, with maximal
ideal m generated by elements x, », z satisfying... then R is a two-dimensional normal

3

In other words the conditions to

23
.

local ring having a (pseudo-)rational singularity. ’
be introduced characterize (pseudo-)rational ““ double points

256



RATIONAL SINGULARITIES 257

Basically, the idea is to take a two-dimensional local ring of multiplicity two whose
maximal ideal is generated by three elements, say x, y, 2, to subject this ring to a succession
of quadratic transformations, and to see what conditions on x, y, 2z, guarantee that the
resulting rings are all normal (cf. Proposition (23.5)). This approach involves a detailed
and rather tedious examination of numerous cases. For orientation, the reader may
analyse a ring of the form '

FIIX Y, ZIH(Z—F(X, Y))
(k a field) from this point of view.
# ¥
Suppose now that R has a rational singularity, and let f: X — Spec(R) be a desin-

gularization. We introduce a notation which conveniently conveys some useful infor-
mation about exceptional curves on X. A symbol of either of the following types

a
a—b ]
b

where a4, b are positive integers will stand for a pair of integral exceptional curves E, F,
on X such that £°(E)=aqa, i°(F)=5, and EnF is non-empty. We can combine these
symbols into diagrams such as

which stands for a configuration of nine integral exceptional curves E;, E,, ..., E; such
that #(E,)=a, B°(E,)=b, ..., °(E;)=#A, and such that the non-empty intersections of
pairs of E’s are those — and only those — indicated by the short straight lines.

We will speak of such diagrams as configuration diagrams. When we speak of the
configuration diagram on X, we mean the diagram which contains as many integers
as there are exceptional integral curves on X — in other words the largest configuration
diagram associated with exceptional curves on X.

*
* %
If R has a rational singularity, then, while classifying R as indicated above, we will
obtain the configuration diagram on the minimal desingularization X of R, as well as
the group H=H(R), which is in this case isomorphic to the divisor class group of R

(cf. (16.3), (17.1)).
We will say that ¢ the exceptional curve on X is of type G if C is the configuration
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diagram on X. It will be found that the following types (and no others) of exceptional
curves can occur on X:

At 1—1—1—...—1 (n>2 components).
H=Z, ..
B, :1—2—2—...—2 (n>1 components, including the first one).
H of order 2/d, d=1 or 2 (cf. following discussion).
C,i1—1—1—...—1—2 (n>3 components, including the last one).
. H=7Z,.
D,:1—1—1—.. ——1< (n>4 components, including the last two).
! H=Z,xZ, if nis even; H=Z, if n is odd.
G, :1—3 H trivial.
F, i1—1—2—2 H trivial.
1
E; I-—I—i—1~—1 H=Z,.
I
|
E r1—1—1—1—1—1 H=Z,.
I
E; 1—1_1—1—11—1—1 H trivial.

23

(These are just the “ Dynkin diagrams
Algebras, Interscience, 1962, pp. 134-135].)

It is always possible to determine the group H once the configuration diagram
on the minimal desingularization X is known (except for diagram B,, cf. below).
If E, E,, ..., E, are the integral exceptional curves then, by definition of H, we need
to know the intersection matrix ((E;.E;)) and also, for each i=1,2,...,n, the
integer d(E,;), which is the greatest common divisor of all the degrees of divisors on E,.

As in the proof of Proposition (22.5), let C be the curve on X such that
0(—C)=m0Ox. Since C=2XnE, (n,>o for all i) and since R has multiplicity two, we
have, as in (22.5), '

, cf. for example [N. Jacobson, Lie

0=K(C)=ZnK(E).
Since X is the minimal desingularization (E,.E)<—2/(E,), ie. K(E)<o for all i.
Hence K(E)=o0 for all i, i.e. (E,.E)=—2/"(E,).

The configuration diagram now gives us the intersection matrix because, given
two integral curves E+F on X such that EnF is non-empty, we have

(E..F) = max(#(E), k(F)) (Lemma (22.2)).
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Furthermore it follows that if, say, A%(E)<A%(F), then d(F) divides — and hence
is equal to — A°(F). This remark gives us d(F) for all the integral curves represented
in the above configuration diagrams except for the one represented by the integer ““ 1
in the diagram 1—3 or in the diagram 1—o—2—...—2. In the first case, if E (resp. F)

is the curve represented by “ 1 ” (resp. “ g ) then as we have seen

(E.E)=—2 (E.F)=3

Thus 4(E) divides both 2 and 8, and so d(E)=1. In the remaining case, if E is the curve
”in 1—2—2—... then (E.E)= —2, so that d=d(E)=1 or 2.
Since H'(E)=o, it is seen at once that any divisor on E of positive degree is linearly
equivalent to an effective divisor on E, and it follows easily that d=1 if E has an
(R/m)-rational regular point and d=2 otherwise.

represented by 1

It can now be verified by simple computations with generators and relations that
in each case A,, ..., E;, H is as specified.

¥ %
We begin the detailed description of pseudo-rational double points R by considering
the associated graded ring of R with respect to m, i.e. the ring © m*/m"*!. Let
n>0

k=R/m, let X, Y, Z be indeterminates, and let o : £[X, Y, Z] > & m"/m"*! be a
n>0

surjective homogeneous homomorphism of degree zero. (Such a homgmorphism can be
determined, for example, by choosing a basis {x,7 2z} of m and setting ¢(X)
(respectively 9(Y), o(Z)) equal to the image of x (respectively y, z) in m/m?).
Since dim,(m"/m"tY)=2n-+1 for all n>o0 (Corollary (25.3)) we see easily that the
kernel of ¢ is generated by a single form Q (X, Y, Z) of degree two.

For the (unique) quadratic transformation T,—>Spec(R), the closed fibre is
C= Proj(n@om"/m"“). C may be identified with the projective plane curve (not neces-

sarily reduced) whose homogeneous equation is Q (X, Y, Z)=o0. One finds that the
singular locus of G is a linear variety of dimension 2—=, where v is the least number of linear
combinations of X, Y, Z in terms of which Q) can be expressed, i.e. T is the smallest
possible dimension of a subspace V of (X +iY+£EZ such that QQ lies in the
subalgebra £[V] of k[X, Y, Z]. (If £ has characteristic # 2, this results easily from the
fact that Q can be written as a linear combination of 7 squares of linear forms. If £ has
characteristic 2 one may, for example, make use of Zariski’s mixed Jacobian criterion
for simple points (cf. [23]). Details are left to the reader).

If R’ is the local ring of a closed point on T;, then R"/mR’ is the local ring of a
closed point P’ on C. If P’ is a regular point of G, i.e. if R’/mR’ is a discrete valuation
ring, then since mR’ is principal, the maximal ideal of R’ is generated by two elements
and so R’ itself is regular. Thus, when v=3g, we have:

CASE I: C=Proj( @Om"/m"“) is a regular curve.
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Here R is completely desingularized by one quadratic transformation, and the
exceptional curve C either is a non-degenerate conic, smooth over &, or is defined by
an equation of the form aX?+ 5Y?+ Z?=o0 with £ of characteristic 2 and [£*(a, b) : £*]=4.
According to the remarks at the beginning of this section, H s ¢yclic of order 2/d, where
d==1 or 2 according as G does or does not have a #-rational point.

Suppose conversely that R is any local ring with maximal ideal m such that

n@omﬂ/m"“;k[x, Y, 21/Q (k=R/m)

where Q) is a form of degree 2 such that the projective plane curve Q (X,Y,Z)=o0
is regular. Then as above R is desingularized by one quadratic transformation, and so
by Proposition (23.5) R is in fact a two-dimensional normal local ring having a rational
singularity.

*
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We consider next the case v=2. Then, as we have seen, C has a unique singular
point, and the corresponding point P on the quadratic transform T; of Spec(R) is the
only possible singular point of Tj.

Over the algebraic closure of £, Q becomes a product of two linear factors. Let K
be the splitting field of C, i.e. the least field containing £ over which Q splits into two
linear factors. Since clearly Q (X, Y, Z) is determined by R up to a 4-linear change of
variables, K depends only on R. If Q is a product of linear factors over £ then K =#£.
Otherwise Q) is irreducible and assuming, as we may, that

Q (X, Y, Z)=aX?4 bXY 4 cY? (a, b, cek)

we have a=+o0, and K is obtdined from £ by adjoining a root of the equation
aX?+-bX +c=o0; thus [K:k]=2.

Now we examine the behaviour of Q and K when R undergoes a quadratic
transformation. Assuming always that Q=aX?®+bXY +cY® as above we have, with
suitable generators x, y, z of m, and elements «, 8, v of R whose residues mod. m are g, b, ¢
respectively,

ax®+ Bxy 4+ yyremd.
Let R’ be the local ring of the point on T, corresponding to the unique singulaf point-of C.
We know that R’ also has a pseudo-rational singularity. When C is identified as before
with the plane curve defined by Q (X, Y, Z)=o0, the singular point has co-ordinates
(0, 0, 1); hence R’ has the same residue field £ as R, mR’=2R’, and the maximal ideal m’
of R’ is generated by x'=x/z, ¥ =y/z, =2 Since m*R'=7R’'=(2')*R’, division of
the above relation by 2? gives _ ‘

w(¥ )+ B(xy) + ¥ ()P R
If R’ is regular, there is nothing more to be done. If R’is not regular, then R’ is again
a pseudo-rational double point (cf. proof of (23.5), for example), and

a(2')*+ B(x) +y () ex'm’
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(otherwise z'e(x’,»')R’ andso m'=(x",» )R’). If wereplaceR, x, y,z by R, 2', y', 2" in
the above discussion about graded rings, we see then that the corresponding Q' is of the form

QX Y, 2)=aX?+ bXY + Y+ dXZ +eYZ +f7* (a, b, c as before; d, e, fek).

Setting Z=o0 we sece that ='>2. If t'=9g we have achieved a reduction to Case I.
Suppose that '=2. We can then write

QX Y, 2) =X+ .Y +1Z) (5 X + Y +1,2)  (pi; i 7; algebraic over £)

If Q splits over a field L2%, then setting Z=o0, we see that p,, ¢,, p,, ¢, may be assumed
to lie in L, and then comparison of the coefficients of XZ, YZ in the two expressions
for Q' shows that r,, r, also are in L; in other words Q' splits over L. Conversely if Q'
splits over L, then we may assume that #,, ¢;, 7,€L, and again setting Z=o0, we see
that Q) splits over L. So Q and Q' have the same (least) splitting field, namely K.

The next step, if R’ is not already regular, is to blow up R’ so that we have a
sequence of quadratic transformations

£:T,— T, - Spec(R).

We are interested in the closed fibre f~*({m}) on T,. The irreducible components
of this fibre are of two kinds, namely those belonging to the inverse image C' of {m’}
and those belonging to the proper transform C" of G. C" can be identified with the curve
obtained by blowing up the singular point on C.

Lemma (24. I,). — Assume that R’ is not regular, and let C', C’, K be as above.

(1) If ©'=g, then, as in Case I, G’ is regular and T, is regular. In this case, if K=k
then C' has a k-rational point, so that C' ~P;.

If v'=2, then Q' has a unique singular point, and ‘T, is regular outside this point. In
this case, if K=k then C' is a pair of projective lines over k meeting at the singular point of C';
if K+k then G has no k-rational regular point.

(i) If K*k, then C* is k-isomorphic to the projective line Py. If K =k, then C" is a
pair of disjoint projective lines over k.

(iii) Each point of C'nC’ has residue jzeld K and is regular on both C* and C’ (hence
also on 'T,).  The intersections of C* and C’ on T, are all transversal.

(iv) If K=k and < =2, then each irreducible component of C° meets precisely one
irreducible component of C' (just once, transversally) and vice-versa.

C'—
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Granting Lemma (24.1) for the moment, suppose further that R has a rational
singularity. Then R can be desingularized by successive quadratic transformations,
so we can deduce, by repeated application of Lemma (24.1), a complete description of the
case T=2, as follows.

CASE ITa: C= Proj( @Om"/m"“) is a reduced curve with two distinct components.

In this case K=# and the exceptional curve on a minimal desingularization
of R will be of type 1—1—1—1~—...—1, each component being isomorphic to P;.

CASE Il b: C=Proj(D m"/m"*") is reduced and irreducible, and has precisely one
singular point. "=

Here K44 and the exceptional curve on a minimal desingularization will be of
type 1—2—2—2—...—2. The components for which A°=2 are k-isomorphic to P,
and the component — call it C"" — for which A°=1 isjustlike C’in (i) of Lemma (24.1).
H has order 2/d, where d=1 if C" has a k-rational regular point (in which case C”
is k-isomorphic to P}) and d=2 otherwise.

We return now to the proof of Lemma (24.1).

We begin with (iii). Let S be the local ring on T, of a point through which both C’
and C" pass, and let m’S=1S, so that t=o0 is the “ local equation > of G’. Then S/tS
is the local ring of a point on the plane curve Q’(X,Y, Z)=o0, and since Z’/t vanishes
along C', S/(¢, 2'[t)S is the local ring of a point on the scheme

Proj(k[X, Y, Z] (Q' (X, Y, Z), Z)) = Proj(k[X, Y]/Q(X, Y))

which is a reduced zero-dimensional scheme, all of whose points have residue field K.
Thus ¢, z'[t are regular parameters in S (and in particular z’'/t=o0 must be the local
equation of C"). This proves (iii).

It is now clear that C" is a regular curve. When K <%, C and C’ are irreducible;
in this case, to see that C"~ P}, we need only note that the field of functions k(C’)=k(C)
is a purely transcendental extension of K. Indeed, if (4, v, w) is a generic point of the plane
curve G, then u/v satisfies the irreducible equation

a(ufv)® +b(ufv)+c=o0
so that K=k(u/v). Hence
EQ)=k(ufv, w/v)=K(w/v)

and since £(C) cannot be algebraic over &, w/v is transcendental over K, as required.
The (straightforward) proofs of the remaining assertions of Lemma (24.1) are left
to the reader.

Finally we examine the converse situation, namely let R be any local ring with
maximal ideal m such that

D et <X, Y, Z]/Q (k=R /m)
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where Q is a form of degree 2 such that the projective plane curve Q(X,Y,Z)=o
has just one singular point. As above we find that this condition is ¢ stable  under
quadratic transformations, namely if R’ is the local ring of a closed point on the quadratic
transform of R, and if m’ is the maximal ideal of R’, then R’ is ¢ at least as good as R ”’
in the sense that either R’ is regular or
n@o(m')"/(m')”“ =X Y, 2]/

where Q' is a form of degree 2 such that the curve Q’=o has at most one singular
point. (We have tacitly made use here of the fact that the condition “ A(m")=7n*> for
n>o0 > is stable, cf. proof of (23.5).)

Moreover, if R is normal, then so is R’. For R’ is a Macaulay ring, so we need
only check that R} is a discrete valuation ring for every height one prime ideal p in R".
Now R,=R,,z unless pnR=m; so we need only check those p which contain m.
For such p, since R’/mR"’ is the local ring of a point on the curve Q (X, Y, Z)=o0, which
is a reduced curve, we see immediately that pR,=mR}. Thus pR} is principal and
so R, is a discrete valuation ring.

It follows now by (23.5) and (16.2) that if R is normal, then R has a pseudo-
rational singularity, and if the completion R is normal, then R has a rational singularity.
Actually in specific examples it may be possible to check, without first assuming R to
be normal, that R can be desingularized by quadratic transformations. Then again
(Proposition (23.5)) we can conclude that R has a rational singularity.

Examples. — Let k be a field, and let ¢ be an element of £ which is not a square
in k. Let b0 be an element of £, and let » be a positive integer:

(i) R =k[[X, Y, Z]]/(X?—a¥? -+ bZ2n+1),

We find easily that R is desingularized by » quadratic transformations and that H
is trivial.

(i) R =k[[X, Y, Z]]/(X?—aY?-+bZ?"*?)

(with [K*(a, b) : K]=4 if k has characteristic 2).

After n quadratic transformations, the ¢ local equation ” X®—aY*4-0Z*"*2=0
becomes X*—aY?4-b6Z°=o0, and then one further quadratic transformation gives a
desingularization (cf. Case I). In the total exceptional curve on the desingularization,
the component G’ (cf. description of Case II 4) is the regular projective plane curve
whose equation is

X2 —aY?+bZ%=o0.

The group H is trivial if this curve has no f-rational point. Otherwise H is of
order two.

(iii) A more complicated — in appearance — example along these lines is the
ring discussed by Scheja in [xg9; Satz 6].

263



264 JOSEPH LIPMAN

*¥

We turn now to the case t=1. We may assume that Q(X,Y, Z)=7% so that
with a suitable choice of generators x, y, z of m we have zem® If R’ is the local ring
of a closed point on the quadratic transform of R, then mR’ is principal, say mR’'=¢R’.
From the fact that R’/mR’ is the local ring of a point on the two-fold line Z?=o0, we
find that the image of z/t in R’/mR’ is a non-zero element whose square vanishes. In
particular, z/t is a non-unit in R’, so that either mR’=xR’ or mR’'=yR’. We may
therefore assume, for definiteness, that t=x. Then R’/(x, z/x)R’ is the local ring of a
point on the line Z=o0, and it follows that the maximal ideal m’ of R’ is generated by
¥'=x,2=2z[x, and y=TF(p/x) where F(T)eR[T] (T an indeterminate) is a monic
polynomial of lowest possible degree such that F(y/x)em’. Clearly the degree of F
is also the degree [R’/m’:R/m].

The relation z°em® can be written in the form

Z—G(x, y)ezm®

where G(U, V)eR[U, V] (U, V indeterminates) is a homogeneous form of degree 3.
R’ being as above, with mR’=xR’, we obtain upon dividing by %

(1) (2/2)*—xG(1, p[x) ex(z[%)R’

Now R’ is regular if and only if G(1, y/x) is a unit in R’. For if G(1, y/x) is a unit,
then (1) shows that xe(z/x)R’, so that m’ is generated by the two elements z/x and y’,
and R’ is regular. Conversely, if R’ is regular, then m’ is generated by two of the three
elements x, z/x, . But x cannot be one of these generators, since R’/*xR’ contains a
non-zero nilpotent element, as we have seen. Hence xe(m’)? and z/x,y" are regular
parameters for R’. It follows therefore from (1) that G(1, y/x) is a unit (otherwise
(z/2)*e(m’)?).

Let G(U, V)ek[U, V] (k=R/m) be the form obtained from G(U, V) by reducing
the coefficients modulo m. G(U, V) is not identically zero. For, if all the coefficients
of G(U,V) were in mR’=xR’, we could divide (1) by #* to obtain an equation of
integral dependence for z/x* over R’; but R’ is normal (since R is assumed to have a
pseudo-rational singularity) and so we would have z/¥®’cR’, i.e.

z/xexR'=mR’
which is not true, as we have remarked. It follows from the preceding paragraph
that there is a one-one correspondence between the set of non-regular R’, and the

set of irreducible factors of G(U, V) over k. In particular, there are at most three
such R'.

We assume now that R’ is not regular, i.e. that G(1, y/x)em’. If F(T) is as above,
then there is a polynomial P(T)eR[T] such that

G(1, T)—F(T)P(T)emR[T]
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(because, ¢ modulo m °, F(T) is the minimum polynomial for y/x over the field R/m).
It follows from (1) that

(2/%)*—+F (/%)P(y[x) ex(2/%)R'+amR’
L.e.
(2) (&)*—xy'P(y/x)ex’s’ R +(+')R,
The situation is very simple if P(y/x) is a unit in R’, because then the graded ring of R’
with respect to m’ is isomorphic to

KX, Y, Z]/(Z*—aXY —bXZ—cX?)

((’=R’/m’; a, b, cek’; a+o0) and this is seen at once to be the homogeneous coordinate
ring of a smooth plane conic having a £’-rational point. Thus (Case I above) R’ will
be completely desingularized by one quadratic transformation.

P(y/x) is certainly a unit if G(U, V) has no multiple factors over £. From the
foregoing considerations, we now obtain quite simply the following cases. (Details are
left to the reader.)

CASE I a. — G(U, V) is irreducible over k. R has a rational singularity, and the
total exceptional curve on a minimal desingularization of R is of type 1—g. One
component is isomorphic to the projective line over £, while the other is (k-)isomorphic
to the projective line over the splitting field of G.

CASE I0 b. — G(U, V) is the product of a linear and an irreducible quadratic factor over k.
R has a rational singularity, and the total exceptional curve on a minimal desingulariza-
tion of R is of type 1—1—2. Two of the components are isomorphic to projective
lines over &, while the third is isomorphic to a projective line over the splitting field of G.

CASE I c. — G(U, V) is a product of distinct linear factors over k. R has a rational
singularity, and the total exceptional curve on a minimal desingularization of R is of type

1'—1\

1

all components being isomorphic to projective lines over £.

Conversely the preceding arguments show that if R is any local ring with maximal
ideal m such that

D mrmr 2k [X, Y, Z]/22 (k=R /m).

n>0
and such that m is generated by three elements x, y, z satisfying a relation of the type
#—G(x, y)ezm®

where G(U, V)eR[U, V] is a form of degree three such that G(U, V) is non-zero and
has no multiple factors over £, then R can be desingularized by quadratic transformations,
and consequently (Proposition (23.5)) R has a rational singularity.
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*
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There remains to be considered the possibility that G(U, V) has multiple factors.

With a suitable choice of x,y we may assume that either G(U, V)=UV? or
G(U, V)=aV?® (0 +ack).

We first examine the case G(U, V)=UV?% According to our previous considera-
tions there are precisely two non-regular points on the quadratic transform of R, namely
those in whose local ring y, x/y, z[y (respectively x, y/x, z/x) generate the maximal ideal.
The first of these will be desingularized by one quadratic transformation. The second —

call it R’ — is more interesting. For this R’, equation (2) becomes
(3) (2)*—(*") (»)*es’ ' R'+(')*R

(x'=x, y'=p/x, 2'=2/x). This shows first of all that R’ either is of a previously considered
type (Case Il a, I1 5, III b or III¢) or is again of the type under discussion at this
moment. In other words we have a situation which is  stable ” under quadratic
transformations.

To complete the description we must examine the behaviour of exceptional curves
when R’ is blown up. Let C, C', ¢’ have the same meaning as in the discussion of
Case II (but relative to the rings R, R’ which we are now considering). Let R" be
the local ring of a closed point on the surface obtained by blowing up R’, through which C*
passes. In R’ there is then a prime ideal p such that pnR’ contains ', but pnR P m’.
By (3) pnR’ also contains 2. Hence m'R”=»'R"” and x"=x'[y’, 2'=2'[y" are
non-units in R”. These conditions determine R’ uniquely; the maximal ideal of R"”
is generated by x”,»”"=3’, and 2".

From (3) we obtain, in R”,

(4) (zll)z_xllyllexllzll Rll+ (xll)2Rll.

As a consequence, we find that R’ is not regular. To see this, note that the associated
graded ring of R’ with respect to m’ is of the form

FIX, Y, 2]/Q(X, Z) (F'=R'/m’)

Q' being a form of degree 2 (cf. (3)); it follows that R”/m’R’’ is not regular, since it
is the local ring of the singular point (o, 1, 0) on the curve Q’(X, Z)=o0. Hence if R”
is regular, then »'e(m’’)® and x”, 2’ are regular parameters. But (4) shows that, with
suitable o, BeR",

(&P o2+ Bl Py e (")

which cannot be if x”’, 2’* are regular parameters. So R'’ is not regular. However (4)
also shows that R is completely desingularized by one quadratic transformation, the
inverse image G of {m''} being isomorphic to P, (cf. Case I).

By definition C” passes through R”.  Also every component of C’ passes through R’
(since every component of the curve Q’(X, Z)=o0 passes through (o, 1, 0)). Hence C"
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is met by the proper transforms of C" and of the components of G’. It is simple to check
that through any point of G’ there passes at most one integral exceptional curve other
than Q”.

If R has a rational singularity, it will be desingularized by quadratic transfor-
mations. By repeated application of the foregoing considerations, it is now straight-
forward to deduce the following:

CASE IV. — G(U, V) is the product over k of a linear factor and the square of another
(distinct) linear factor. The total exceptional curve on a minimal desingularization of R
is of one of two types:

I

/
a I—I—I—.,..—I—I
) 1 $
7 components (r>3)
b) I—I—I—..,—I—1-—2

4 components

The components are all isomorphic to P} except for the component for which 4°=2,
and this component is £&-isomorphic to the projective line over a quadratic extension of £.

We leave to the reader the formulation and proof of a suitable converse. (Note:
if p is the prime ideal (x’, 2')R’, then p is the only prime ideal in R’ containing mR/’,
and (3) shows that pR is principal, namely pR; = (z")R}).

*
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We deal finally with the case G(U, V)=4aV?® (a+0). For suitable x, y, z genera-
ting m, we have then

(5) 12+ 0 +-B2x’ - yate (v, 27, w2, )R

with 7, a, B, yeR, =1, a =a (where *“ — >’ denotes * residue mod. m ). The beha-
viour of R will depend on the nature of the form

P(X, Z)=Z%4-BZX 4 7X2ek[X, Z] (k=R /m).

If P(X, Z) is not a square in £[X, Z] we leave (5) as it is. When P(X, Z) is a square,
there is an element § in R such that

02+ Bza® 4 yat = (24 8¢%)% mod (2, #°)*m.
Setting w=2z+43x" (so that (z,x*)R = (w, #*)R) we obtain a relation
7'+ 0 + B'wa® + v'x*e (8%, ¥, xyw, Yw)R
where %' =1 (mod. m) and {’, v’ are non-units. Hence we obtain
7'+ w4 o2’y + ox’e (FPw, %P, wyw, Yw)R
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with %" =1 (mod. m). We may as well assume that ="'=r1; also we may as well
write z for w; in other words if P(X, Z) is a square, then there are generators x, 5, 2
of m with

(5" 2+ ap+px’y + ox’e (%2, %5, %92, 9°2)R

By performing quadratic transformations, and with arguments of the type we have
already used, we now obtain the following classification. Details are left to the reader.

CASE V. — G(U, V) is a constant multiple of the cube of a linear form over k. R has
a rational singularity; the total exceptional curve on a minimal desingularization is as
indicated below under the appropriate conditions on 8, v, p, 5. Conversely, if R is any
local ring with maximal ideal m such that

D m"/m 2 k[X, Y, Z]/Z?
n>0

and such that m has a basis x, y, z satisfying a relation of the form (5) or (5'), with
n=1 (mod. m), «a unit, and B, vy, p, o subject to one of the following conditions, then R
has a rational singularity.

CASE V a. — The form P(X, Z) is irreducible in k[X, Z]:
I—1—2—2

CASE V. — P(X, Z)=(Z +pX)(Z +¢X) with p, g ink, p+gq:

I

I——I—1—I

CASE V. — P(X, Z) is a square in k[X, Z] and o is a unit in R:

I—]—]—I—I1—I

CASE V d. — P(X, Z) is a square in k[X, Z), ¢ is a non-unit in R and o is a unit in R:

I—I—I—I—I—I—I

This completes the classification of rational and pseudo-rational double points.

§ 25. Rational factorial rings.

In this final section we give necessary and sufficient conditions for R to have a
rational singularity and a trivial group H. The conditions are expressed in the form
of relations satisfied by suitable generators x, y, z of the maximal ideal m. Because of
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Proposition (22.5) and the classification in § 24, we already have such relations; the idea
now is to choose ¥, », z so that the relations become as simple as possible. In particular
we characterize all complete two-dimensional factorial local rings with algebraically closed
residue field (Theorem (25.1), Remark (25.2)).

Theorem (25.1). — Let R be a two-dimensional local ring with maximal ideal m such
that R [m is an algebraically closed field of characteristic +2,3, 5. Assume that R ts not regular.
The following conditions are equivalent:

(i) The completion R is factorial.
()" R is normal, and the henselization R* of R is factorial.
(i) There exists a basis {x,y, z} of m and units «, B in R such that
- 24w+ p=o.
(iii) There exists a basis {x", ", 2} of the maximal ideal m" of R" such that
&)+ 0+ @) =o.
(iv) There exists a three-dimensional regular local ring S with regular parameters u, v, w
such that R
R~S/+*+ ).
Proof (i)<>(i)’. — R can be desingularized if its completion R is normal
(Remark (16.2)); hence the equivalence of (i) and (i)’ is given by (17.3) and (17.2).
(i) = (ii). — By (17.3) and (17.2), (i) implies that R has a rational singularity
and that H(R) is trivial. Proposition (22.5) shows then that R has multiplicity two.
Since R/m is algebraically closed, ¢ 1 ” is the only integer which can appear in the
configuration diagram on a minimal desingularization of R. The only possible diagram,

then, is E; (cf. earlier part of § 24) and we must therefore be in Case V d of § 24, so that
for a suitable basis {x,, 2} of m there is a relation

(6) 24P + ity + B’ + px’z + 6% + iz + 9z =0
where « and B are units in R, and p, ¢, 7, 5, ¢ are in R (this is derived from equation (5')
in § 24, where p is a non-umt i.e. pe(x,y, 2)R; also we have put B in place of o).

Setting

¥ =z+(p[2)%" +(r/2)x +(s/2)"
we have
&)+ + 1y + B2+ ¢ =0

for suitable o', t', B’, ¢’, with o' =a, B’ =B (mod. m). In other words, for suitable x, y, 2
we may assume in (6) that p=r=s=o.

Next, setting

¥ =y +(g/30) 28— (uf33)* (u arbitrary)

we find similarly that in (6) we may assume further that q—=—ux.
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Finally, setting
¥=x+4uvy

and choosing suitable values for u, » we find that in (6) we can take p=¢g=r=s=t=o,
proving (ii).

(ii) = (iii). — Since R’/m"=R/m is algebraically closed of characteristic +3, 5
and R" is henselian, « is a cube in R" and 8 is a fifth power. Since m =mR" it is now
clear that (ii) = (iii).

(iii) = (iv) = (i). — Since R is also the completion of R’, it follows at once
from (iii), in view of the Cohen structure theorem, that R is a homomorphic image of
R=S/(#®+*+u"). But in Case Vd of § 24 we have seen that R is factorial; since
dim.R =dim.R =2, we must therefore have R=R. Q.E.D.

Remark (25.2). — If R/m has characteristic 2, 3, or 5, we must change
Theorem (25.1) somewhat. (i) and (i)’ remain the same, but for the relation in (ii)
we have two or more possibilities, as indicated below, with « and § units in R.  (iii) will
now state that « and  can both be assumed to be 1 if R is henselian. The corresponding
change in (iv) is obvious.

Characteristic 5:
0Z® + By A=yt
where v is one of:
a) o3
b) .
Characteristic 3:
o2’ + )" + B =)
where v is one of:
a) o;
b) %

¢c) x.

Characteristic 2:
Pt a’ B =z

where v is one of:

a) o;

b) %

c) £

d) x;

e) xy.

Proofs are omitted. As in (ii) of Theorem (25.1), they are computational (though
somewhat more involved, especially for characteristic two).
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Remark (25.3). — Let R be a two-dimensional normal local ring with maximal
ideal m. Without any further assumption on R/m, we have actually shown that R
has a rational singularity, a trivial group H, and the configuration diagram Eg if and
only if R satisfies (ii) of Theorem (25.1) (cf. also Remark (25.2)).

The other types of rational singular points with trivial group H can be
discussed similarly. The results are given below. For simplicity, we assume
that R/m has characteristic #2. Once again proofs are computational and are
omitted.

Configuration
Diagram Relation on suitable generators x, y, z of m.
G,: 1—3 24 ax® + Bxty Ly’ + 8P =o0
(¢, B, v, 3R, and if «, B, ¥, 3, are the respective residues
mod. m, the form
XL BXPY 4+ yXY2+3Y?
is irreducible over R/m).
F, i 1—1—2—2 a4+ L Bxt=o0
(—%pB not a square in R/m; R/m of characteristic +3)
If R/m has characteristic g
0z + 5 -+ Bt = ya?y?
with «, B as above, y=o0 or 1.
B, : 1—2—2—...—2 2L L BxP =0
(n components) (—a P not a square in R/m).

Or:
z2n+ a:y2 + Bx2: 0

where a, B are such that the curve
22+ aY?+pX%=0
has no rational point over R/m.
Example (25.4). — Let R be henselian and suppose that R/m is the field of real
numbers (or, more generally, any real closed field). From the preceding, we see that R
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has a rational singularity and trivial H if and only if m is generated by x, y, z satisfying
one of the following relations (!):

ZHy+=0 (B

Z4+y+at=0 (F)

&y r=o  (B,)
(n>1)

2t 4x=0 (B,

APPENDIX: TWO FUNDAMENTAL THEOREMS ON SURFACES

§ 26. Elimination of indeterminacies by quadratic transformations and
normalization.

Throughout this section S will be an arbitrary scheme (not necessarily separated),

22

and ¢ :X—-Y will be an S-rational transformation (= ‘“ S-application rationnelle
[EGA I, § 7.1]) of S-schemes X, Y, where X is a surface and Y is separated and of finite
type over S. Associated with ¢ is the diagram

G
7N
X Y
where G is the graph of ¢ [EGA IV, (20.4.2), (20.2.7)]. A point of indeterminacy of ¢
is a point of p(G) at which ¢ is not defined.

Suppose now that X is integral, with field of rational functions K, and let f: X' -+X
be a separated birational map (X’ integral). We have a commutative diagram

Spec(K

(K)
(birational) / : \
Y

X > X'x,Y

Xe——>Y
P

where ¢ is a rational section whose domain of definition is the same as that of ¢of.
The graph G’ of ¢of is the (reduced) closure of the image of Spec(K) in X'x Y;
G’ is birational and of finite type over X’. Identifying X'x Y with X'xx(XxsY),

(1) We assume that R is not regular.
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we see at once that Spec(K) - X'X Y factors through X'xyGCX'Xx Y; thus G’ is
a closed subscheme of X’'xyG. (In fact G’ is just the join of X’ and G over X.) We
may regard ¢ as a rational section of G’ over X'; then if I" is the graph of ¢ we have a
commutative diagram

r = ¢

\/

from which we conclude that ¢ and ¢of have the same points of indeterminacy.

We may — and, for simplicity of language, we shall — regard X and X' as models,
i.e. as collections of local domains with quotient field K; then f becomes the map which
associates to each local ring R’eX’ the unique local ring ReX such that R’ dominates R.
When we consider G’ in this way, the domain of definition of ¢of (i.e. that of ¢) consists
of those R’eX’ which dominate an element of G’ (equivalently R'eG’) (cf. [EGA I,
§ 6.5]); thus the points of indeterminacy of @of are those R'eX’ which are dominated by, but
not equal to, some element of G'.

¥ x

We say that a valuation v of K has center R’ on X’ if » dominates R’. We say
that v is exceptional (for ¢) if it has a center on G which is not a closed point of G, while
its center on X is two-dimensional. G, being birational and of finite type over X, is
of dimension <2; thus the center on G of an exceptional » must be one-dimensional,
so that v is discrete, of rank one.  There are at most finitely many exceptional v. For X and G
have identical dense open subsets Uy, U, and so the closure of the center on G of an
exceptional » must be an irreducible component of G—U; thus there are at most
finitely many possible centers, and each such center, being one-dimensional, is the center
of at most finitely many o.

The proof of the main theorem in this section will depend on the following property
of points of indeterminacy:

With the preceding notation (X being integral), assume that X' is normal. If R'eX’
is a point of indeterminacy for @of then R’ is the center on X' of a valuation which is exceptional
Jor ¢ ().

Proof. — Suppose that R’eX’ is dominated by, but not equal to, some Q'eG’.
By Zariski’s ¢ Main Theorem »” [EGA III, (4.4.8)] there is such a QQ’ which is residually
transcendental over R’.  Let Q (resp. R) be the unique local ring on G (resp. X) domi-
nated by Q' (resp. R’). Since G’ is a subscheme of X'xxG, the residue field of Q' is
generated over that of R’ by the canonical image of the residue field of Q; hence Q is
residually transcendental over R. It follows at once that any valuation of K domi-
nating Q) (and hence also R’} is exceptional for .

(}) The converse is also true provided that R’ is two-dimensional.
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Theorem (26. 1) (Zariski). — Let ¢ : X—>Y be an S-rational transformation, where X, Y
and S are as in the beginning of this section.  Then there exists a birational closed map f: X' —X
which is obtained as a succession of normalizations and quadratic transformations such that the
S-rational transformation @of has no points of indeterminacy.

Proof. — Since the normalization of X is a disjoint union of normal surfaces, we
may as well assume that X is integral and normal. The preceding discussion shows
then that there are at most finitely many points of indeterminacy of ¢, all of codimension
two on X. Let g :Z,—~X be optained by blowing up a point of indeterminacy of ¢,
and let £, : X,—Z, be the normalization of Z;. If ¢og,of, has no points of indeter-
minacy, we are done. Otherwise, repeat the process with (X, gog,oh) in place
of (X, ¢). Continue in this manner. If the process ever stops, the theorem is proved.

If not, there is obtained an infinite sequence X<« X < X,<-... of normal surfaces.
(In order to be canonical, we could have defined g, to be the map obtained by blowing
up simultaneously all the points of indeterminacy of ¢. g,, g, ... would be defined

similarly). In any case, we are led to the following statement, which is somewhat
stronger than Theorem (26.1):

Theorem (26.2). — Let S, ¢ : X—Y, be as above, X being normal and integral, with
field of functions K. Let
(Z): X:XOTX1<,Z—X2<—...

be a sequence of normal surfaces and birational maps with the following property:

(P) For each i>o0 there is a point x,eX; such that x; is a point of indeterminacy of
@ofiofyo. .. of;, and such that for all yefJ}(x,) the maximal ideal of Ox;,., 18 contained in a
proper principal ideal of Oy, .

Then the sequence () is finite.

Proof. — Assume that (X) is infinite. For each i=o0, 1, 2, ... choose a point x,eX,
such that x; satisfies condition (P). Each such x; being the center of an exceptional o,
of which » there are only finitely many, some exceptional v must dominate infinitely many x,.
There results an infinite sequence of two-dimensional local rings

R,<R,<R,<...

with field of fractions K such that (i): the maximal ideal of each R, is contained in a
proper principal ideal of R, ,, and such that (ii): all the R; are dominated by a single
discrete rank one valuation » which is residually transcendental over them. This is impos-
sible, because (i) implies that the valuation ring R, must be equal to 1.l>J0R,. (cf. argument
in middle of p. 392 of [25]). Q.E.D. -

§ 27. Rational contraction of one-dimensional effective divisors.

Let A be a noetherian ring and let f: X — Spec(A) be a map of finite type. As
in § 13, a curve on X will be an effective divisor with one-dimensional support. Let
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E,, E,, ..., E, be distinct integral curves on X with exceptional support (cf. § 12) such
that X is normal at every point xeg E,. We say that L) L, contracts to a point (over the
ground ring A) if there is a (separated) scheme Y of finite type over A and a proper
Spec(A)-morphism %4 :X—Y such that /z(liJ E;) is a single normal point P and such
that % induces an isomorphism of X—L}Ei onto Y—P,

(Remarks. — Such an % is easily seen to be birational (even if X and Y are not
reduced). Moreover, the local ring S of P on Y is necessarily two-dimensional, and the
condition that P be normal is equivalent to the condition that A (0x)= 0y; for the proof,
replace & by the projection A : X'=X XySpec(S) - Spec(S), note that &’ is proper and
birational, and that X’ is a normal integral surface. Observe further that for xeliJ E,
Ox. ,=0x , and that, by normality, S ;zﬂEi@X.,I; it follows that Y and % are unique
(up to isomorphism).) i

We say that l} E, is rationally contractible if there exists & as above with R'4 (0x)=o.

Suppose now that % contracts l@J E; to P. Then l@J E,=#k *P) is connected
([EGA III, (4.3.3)]). Furthermore, the intersection matrix ((E;.E;)) is negative-
definite. (The proof of (14.1), with S in place of R, applies to the present situation.)
As in ([4, p. 131-132]) there exists among the curves C=2¢E, such that (C.E)<o
for all ¢ a unique smallest one, which is called the funa’amenta; curve for lLJ E.

We are now prepared for the generalization of M. Artin’s contractibility criterion.
We reiterate that ¢ curve on X ” is to be construed as in the beginning of this section.

Theorem (27.x). — Let A be a noetherian ring and let f: X — Spec(A) be a projective
map. Let E,, E,, .. .. E, be distinct integral curves on X with exceptional support (relative to f)
such that X is normal at every point of L) E;; assume further that L) E,; is connected and that the
intersection matrix ((E;.E;)) is negative-definite. Let C be the fundamental curve for UE,
Then there exists h: X—Y contracting L) E; rationally over A to a point P if and only if »(C)>o.
When this condition holds, Y is projective over A, the multiplicity of P on Y is —(C?)[R°(C),
and Y is regular at P if and only if (C*)=—HK(C).

Proof. — We first prove necessity. Let 2:X—~Y contract l;J E; rationally to the
point P, let S be the local ring of P on Y and let X'=X XySpec(S). X’is a normal
surface and the inverse image D’ on X’ of any curve D=24,E, is a curve on X’ which
is isomorphic to D. The cohomology groups of D’ can bze considered as finite-length
modules over S, and the residue field of S is a finite algebraic extension of that of the
point Q)= f(L) E;) eSpec(A) (since P is a closed point of the fibre on Y over Q); thus
if we replace X by X’ and A by S, the effect is merely to divide all the integers involved
in the theorem by the residual degree of P over Q. We may therefore assume to begin
with that A=S is a two-dimensional normal local domain (with maximal ideal, say, m),
that X is a normal surface with HY(X, 0x)=o0, that f=#4 is a proper birational map
and that l1J E, is the support of the closed fibre f~'({m}).
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By Proposition (3.1), the ideal m@y is divisorial. But the irreducible compo-
nents E; of the subscheme defined by m0@y are defined by invertible Ox-ideals; hence m0y
is tnvertible and so defines a curve G'. By (ii) of Theorem (12.1), G’ is the fundamental
curve G of l@JE1 Since H'(0;) vanishes (0, being a homomorphic image of 0y), and
since H(0)=S/m (cf. proof of (3.1)), we have y3(C)=#(C)=1>0.

Moreover, the powers of m are contracted for f (Theorem (7.2)), i.e. H(m*0y) =
for all £>o0; also H'(m*0x)=o0 since m*0 is a homomorphic image of @% for some
finite ¢; hence by (23.1),

A = —(C.. C) (’;) +k.

This shows that S has multiplicity —(C*=—(C*/#(C), and that S is regular
(i.e. A(m*)=3) if and only if (C*=—1=—£#(C).

For the remaining assertions, the proof of Theorem (2.3) of [3] can be imitated;
we indicate a bare outline, leaving the details to the interested reader. First of all,
the proof of Theorem 3 of [4], suitably modified, shows that if x(G)>o for the funda-
mental curve of lzJEi then y(D)>o for every curve D=24,E;. (In making the indicated
modification, all statements about the arithmetic gen:ls p(D) of a curve D are to be
replaced by statements about y(D); in particular interpret p(D)<o to mean yx(D)>o.)
Lemmas (11.4) and (22.1) then enable the argument ¢) =a) of Theorem (1.7) of [3]
to be carried out, the conclusion being that H!(D)=o0 for all D=24,E,.

Now our Proposition (11.1) is applicable. As in Theorem (2.3) of [3] we can
therefore find a very ample invertible sheaf # on X and a curve D= Zd E, such that,
with ¥ =2#(D), we have:

a) (£ .E)=o0 for all .

b) The canonical map % of X into Y= Pro_]( EB (X, #®") is everywhere defined,
and is an isomorphism outside U E;.

(In proving this last statement, note that the injection #—.%¢ is an isomor-
phism outside U E; and observe the proof of the last assertion of [EGA II, (4.5.2)].)

Lemma (21.2) shows, since (% .E)=o0, that A(E,) is a single point of Y for each i,
and since l@_JE,- is connected, k(l} E,) is a single point. From [EGA II, (3.7.3)] and
[EGA I, (9.3.2)] it follows that % (@)= 0y; in particular % is dominant, and since X
is projective over A, % is surjective and projective. To see that Y is projective it is enough
to show that "@OF(X, L) is a finitely generated A-algebra. The construction of .#

is such that .# is generated by its sections over X; consequently if F=(f(Z)) is
the symmetric algebra on the coherent Spec(A)-module f (£), then EB F®" is a homo-

morphic image of f*(#), and so @ f (£®™") is a ﬁmtely generated ,57 module [EGA I11,

(3.3.1)]. The conclusion follows
It remains to be shown that R'A (0x)=o. For this purpose, we can replace Y
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by Spec(S), and X by the normal surface X xySpec(S), where S is the local ring of P
on Y. Let m be the maximal ideal of S. As in Lemma (r2.2) it is sufficient to show
that H'(0x/m"0y) vanishes for £>o0. Since, as we have seen, H!(D)=o for all
D= ?diEi it is enough to show that m@y contains a power of the ideal = ((m0y)~ ")~

because .# defines a curve like D. Since X is quasi-compact, this is a purely local
question, and the affirmative answer results from the fact that for any xeX, (m0),
contains .#,n (some power of the maximal ideal of @,). This completes the proof.

Corollary (277.2). — Let Y be a normal surface having only finitely many singular points,
all of which are rational singularities. If 'Y is proper over a noetherian ring A, then Y is projective
over A.

Progf. — Let ¢ :Y —> Spec(A) be a proper map; we wish to show that ¢ is
projective. Arguing as in Corollary (2.5) of [3], we may assume that Y is regular
(cf. Theorem (4.1)). Note that if 4A:X-—>Y is a quadratic transformation then g is
projective if and only if go# is, because of Theorem (27.1) (and the uniqueness of contrac-
tions, cf. remarks precedings (27.1)). The same holds true, by induction, if % is a product
of quadratic transformations; it will therefore be sufficient to find such an & with ¢o#
projective.

Chow’s Lemma [EGA I, (5.6.2)] gives the existence of a proper birational map
g: W—=Y such that gog is projective. By Theorem (26.1), there 1s a commutative
diagram

with £ a product of quadratic transformations. f is projective, since £ is, and so
@oh=qogof is projective. Q.E.D.

Corollary (27.3). — (Cf. [6]; Lemma (1.6).) Let Y be a surface which admits a
desingularization g : Z—>Y. ThenY has a unique minimal desingularization f: X—Y (i.e. every
desingularization of Y factors through f). Z ==X if and only if

M): E?) <—oy(E Jor every exceptional integral curve E on Z.
X 7y excep

(Remark. — The terminology of (M) needs a word of explanation: E is * excep-
tional ” if g(E) is a single point Q of Y, and then (E?) and y(E) are calculated over some
affine neighbourhood Spec(A) of Q.)

Proof. — After normalizing, we may assume that Y is integral and normal. If
g:Z—Y is a desingularization, then Z carries only finitely many exceptional curves
(relative to g) and therefore it is clear that Z dominates a relatively minimal desingula-
rization f:X—Y. Because of the Factorization Theorem (cf. (4.1)), Z=X if (M)
holds. Conversely if Z=1X, then (27.1) and (27.2) show that no integral exceptional
curve E on Z satisfies simultaneously x(E)>o (i.e. A (E)=o0) and (E})=—#(E);
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thus either y(E)<o, in which case (M) holds because (E*)<o, or y(E)=#(E)>o0
and (E*) <—2i°(E)=—2y(E).

Let g, :Z,—Y be a desingularization. We wish to show that Z; dominates X.
Starting from (26.1), for example, we can find a relatively minimal desingularization W
of the join of X and Z;. Z, dominates X if and only if W=7Z,. Suppose W+Z,.
By the Factorization Theorem, we have a diagram

W—————>W

N,/

where £ is a quadratic transformation with center, say, P. The image of F=#4"*(P)
on X is a curve E (otherwise W, dominates X, contradicting the minimality of W). Note

that E is an exceptional curve (relative to Y) and that I is the proper transform of E
on W. Also

(F.F)+ 7 (F) =

We leave as an exercise the following fact (Lemma (22.3) is useful in the proof):

Let E be an integral curve on Z with exceptional support, let j : Z'—Z be obtained
by blowing up a closed point x whose multiplicity on E is v>o. Let E" be the proper
transform of E on Z’, let F'=j;7'(x), and let E'=;""(E)=E"+vF’. Then

(E.E)+7(B) = (B ') + 7(B) = (E". )+ 1(E) + 7, (0F")
> (E".E) 4y (E).

Since there is a sequence of quadratic transformations
2=70« 7MW« <« Z"W=W (n>o0)

repeated application of the preceding fact shows that

(B%)+x(E)=0
contradicting (M). Q.E.D.

Purdue University and Columbia University.
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Correction (added in proof). The last statement in Proposition (16.3), concerning
regular extensions, is not true in general, and similarly for the last statement in
Lemma (16-4). The trouble lies in the (incorrect) equality &z, =38z at the very
end of the proof of (16.4). This equality does hold, however, for the two cases in
which (16.3) is applied later on, namely K =£ (obviously) and K =£((T)) (=fraction
field of the power series ring £[[T]]). In the latter case, since F has divisors which are
of degree > o, and which are therefore ample, we can fix a projective embedding of F/£,
and the corresponding embedding for E/K ; it is enough to show, for a closed point xcE
and its reduction ¥eF (with respect to the unique discrete valuation ring R of K(x)
extending k[[T]]) that n=[K(x) : K] is divisible by 7 =[k(x) : £]; but this is clear
because if ¢ is the ramification and f is the residue field degree of R over A[[T]], then
¢f=n and 7 divides f.
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