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4.2.1 a We certainly have �(1) = 1. let r = a+ bp2 and s = c + dp2. Then
�(r + s) = ��(a+ c) + (b + d)p2� = (a+ c)� (b + d)p2

= (a� bp2) + (c � dp2) = �(r) + �(s) and
�(rs) = ��(ab + 2cd) + (ad + bc)p2� = (ab + 2cd)� (ad + bc)p2

= (a� bp2)(c � dp2) = �(r)�(s):
4.2.1 b We have �(p3)2 = (p7)2 = 7 6= 3 = �(3) so this is not a homomorphism.
If f is such an isomorphism then f(p3) = a + bp7 for some a; b 2 Q. Now f(3) =
f(1)+f(1)+f(1) = 1+1+1 = 3 so we must have 3 = f(p)2 = (a+bp7)2 = a2+2abp7+7b2.
Therefore ab = 0 since 2abp7 = 3 � a2 � 7b2 2 Q. Either b = 0 in which case 3 = a2 which
is impossible since a 2 Q, or a = 0 in which case 3 = 7b2, which is impossible since b 2 Q.
Thus there is no such isomorphism.
4.3.1 a Since jwj > jzj we divide w by z:

w
z = (5 � 15i)(8 � 6i)

82 + 62 = �50 � 150i
100 = �1� 3i

2 :

We take q = �i since this this is one of the closest Gaussian integers. This gives
r=z = w=z � q = (�1� i)=2 and so r = (�1� i)(8 + 6i)=2 = �1� 7i. Now

z
r = 8 + 6i)(�1 + 7i)

12 + 72 = �50 + 50i
50 = �1 + i 2 Z[i]

so r divides z and hence gcd(z; w) = r = �1 � 7i (of course any associate of r is also the
gcd, so �r = 1 + 7i, ir = 7 � i and �ir = �7 + i are equally valid.
4.3.1 b

z
w = (4 � i)(i� i)12 + 12 = 3� 5i

2 :

We take q = 1 � 2i since this is one of the closest Gaussian integers. This gives
r=w = z=w � q = (1 � i)=2 so that r = (1 � i)(1 + i)=2 = 1. Therefore gcd(z; w) = 1.
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4.3.2 a 6 = 2:3 = (1 + i)(1 � i)3 = �i(1 + i)23, where �i is a unit, and 1 + i and 3 are
irreducible.
4.3.2 b Let z = 11 + 7i. Then

zz = 121 + 49 = 170 = 2 :5:17 = �i(1 + i)2(2 + i)(2 � i)(4 + i)(4 � i);
�i is a unit and the rest of the factors on the right are irreducibles. By unique factorisation
z must be an associate of (1 + i)ab where a 2 f2 � ig and b 2 f4 � ig. Now let
w = z=(1 + i) = (11 + 7i)(1 � i)=2 = (18 � 4i)=2 = 9 � 2i so w is an associate of ab
with a, b as above. Indeed w or w is an associate of (2 + i)(4 + i) or (2 � i)(4 + i). We have
(2 + i)(4 + i) = 7 + 6i and (2 � i)(4 + i) = 9 � 2i = w so 11 + 7i = (1 + i)(2 � i)(4 + i).
4.3.11 Let R = Z[!]. We want to show that given a; b 2 R with b 6= 0, there exist q; r 2 R
with jrj < jbj such that a = qb + r. Equivalently, there exists q 2 R with ��a

b � q�� < 1. It
is therefore su�cient to show that given any z 2 C we can �nd q 2 R with jz � qj < 1. If
we join each element of R to its nearest neighbours in R then this divides C into equilateral
triangles (the nearest elements to 0 are 1, ! + 1 = (1 + ip3)=2, !, �1, �! and 1 � !,
which form the vertices of a regular hexagon, which comprises 6 equilateral triangles, and
this pattern is repeated about every element of R). It follows that every element of C lies
in (or on the border) of such a triangle. But these equilateral triangles have sides of length
1, so every point in the triangle is at distance less than 1 from a vertex.
4.3.13 2:3 = (1 + ip5)(1 � ip5). All of these elements are irreducible since for each
element jzj2 6 9, but any non-unit in w 2 Z[ip5] has jwj2 > 4 so any composite w has
jwj2 > 16.

Let I = fa + bip5 : a; b 2 Z; a � b (mod 2)g. I claim that I is an ideal (indeed the
ideal generated by 2 and 1 + ip5). Certainly 0 2 I and I is closed under addition. Now
if x = a + bip5 2 I and r = c + dip5 2 R then xr = (ac � 5bd) + (ad + bc)ip5 and
(ac� 5bd)� (ad+ bc) = (a� b)(c� d)� 6bd which is even since a� b is even. Therefore I is
an ideal and if I = hgi then g divides the irreducible elements 2 and 1 + ip5. This implies
that g is a unit, hence I = R which is nonsense, so I is not a principal ideal.

[In fact any principal ideal domain is a unique factorisation domain.]
4.3.17 For z = a+ bip3 2 Z[ip3] we have jzj2 = a2 + 3b2 2 N0 and jwzj = jwjjzj, so any
unit must have 1 = jzj2 = a2 + 3b2 hence b = 0 and a2 = 1. Hence the only units are �1.

For r = a + bp2 2 Z[p2] let r� = a � bp2. It is easy to check that r 7! r� is an
automorphism of R (an isomorphism from R to itself). Let N(r) = rr� = (a + bp2)(a �
bp2) = a2 � 2b2 2 Z so that N(r) () r = 0. Then N(rs) = N(r)N(s) so if r is a unit
then N(r) must be a unit in Z, in other words N(r) = �1. Conversely, if N(r) = �1 then
1 = �N(r) = r(�r�) so r is a unit. Therefore the units of Z[p2[ are the elements a + bp2
with a2 � 2b2 = �1.

[In fact there are in�nitely many such elements, but each is of the form �(1 + p2)n for
some n 2 Z.]

2


