MATH 162 — FALL 2006 — THIRD EXAM, NOVEMBER 16, 2006
SOLUTIONS

1) (10 points) Which of the following series converge?

o~ 1+ 90’ X 802+ Tn = 8nS +7Tn
=T gy T g%
D 43000t 4307 T L=nd+ondT TP £=600n° + 20003

A) Only S

B) S, Sy and S;
C) S; and Sy

D) Sy and S

E) Only S,

Solution: It is easy to see that the third series diverges because
, 8n’ + 7n
lim =
n—oo 60015 4 200n3
To analyze the convergence of the other two, we use the limit comparison theorem. Notice
that

n3+9n? 1 8n2+7n
. 4 . 4 3
lim 7300"1”" = _—and lim 2 +19" =38
nooo L 300 ¢tk L
n n

Since Z% diverges and ) # converges, we find that 57 diverges and Sy converges. So
S, is the only convergent series. Correct answer: E

2) (9 points) Which of the following is true about the series > - L7

n=2 n(lnn)?2

I) It converges by the integral test

IT) It converges by the comparison test with > 1

© 1
n=1n

IIT) Tt diverges by the comparison test with >
A) I, IT and III are true
B) Only I and II are true

C) Only IT is true



D) Only I is true
E) Only III is true
Solution: Notice that, substituting v = In x,

/m#dx_/ood_“_i
9 (111:6)2 © Jo w2 In2°

So the integral test says that >, n(ln m i n)2 <=
the comparison test cannot be used to decide the convergence of this series. Correct an-
swer: D

—— converges. Although it is true that

3) (9 points) Let f(z) be a function defined for x > 1, such that 0 < f(z) < 1,
for all x > 1. What can be said about the series

n=1

A) S and S, converge

B) S; diverges and S, converges

C) S; converges and Sy diverges

D) S; and S, diverge

E) S5 converges, but S; might converge or diverge.

Solution: Since f(n) < 1, it follows that
fln) _ 1

< —.
n? T n?

So Sy converges. However S; may converge or not. For example if f(n) = 1, S; diverges.
On the other hand, if f(n) = %, Sy converges. Correct answer: E

= 1, and the limit comparison theorem, the following
is true about the series

St :;sin (%), S :;sin <%) :

A) Sy and S, converge

B) S; diverges and Sy converges



C) S} converges and S, diverges
D) S; and S, diverge
E) Sy converges, but S; might converge or diverge.

Solution: Using the limit above we find that

~ sin (4 ~ sin (&
i P 1 i 2
n n

Since Z% diverges and ) # converges, we deduce from the limit comparison theorem
that S diverges and S converges. Correct answer: B

5)(9 points) Find the smallest number of terms which one needs to add to find the

sum of the series > -, % with an error strictly less than 1073,

A) 2 terms
B) 3 terms
C) 4 terms
D) 5 terms
E) 11 terms

Solution: This is an alternating series. We know that if S = Y >° (—=1)"b,, and Sy =
Z;V:l(—l)"bn, where b, > 0, b1 < b,, and lim,,_,,, b, = 0, then
1S — Sn| < byt

In our case b, = ﬁ so it satisfies the three assumptions about b,, stated above. Since
we want the error to be strictly less than 1073, we impose that by,; < 1073, In this case,

1073,
(N 1B(N 1)

So we must have
(N +1)3(N + 1)! > 1000.

The first value of N for which this is true is N = 3. So we need at least 3 terms. Correct
answer B.



6)(9 points) Each of the following series converge

= n 2 = T = ,Sinn
n=1 n=1 n=1

Which ones converge absolutely?
A) S;, S and S3

B) S; and Sy

C) S and S3

D) S, and Ss

E) Only S,

Solution: The first series does not converge absolutely by comparison with % because

2|2 2 1
3n+1| 3n+1" 4n "~ 2n
The third series converges absolutely by comparison with i% because
(_1)nsinn _ sinn < 1 _ i

The second series converges absolutely by the ratio test,
hmn—i-l 2_": lmn+1:1
n—oo 2"t p nooo 2n 2

< 1.

Correct answer: D

7)(9 points) Which of the following is the interval of convergence of the power series

= ni(r —2)"
2 iy
A) (0,6)
B) [0,6)
C) (—=1,5]



E) (0, 6]

Solution: First we use the ratio test to find the radius of convergence
. |(n+1)2(z—2)" 37(n3 +2) (n+1)2n*+2) |[z—2| |z—2
lim = lim = )
n—oo | 3" ((n +1)2+2) n2(x—2)"| n—on?((n+1)3+2) 3 3

So the series converges when @ < 1, which is the same as —1 < x < 5. Next we test

the convergence of the series at the end points x = —1 and = 5. When z = —1, the
series is
& . n2(_3)n e n2
Z(_1> 3n(n3 4 2) - Z n3 + 2’
n=1 n=1
which diverges by limit comparison with 3 % When x = 5, the series is
s n2(3)n e n2
1) = 1)
;( ) 3n(n3 +2) ;( ) nd + 2

This is an alternating series. If b, = n?—;, we see that b, satisfies: b, > 0, b,y1 < b,
and lim,, ., b, = 0. So it converges conditionally by the alternating series test. Correct
answer: C.

8) (9 points) Let f(x) be the function which is represented by the power series

O Y

n3
n=0

The fifth derivative of the function f at x = 1 is equal to

Solution: We know that if a function f(x) is represented by a power series

fl@)=> ez —a)", if |r—a <R,
n=0



6

A

then ¢, = % So in this case

o) 5 1
5 - U

Therefore f©®)(1) = =3 = =2 Correct asnwer: C

9) (9 points) The coefficient of the z* term of the binomial series of f(z) = v/1+x
is

Solution: The binomial series is

(L4 — 14 ko+ k(k2!— Do k- 13)!(1{ ~2) 5, (k- 1)(k4!— 2(k=3) 4,

In this case k = % So the coefficient of z* is

Correct answer: C

10 )(9 points) The Taylor series of f(x) = = centered a =1 is
A) T (- 1

B) S0 5

C) Lo 55

D) X020 S

E) Yonlo(—)" G




Solution: First write
1 1

5—z 4—(z—1)

By the formula for the geometric series,

n=0
we get that
1 = <x—1)" = (z—1)"
1) Z - Z n
1! 4 : n=0 4 n=0 4
So
I 1 1 1 _1§:(x—1)"_§:(x—1)"
b—w Ad—(r—1) 4 1l 4L g Loyl T
Correct answer: D.
11 )(9 points) Recall that
' o p2n+1
SINT = Z(—l) m, —00 < xr < 0Q.

n=0

Using this, we find that Maclaurin series of
/zz sinx dx s
A) (=) e
B) Solo (1) Gy
C) 2o (1) Gy
D) 30Zo(—1)" Gty

fo%) n x2n+4
E) Zn:O(_l) (2n+4)!(2n+1)!

Solution: From the given formula we have:

© 2n+3

?siny = Z(—l)"m, —00 < T < 00.

n=0
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To find [ z*sinz dx we only need to integrate the series term by term. We obtain

, 00 p2n+3 o0 p2ntd
- SN g =S (=) -
/5’5 s dr ;( D /(2n+1)! ! ;( ) (2n+4)(2n + 1)!

Correct answer: D.



