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AN ELEMENTARY THEORY OF GROTHENDIECK'S RESIDUE SYMBOL
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INTRODUCTION. Grothendieck has defined an intriguing homoworphism, the

"residue symbol", and listed some of its basic properties (Ef. 5, pp. 195-
199}, and also [1)). This symbol has found application in several areas ((2],
[31. {71, [lOJJ;Unfortunately, Grothendieck's treatment is embedded in a
formidable global duality theery, which makes detailed proofs inaccessible to
many who may find the symbol itself quite useful.

We outline here an approach to residues which requires only basic
commutative and homological algebra. The feasibility of such an approach was
suggested by Cartier fifteen or twenty years ago. It is both more elementary
and more general than the one iﬂ {S]. It should be noted however that the
formalism of residues does take on more meaning in the context of duality,
from which it arose.

1. BASIC DEFINITIONS. All rings are commutative. We consider a ring A,
and a homomorphism of A-algebras =%:R + B where, as an A-module, B is
finitely generated and projective. Let S = R ®AB' and let y:S + B be
the unique A-algebra homomorphism such that y(r @ b} = n(r)b. For any integer

q 2 0 we have natural maps
ext3(8,8) = Extd(s,Hom, (2,8)) 3 ExtI(B,Hom_(B,A)) + Hom, (Tor- (B,B),A}
g8 g B Hom, (B, g !B, Hom, (B, plTor (B,B) A

{1 exists because of a natural B-isomorphism
Hom, (B,B) G B—> Hom, (B,A)

induced by the A-linear trace map tr ;HomA(B.B) + A.})

B/A

et O = nR!h be the R-module of Kihler A-differentials, and let J be

the kernel of y. There exist natural isomorphisms of exterior powers

(1)Supported by National Science Foundation.
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e, 8= ) 6 8 —— 1zt (q = 0)
and a natural homomorphism of graded B-algebras

o Mt — ¢ TorS(s,m).
gqz0 qz0 1

Combining all these maps, we obtain natural A-linear homomorphisms
S
O Gq Extg(B,B) > Tor_ (B,B) Gy Extg(B,B) A {q = 0}.

2. THE RESIDUE SYMBOL. Let (fl,....fq) be a reqgular sequence in R.

Suppose that B (as above) is R/I, where 1 = (fl,...;fq}R. Then there are
natural isomorphisms

Ext](8,8) HanB(-‘\q(I/Iz),B)—:-* B
so that Res? .gives an A—homcﬁorphism

res, . :Hom (A% (1/1%),0%/10%) =+ a.

R/A
For any w € Qq, let

[ w ¢ non_(a%(1/1%),0Y/10%)
£roeneiby 8

De the map which takes E, A...A ?q (F, = £, mod 1) to wmod 189 . we have

then defined the symbol

w .
Res [ ] { A,
R/A £1,...,fq

The formulation and proof of properties of this symbol corresponding te
those listed in [3} is now a (quite involved) excrcise in algebra.
3. EXAMPLE. Assumc further that R is a polynomial or power serius

ring in q wvariables over A, so that SF/ISﬁ £ B. Then the B-linear map
HomB(Aqufrz),:zq/mq) + tiom, (B,A)

corresponding to Res is an isomorphism, whose inverse is the map ©

R/A
which is the main object of study in [{8]., Theorem (4.2) of loc. cit. can be

restated as follows:
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dfl ) dfz AN af

| < er, 1)

Res B/A

R/
fl, fz,...,fq

This is part of (R6} on p. 198 of [5]. Scheja and Storch derive some
interesting corcllaries, for example concerning equality of Kihler and Dedekind
differents.

4. LOCAL RESIDUES. In algebraic or analytic geometry we consider the
case when A 4s a field, R is a g-dimensional local ring containing A and
whose residue field is finite over A, and B = R/I, where I is an ideal

whose radical is the maximal ideal M of R. There is then a coomutative

diagram
ot @R Extq(B,R) ——— Qq [ Hq(R) = Hﬁ(ﬂq) {cohomology supported
R R M :
in M)
q Jp
olg, extie,m Res — A

where p, the local residue (or trace) map, does not depend on I. This ¢

is a basic component of duality theory. For example, if Vv is a d-~dimensional

irreducible variety over a perfect field A, there is a dualizing sheaf on V

{6, Chapter II1I, §7] whose stalk at a closed point v €V, with local ring R,

is the following R-module of meromorphic g-forms:
{orloea?, Opr € R and plu@ ) =0 for all A € Hy(R) with rd = 0}.

This dualizing sheaf is constructed in (4, Théoréme 4.1] by means of
%Grothendieck‘s machinery. With our definition of residues, a more digestible
trestment, in the spirit of (7}, is anticipated.
The curve case ¢ = 1 is presented in [9, Chapter IV, 53l. The
connection wiﬁh the foregoing may be clarified by an example:
5. EXAMPLE. Let A be a field, and R = A[[X]] the formal power

series ring in one variable. Let K = RI1/X] be the fraction field of R.
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1
HM(Q) =0 @ K

2

and for any h = a_ + alx +aX +... in ‘R, and s > 0, we find that

the coefficient of X

0 2

a
s s=3

hdx
-]
p(hdx/X") = REBR/A [ . ]

1 in h/xs. This is of course the classical definition

of the residue of th/xs; as developed here, it is clearly independent of

the choice of the “parameter" X {cf. [9, p. 25)).
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