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CHAPTER 3

Rates of Growth

Inequalities are very useful in comparing rates of growth of func-
tions.

DEFINITION 1. If f and g are two functions, we say that f dom-
inates g if there is a value N such that

f(z) > g(x)
for all x > N.

(See Figure 1.)

f(y

a(x)

N
FIGURE 1. f grows faser than g

The function f(z) = Cz* where C' and a are both positive, ex-
hibits power growth in that it grows like a power of x. The following
example illustrates that the larger the power, the faster the growth,
regardless of the value of C.

EXAMPLE 1. Prove that (.01)z* dominates x°.

Scratch work: According to Definition 1, we need to find a value N
such that

(.01)z* > 2?
35



36 3. RATES OF GROWTH

for all x > N. Division by (.01)x? followed by taking the square root
produces

2 > 100
x> 10

Thus, we can take N = 10.
For our formal solution, we state the value of N and reverse the
above steps to prove that the stated value works.

Solution: Let N = 10. Assume 10 > x. We may square this in-
equality because y = 22 is an increasing function for x > 0, obtaining
z® > 100
We may multiply by (.01)x? since this term is positive, showing that
(.01)z* > 2

for x > 10, fulfilling the requirements of Definition 1.
EXAMPLE 2. For each pair of functions below (i) determine which
is the dominant function, (ii) prove your answer by finding a number

N fulfilling the requirements of Definition 1. Prove that your value
of n really works.

(1) 322+ 5z -3, 2*
(2) 2°, %4322 —2z+1

Solution

Scratch work(1):

For polynomials, the highest power of x determines the rate of
growth. Hence, in (1), we expect 22 to dominate. To prove our answer
we must find an N such that

322 + 5 —3 < a®

for all x > N.
We see no way of solving this inequality. Instead we seek a simple
quantity “?” and a value N for which

322+ 51 — 3 <? < 2®
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for all x > N. In other words, we wish to replace 3x> +5x — 3 by a
larger, simpler quantity, which is still dominated by x®. We begin by
dropping negative terms:

322 + 5z — 3 < 322 + 5.

Since

1
3 3 3
ST+ xt =
2 2
this latter quantity will be less than =3 provided

1 1
(1) 37% < 59173 and Hr < §x3.

Solving these inequalities yields
(2) 6<x and V10 <.
Since v/10 < 6, both of (1) hold for x > 6.

Proof (1): Let N = 6 and assume x > N. Then (2) both hold.
Hence (1) both hold. It follows as in the scratch work that

322 +5r —3 <2

for all z > 6, showing that 2® dominates 322 + 5z — 3.

Scratch Work (2):
Now we expect 2% + 32? — 22 + 1 to dominate. To prove this we
must find an N such that for x > N,

20 < 2% +32% — 22+ 1.
Again we seek a quantity “?” satisfying
2° <? < 2%+ 327 — 22 + 1,

meaning that we want to make x° + 3x* — 2x + 1 smaller. Hence, we
drop positive quantities producing

2 <ab =2 <ab 4322 -2+ 1.

We cannot drop the —2x term since this would make x®—2x larger.

We can, however, replace 2x by a larger quantity, such as %xﬁ, since
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subtracting a larger quantity produces a smaller result.! We note that

1
(3) 2z < 51‘6
for 4 < x°—i.e. for 4'/°> < x. For such x
1 1
2% — 22 > 2% — 5:66 = 5:1:6.
Finally
1
(4) §x6 > P

provided x > 2. Since 2 > 4'/5 we choose N = 2.

Proof (2): Let N = 2 and assume that + > N. Then (3) and (4)
both hold. It follows as in the scratch work that

< +322 20+ 1

for all z > 2, showing that 2® + 32? — 2z + 1 dominates z°.

In studying rates of growth, it is useful to note the following
proposition which is proved in the exercises.

PROPOSITION 1. Suppose that 0 < a < b. Then
20 > z¢
forxz > 1.

One of the goals in the study of rates of growth is to get informa-
tion how fast a function grows by comparing it to another function
whose growth we understand.

DEFINITION 2. Let f and g be functions. We say that f grows
like a multiple of g if there is are constants C' > 0, D > 0 and N
such that for all x > N,

Cy(x) < f(z) < Dg(x).
(See Figure 2)

EXAMPLE 3. Show that f(z) = 2® — 322 + bz — 1 grows like a
multiple of x3.

I'We choose a multiple of z® in order to obtain a simple expression. We
used %x(j in order to obtain a positive result; no negative multiple of 2% would
dominate 5.
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Dg(x)
f(x)

Ca(x)

N

FIGURE 2. f grows like a multiple of g

Solution: According to Definition 2, we need to find positive con-
stants C', D, and N such that

Cx® < a® =322 +5x—1< Da?

for all z > N.
Deleting negative terms makes a sum larger. Thus, for z > 1,

(5) 2? —32% + 5r — 1 < 2° + bx < 2° + 52° = 62°

Hence, for the right hand inequality, we may take D = 6 and N = 1.
Finding C'is harder. Deleting positive terms makes a sum smaller.
Hence, for = > 0,

(6) 2? =32 + 50 —1>2° —32° — 1
Subtracting more also makes a quantity smaller. Hence, for x > 1,
23— 322 — 1> a2 — 323 — 2% = —343

Unfortunately, we cannot use —3 as C' since a positive value is re-
quired. To avoid this problem, we replace 3z and 1 by sufficiently
multiples of x>.
We choose N so that both of the following hold for x > N:
1
322 < = 2?

(7) D,
1< =
57
The first inequality is valid for > 9 and the second for x > 3!/3 ~
1.44. For x > 9, both are valid and

1 1 1
8 3_32_1> 3,3 3:_3
(8) x x T3t - gt =g
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Hence we may choose N = 9 and C' = 1/3. This value of N also
works for the D inequality with D = 6 because 9 > 1.

It is a general property of ratios of positive numbers that the
larger the denominator, the smaller the number. Thus, for example

3_3

9 5
because 5 < 9. This principle is the basis for the next two examples.

ExXAMPLE 4. Find a value of m such that the following function
grows like a multiple of ™. Prove your answer.

3x°
fla) = 3 — 312 +5xr —1

Solution: We need to find C' > 0, D > 0, m, and N such that

320
Cax™ < < Dz™.
v 3 — 312 +5r—1 v

for all z > N.

Finding m is easy. The numerator is a multiple of z° while, from
Example 2, the denominator grows like a multiple of 3. Hence the
whole fraction should grow like a multiple of z°/23 = z?, implying
m = 2. More precisely, from the work done in Example 2, we know
that for z > 9

1

(9) §:1:3<x3—3x2+5:v—1<6:c3

We may invert this inequality since, for x > 9, 23 > 0. We find
3 1 1

w3 " 3 =322 +5xr—1" 6a3
We may multiply by 32° since, again, for z > 9, 2° > 0. We find
32° x?

>
x3—3x2+br—1" 2
Hence, we may choose m =2, C' =1/2, D=9 and N = 0.

922 >

Remark: The principle that increasing the size of the denominator
makes the fraction smaller is only valid if both the numerator and
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denominator are positive. For example

5<5
-7 3

despite the fact that —7 < 3. Thus, the positivity of the C' and D
found in Example 2 was crucial in Example 3.

ExXAMPLE 5. Find a value of m such that the following function
grows like a multiple of ™. Prove your answer.
322+ 1
23— 32?2+ b —1

fx) =

Solution: We need to find C' > 0, D > 0, m, and N such that

32+ 1
Cx™ < < Dx™.
v 3 —322+ b —1 v

for all z > N.

Solution: Since the denominator grows like a multiple of 23 and the
numerator like a multiple of 22, the whole fraction should grow like
a multiple of z%/x3 suggesting that m = —1. To prove this we find
the C' and D’s for the numerator and denominator. Specifically, from
inequality (9), for z > 9,

1

§x3<x3—3:1:2+535—1 < 623
which, upon inversion, becomes.

3 1 1

(10)

23 ~ x3 =322+ br —1 ~ 63
For the numerator we find that for x > 1
(11) 4o > 32° + 1 > 32°.
Multiplying inequalities (10) and (11) shows that, for z > 9,
1222 3r? +1 32

> > —

a3 23— 322 4+5x—1" 623
(The multiplication is allowed since, for x > 9, both inequalities
involve only positive numbers.) Hence C' = %, D =12, N =9 works.
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Logarithmic growth is particularly slow. Recall that

1
lnx:/ —dt
1t

Thus, Inz is the area under the curve y = 1/x between 1 and .
Comparison of areas as in Figure 3 shows that for =z > 1,

(12) Inz <z

The same inequality holds for 1 > x > 0 since in this range,
Inz < 0. Thus Inx grows slower than x.

y=1/x

Areaof big rectangle=x

-

1 X

Shaded area=In x

(12)

FIGURE 3. lnz < zx

We summarize this discussion in the following important theorem:
THEOREM 1. For allx >0, Inx < z.
Actually, axr dominates In x for any a > 0.
PROPOSITION 2. Let 0 < a. Then
(13) Inxr < ax

for x > 4/a*.
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Proof From Theorem 1, for all b > 0,
In(bz) < bx
Inb+1Inx < bx
Inx <bx—1Inb

1
=b In -
x+nb

1
<bx+ —
_:c+b

Ifa:>bi2,thenb:v>%so

Inx < bx + bx = 2bx.

Our result follows by letting b = . U

It is a consequence of Proposition 2 that logarithmic growth is
slower than power growth, regardless of the power, as long as the
power is positive, as the following example demonstrates.

EXAMPLE 6. Find a value of N such that Inz < % forallz > N.

Scratch Work: To make the powers of x on both sides of the inequal-
ity the same, we multiply by % and use properties of the logarithm:
£1/2

| < —
nwr 3

1 I1/2
§1HIE < T

1 1 .T1/2
) < S —
1 (m ) 6

According to inequality (13) on page 42

Y 4
lny < = > ——— = 144.
ny 6f0ry (1/6)?
Hence, letting y = z'/2,
1/2
In (:v%> < % for z1/? > 144

which is the same as x > (144)?. Hence, N = (144)? works.
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Proof: Let N = (144)2. Then, if z > N, 2'/2 > 144 so according to
Proposition 2 on page 42,

| . /2
nlz2) <—
() <5
which, from the scratch work, is equivalent with the desired inequal-
ity.

Remark: The value N = (144)? = 20736 found above is by no
means the “best possible” answer. A graphing calculator indicates
that in fact Inx < %/2 is true for all x > 289. This shows that the
value of N given in Proposition 2 can be vastly larger than necessary.
This, however, does not matter in determining which is the dominant
function.

Exponential growth is faster than power growth, as the next ex-
ample shows.

EXAMPLE 7. Prove that 2° dominates z°.

Scratch work: We must show that there is an N > 0 such that
(14) x? < 2"

for all x > N. Since Inx is an increasing function, our inequality is
equivalent with
Inz® < In2”

3lnx < xIn2

o< In 2
nr<-—zx
3
which, according to Proposition 2, with a = 1“%, is true for

x> 36/(In2)* ~ 74.93.

We cannot, however, use 74.93 as the value of N since this value
is only an approzimation. If the actual value of 36/(In2)? is slightly
greater than 74.93, then it is conceivable that inequality (14) might fail
for some x > T74.93. However, presuming that our calculator has at
least 2 decimal accuracy, we can be certain that, say, 80 > 36/(In 2)?.
Hence, we may use N = 80.
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Solution: Assume that z > 80. Then
36/(In2)? < x

Thus, from Proposition 2,

| <ln2
ne < —x
3

3lnz < xIn2
Inz? < In2”

Since ¢’ is an increasing function we may continue this sequence
of inequalities as follows:

In 23 In 2%
3 < 2"

as desired.

Remarks: Note that the formal solution required the fact that the
exponential function is increasing; not that the logarithm function is
increasing, as our “scratch work” had suggested. Typically, if we ap-
ply a particular function to both sides of an inequality in the “scratch
work,” then in the formal solution we will apply the corresponding
inverse function to both sides of an inequality. Fortunately, it is a
general principal that the inverse of an increasing function is increas-
ing. (See Exercise 13 below.) Similar comments apply for decreasing
functions. (See Exercise 14 below.)

Example 7 also demonstrates that in rounding computed values
of N, we should never “round down.” If a particular inequality is
known to true for, say, all x > 4.01, then it might not be valid for all
x > 4. It will, however, hold for all z > 5.

Another general principle is that if f(x) is dominated by g¢(z)
which is dominated by h(x), then f(z) is dominated by h(z). (See
Exercise 11.) We apply this principle in the next example.

ExXAMPLE 8. Find a value of N such that 722 < 2% for all z > N.
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Scratch work: If we attempt to solve this using the same idea as in
Example 6, we take the log of the inequality obtaining

In(72?) < In 2"

In7+Inz? < zln?2
In74+2lnzx < xln?2

Unfortunately, this cannot be transformed into something to which
Proposition 2 applies.

Solution: We reason that 722 is dominated by 23 which is dominated
by 2%. Specifically, 722 < 2® for x > 7 and, from the solution to
Example 7, 2% < 2% for x > 80. Hence, 72% < 2% for x > 80.

ExXAMPLE 9. Find an a > 0 such that the following function grows
like a multiple of a”. Prove your answer.

2 4 rlnx + a3
4z 4 p33¢ 4+ 1

Solution The fastest growing term in the numerator and denomina-
tor are, respectively, 2¥ and 4*. Hence, we expect that the fraction
should grow like 2% /4% = (1/2)*, suggesting that we may use a = 1/2.
To prove our answer, we must find constants C' > 0, D > 0 and N
such that

2+ rlnx + 23
1 277 D27%
(15) R T T

for all z > N.
We first consider the denominator. Since x33% and 1 should grow
more slowly than 4%, there should exist an N such that for x > N,
1< 4"
1337 < 47
The first inequality is true for all > 0. Dividing by 3” and using
the fact that Inx is an increasing function, we see that the second
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inequality is equivalent with

4 T
3
< p—
< (3)
4
3lnx < xlng

1. 4
Inz < (§ In g)x

which, from Proposition 2, holds for z > 4/((31In3)? ~ 434.9876.
Hence, for, say, © > 450

47 < 47 4 2737 41 < 47 + 4% + 4% = 3(4%)
Inverting, we see
1 1 1
340 “F a3l &
For the numerator, we note that for x > 1,
2 +axlne+23 <2422 +2°

U R
< 2% 4 227

(16)

where we used Inz < x in the first line.
On the other hand, from Example 7, 23 < 2% for x > 80. Hence,
for such =z,

(17) 2" +xlnx +a° < 3(2%).

Inequalities (16) and (17) will both hold for z > 450. Multiplying
these inequalities shows that inequality (15) holds for all x > 450
with C'=1/3 and D = 3, finishing the proof.

The rate of growth of the sum of two functions is determined by
the fastest growing term in the sum. The situation is more compli-
cated in the case of products. For example, 233% dominates either
3% or x°. However, since exponential growth is faster than power
growth, 233% grows slower than a® for any a > 3.

ExXAMPLE 10. Prove that 33% is dominated by (3.1)®.

Solution We must show that there is an N such that for all x > N
(18) 233" < (3.1)"
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However, since Inx is an increasing function, this equation is
equivalent with:
3.1\"
3
r < | —=

3Inz < z(In3.1 —In3)
which, from Proposition 2, holds for
36

> ~ 33482.99.
Y7 3 —3.1)7?

Thus, we can be certain that the stated inequality holds for, say,
x > 40, 000.

The next example is based on this idea.

ExAMPLE 11. Find positive numbers C, D, a, b, and N such that

2+ rlnx + 23
Ca®” < < Db*
“ 337 + 1

for all x > N.

Solution From the solution to Example 10, equation (18) holds for
x > 40,000. Hence, for such x
3 < 2*3" +1 < (3.1)" + (3.1)" = 2(3.1)".
Inverting:
1 - 1 - 1
2(3.1)r " a%3r+1 3
Multiplication by inequality (17) (which holds for > 450) yields the
estimate

2% - 2+ xlnzx + 2° <3 27
2(3.1)" x33% 4+ 1 (37)

1 (i)x _ 22 f rlnx + 23 _3 (g)x

2\ 3.1 33T+ 1 3
which is true for z > 40,000. Thus, we may choose a = 2/3.1,
b=2/3,C=1/2, D=3, and N =40,000. In place of 3.1 we could,

of course use any number strictly greater than 3, although different
choices result in different values of N. We cannot use 3.

Exercises
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(1) Suppose that 0 < a < b.

(a) Prove that if z > 1, then x* > 1. Hint: Use calculus to
prove that, y = x® is increasing on (0, 00).

(b) Prove that if z > 1, then 2° > 2% Hint: From (a),
27 > 1.

(2) For each pair of functions below (i) determine which is the
dominant function, (ii) prove your answer by finding a num-
ber N fulfilling the requirements of Definition 1 on page 35.
Prove that your value of n really works.

3vr, x'/3
8x2%, a3
8x2, 341

822 +x, 2% Hint: x <a®forxz>1

:c5, 22+ 22% —x+1

x —7$2—|—2x+1, P +r+1

?+374+1, P4+l

2 +322+1, 2 +22°+x+7

3\/5, x— /3

2 =T 20 +1, 2t

20— T2 +2x+1, (1.1)2°
(m) 2° — 722 + 2z + 1, (.99)z°

(3) For each function f(z ), find a value of m such that f(z)
grows like a multiple of g(z) = z™. Prove your answer by
finding constants C', D and N fulfilling the requirements of
Definition 2 on page 38.
(a) flz)=a*+ 322+ 1

x)=5x>—3x+7
x 5a2—3x47
z443x2+1
24432241
522 —3x+7
2+ 322 —5r+1

) =
) =
) =
) =
y=22-3r—\r+7
) =
) =
) =
) =

(@]

8 8

—A/\,—\/\
— O

22 —3x—\/T+7
44322541

8

244322 —5x41
22—3x—+/T+7

TN N
o

\_/\_/\_/\_/\_/\_/\_/\_/\_/

s

x®—4x?—5
ro+142—3
241423
x5 —422-5

—~
— e

T

T

R R eI s
5

P
—.
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(4) In each part, find constants C' > 0, D > 0 and N such the
stated inequalities are valid for all x > N. State in words
what each inequality tells you about rates of growth.

(a) C(5)" <5555 < D(3)

(b) C(ﬁ)w < 272241423 < D(E)x

3 3 —4x2—5

(© CE) <Fmmam <P ()

4 . 41—;3§2—5:{:+1 .
(@) C (%) < T < D (%)
(5) Find a value of N such that for x > N,
(a) 2% — 3z 427 < 2?
(b) 2% — 3z + 27 > 922
c) Explain why there is no N such that 22 — 3z + 27 > 22
for all z > N.
(6) Find a value of N such that for x > N,
(a) 2% +32% — 27z + 1 < (1.01)2?
(b) 23 + 322 —27Tx +1 > 23
(c) Explain why there is no N such that 23+ 322 —27x+1 <
23 for all z > N.

(7) For each pair of functions below (i) determine which is the
dominant function, (ii) prove your answer by finding a num-
ber N fulfilling the requirements of Definition 1 on page 35.
Prove that your value of n really works.

(a) lnz, '/

323 Ingx
23 —3x2+5x—1

1) (Inz), 210

Prove that for n > 3, nl > 2(3"). Hint3! = 3-2 = (3%)2.
5! = 5-4-3! > 3-3-3! = (3°)2. Repeat the same argument
in the general case.

(b) Find an N such that 23" > 2" for n > N. How does it
follow that n! dominates 2™7
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(¢) Use the reasoning from (a) to find an N such that n! >
3—324" for n > N. Use this to find an N such that n! > 3"
for all n > N.

(9) For each pair of functions below (i) determine which is the
dominant function, (ii) prove your answer by finding a num-
ber N fulfilling the requirements of Definition 1 on page 35.
Prove that your value of n really works.

a 22 et
(a) ,

(b) ?Inz, (1.5)°
(c) 3%, a%2"

3 1
d _
(d) 2¢7 (1.5)*
1 22Inzx
) T =
3" 1
£ > =
(®) nl’  2n
(@ 3"+ n2+1 3"
& on—5  on
n!
h (1)
(h) T (1.1)

(10) Are there positive constants C' and N such that
Cr <lnz

for all x+ > N. If so, find them. If not, prove that such
constants don’t exist.

(11) Suppose that f(z), g(x), and h(z) are functions such that
f(z) dominates g(x) and g(z) dominates h(z). Use Defini-
tion 1 on page 35 to prove that then f(z) dominates h(z).

(12) Let f be an invertible function and let g = f~! be the inverse
function. (Hence, g(f(x)) = z for all x in the domain of f.)
Prove that f(g(y)) = y for all y in the range of f. Hint:
Since y is in the range of f, y = f(x) for some z.

(13) Let f be an increasing, invertible function and let g = f~!.
Prove that ¢ is also increasing. Hint Suppose that there
are numbers a < b in the domain of g such that g(a) >
g(b). What do you know about the effect of applying f to
inequalities?
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(14) State (carefully) a version of Exercise 13 that applies to de-
creasing functions. Then solve your exercise.

(15) In the notes we used integrals to prove that for z > 0, Inz <
x.

(a) Prove this by using calculus to find the minimum for the
function f(x) = x —Inz. Use the second derivative test
to prove that the value you find really is a minimum.

(b) Prove that Inz < (1/e)x for all x > 0. Why is this
inequality false with “<” replaced by “<”? Hint: Use
the same idea as you used in (a).

(¢) Use the result from (b) to prove that Inz < /z for all
x> 0. Hint: Apply (b) with z replaced by z!/2.

(d) Use the result from (c) to prove that Proposition (2) on
page 42 holds with 1/a? in place of 4/a?.



