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CHAPTER 4

Exponential and L ogarithmic Functions

Section 4.1  Exponential Functions
Solutions to Even-Numbered Exercises

1\3 1
2@ (E) ~ 15
1 1/3 1 1
(0) 6473 = (¥/64)" = 42 = 16
5\2 2
“(f-2
(e) 100%2 = (,/100)° = 10° = 1000
(f) 452 = (V4)° = 25 = 32
6. (a) (4%)(4% = (64)(16) = 1024
o (3@ = (3 af =r=1
(©) (49V2=43=164

(@ [ = (8422 =81 = ¢

10. g(x) = 1.075¢ 12. 5+1=125
(3 g(1.2) ~ 1.091 51 = 53
(b) g(180) ~ 450,322.416 X+1=3
(c) g(60) ~ 76.649 X=2

(d) g(12.5) ~ 2.469

16. 42 = (x + 2)?
4 =x+2
X=2 —6

(©) (8Y9)(2¥?) = (8- 2)¥2 = 16Y2 = /16 = 4

(d) (323/2)@ ¥z _ <32 ' %>3/z

- 16¥2 = (V/16)° = 4° = &4

8. f(x) = 3x*+2
@ (-4 =32 =2

(b) f(—%) =37 1212 = 332~ 5196

(© f(2) =32+2=81

(d) f(_g) — 375/2+2 — 3*1/2 = % =~ 0.577

14. (9% =625

52X = B4
—2X=4

18. (x + 3)%3 = 16

X + 3 =16%4
XxX+3=8
X=5

20. The graph of f(x) = 372 = (1/3)¥2is an exponential curve with the following characteristics.

Passes through (0, 1), (1, 1/./3), (2, 1/3)
Horizontal asymptote: y = 0
Therefore, it matches graph (c).
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22. The graph of f(x) = 3*~2isan exponential curve with the following characteristics.

Passes through (0, 1/9), (2, 1), (3, 3)

Horizontal asymptote: y = 0
Therefore, it matches graph (f).

24. The graph of f(x) = 3* + 2 isan exponentia curve with the following characteristics.

Passes through (0, 3), (1, 5), (—1, 7/3)

Horizontal asymptote: y = 2
Therefore, it matches graph (b).

26. f(x) = 4%
X -2 -1 1|2
f | % |3 4|16
y
o1
Al
N
o1
_
T4 12
30.y=2%
X|—=21]-1 1|2
v & 13 [2]5]8

-2 -1

s(t)

7 5

NN

_h
—~
Ry
=
o
SN
H
ENT I
5k

————
3 -2 -1 12 3

32. y = 3K

B2 128
ol
36. St) = 116.59(1.3295)! (t = 4 corresponds to 1994)

() 2006; S(16) = 116.59(1.3295)16 ~ $11,109 million
(b) 2012: S(22) = 116.59(1.3295)22 ~ $61,349 million
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38. C(t) = P(1.05), O<t< 10 40.y=16(3" t=0
C(10) = 6.95(1.05)° ~ $11.32 @ =

0

(b) 50years y = 16(2)*%

© y=163""=10 t = 120 years,

~ 5.04 grams

Section 4.2  Natural Exponential Functions
2. @ (1)72 = e 4.(a) (9B =e2= é 6e=1=¢
€ x=0
5\ —1 e
) (%) = (&)1 = é (b) i =2 =eV2=etVe
5 —2)-4 — B
©E-e © (7
¢ (@) (e)(e ) = e
1
@ g5= ¢
8 et = Je=e 10. XEZ = e 12 x2=5
_1_1
X 2 X2 = 2e? e &
X=—2 x=+*2e 2
= e . 2e
R

14. f(x) = e /2. Decaying exponential. Matches (€)

18. f(x) = e * + 1. Matches (a)

20. f(x) = e

X -1 0 %
f(x) | 0135 | 1 | 2.718 | 7.389

54.598

16. f(x) = e /. Matches (b)

22. f(x) = e **2 Intercept (0, 7.4).
Decaying exponential.
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24. A(t) = 500e015t

1200

-200

28

x| -2 |[-1 Jol1 |2

y | —3.627 | —1.175| 0 | 1.175 | 3.627
4

-6 6
4

im &=t 2 20

A0 2

im &85 0>

AmT2 2

No horizontal asymptotes
Continuous on the entire real line

nt
32. A= P<1+%) ,  r=20051t=20,P = 2500

20n
= 2500(1 + Lr(\)5>

Continuous compounding: A = Pe't = 250000520

30.

10
9(x) 1+e*
12
-8 '“Jifﬁ 8
-4
x| -2 -1 0 1 2
y | 0502 | 0.581 | 0.667 | 0.758 | 0.854
5
-6 —— 6
-3
. 2 2
M1 2605 110 2
. 2 2
x[ltnw 1 + 2e 0 B ; =0

Horizontal asymptotes: y = Oandy = 2
Continuous on the entire real line

1 2 4 12 365 continuous
A | 6633.24 | 6712.66 | 6753.71 | 6781.60 | 6795.24 | 6795.70
r nt
34.A=P<1+ﬁ), P = 2500,r = 0.05,t = 40
40n
= 2500<1 + @)
n
Continuous compounding: A = Pe't = 2500e(005(40)

ni|1 2 4 12 365 continuous

A | 17,599.97 | 18,023.92 | 18,245.05 | 18,396.04 | 18,470.11 | 18,472.64
36. A= Pe'l, A= 100,000,r = 0.03 0 P = 100,000e~ 903t

t |1 10 20 30 40 50

P | 97,044.55 | 74,081.82 | 54,881.16 | 40,656.97 | 30,119.42 | 22,313.02
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nt
38 A= P<1+L> A = 100,000, r = 0.06,n = 365 (] P = 20000 _
n (1+ %)
t |1 10 20 30 40 50
P | 94,176.92 | 54,883.87 | 30,112.39 | 16,532.33 | 9073.58 | 4979.93
n
40. Jeff = (1 + %) ~1, r=0075
1 2
(a) Veff = (1 + %175) —-1=0075 o 75% (b) Veff = (1 + %) —-1~=00764 or 7.64%
4 12
© Jaf = (1 + %75) “1~00771 o 771% (d) Jeff = (1 + %) ~1~00776 of 7.76%
A 21,154.03 0.0625\12)@3)
= = ! ~ $15,500.00 = Pttt ~
42. P ) (s e $ 44. A 6000(1 + =0 ) $7233.86
46. () p(1000) = 10 000(1 — 3 ) 48
-@p ’ 3 + 1000g 0001(1000) "|s|s0 |55 |60 |65 |70
= $9919.11 y| 280 | 264 | 248 | 234 | 220
3
(b) p(1500) = 10,000(1 “ 37 1500e*°-°°1<15°°>) You can conclude that the miles per gallon decreases as
speed increases.
= $9911.16
50. P = 115.49e>04% (t = 0 corresponds to 1970)
(@) 1970: P(0) = 115.49e°044500 ~ 115.49 thousand (b) The population is growing exponentially, not linearly.
1980: P(10) = 115.49€P-0445(10) ~ 180,22 thousand (c) Using agraphing utility, t =~ 42, or 2012.
1990: P(20) =~ 281.23 thousand
2000: P(30) =~ 438.86 thousand
52.
Interval 112|3|4]|5 6 7 8 9 10
Numberofcells| 1| 2| 4| 8| 16 | 32| 64| 128 | 256 | 512

. N

550

0 11
0

Model: y = 2t=1or y = glt—1in2

B 95
"1+ 85g 01

(ad t=100 N = 26.68words/min
(b)) N=700 t = 26.4weeks

(©) Yes, thereisalimit ast increases without bound.

lim 95 _ 95
t-o1l+ 8567012 140

= 95 words/min

100

0 20
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Section 4.3  Derivatives of Exponential Functions

2.y =2e* 4. y = -2
y(0) = 2 y(0) = -2
6.y = —et~x 8. f(x) = eVx=¢e<"’
1 —el/x
00 = (1) = =2
10. g(x) = ev* = ** 12. y = 4x3e*
VX /= 3(—aX + 2a—X
gx = eﬁ(%xﬂﬂ) — ef y' = 4&x3(—e) + 12x%
2% = 4x% X3 - x)
—X)4
14. f(x)=w 16. y’ = x%e* + 2xe* — 2xe*X — 2e* + 2e* = x%e¥
f/(x) = 2(e* + e ¥)3(ex — %)
/ — oX3(2y2
18 g'¥) = (3 20. y= é = xe %, <1, é)
g'(-1) =3e?
13 y = x(-262) + &2
Ve Jo 2,1 -1
=— - =
3 3.1 3 4 e e e
y=Sx+-+==Sx+-—
e” e e e e 1 ;1()(_ "
e? e
ye?2 —1=—x+1
ye +x—2=0 or y=2e_2X
2. y=(@*-2* (01 24, X2y — xeX+ 2 =0
y’ = 2(e — 2)(4e™) dy

2xy+x2&—xex—e><:0

y'(0)=2(-1)4=-8

y—1=—8(x—0) x2%=xex+ex72xy
y=-8&+1

dy  xeX+ e — 2y

dx X2
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26. ey + x2 —y?=10
ﬂ) P
<y+xdxe><y+2x ZydX 0
Yine — 29) = —ye — 2x
dx

dy —ye¥—2x  —y(10 - x>+y’) —2x _ x%y —y®— 2x— 10y
dx  xe¥—2y  x(10—-x2+y) -2y xy2—x3+ 10x — 2y

28. f(x) = (1 + 2x)(4e™) + 2e™ = 2e™[(1 + 2x)(2) + 1] = 2e™(4x + 3)
f(x) = 2e™(4) + 8e™(4x + 3) = 8e™[1 + (4x + 3)] = 32e™(x + 1)

30. f(x) =B+ 2X)(—3e ) +2eF=eH-9—-6x+2) =—eH6x+7)
f(x) = —e"6) + (6x + 7)(3e™) = 3e -2+ 6x + 7) = 3e 36X + 5)

32. f(x) =3(e<— e
f(x) = %(ex + e > Oforal x

f/(x) # O for any values of x. Thus, there are no relative extrema. ©.0)
(%) = Xt — ) 2 4 / I
f”(x) = Owhen x = 0. 2l

We have a point of inflection at (0, 0).

X -2 -1 0|1 2
f(x) | —3.627 | —1.175 |0 | 1175 |3.627

34. f(x) = xe %
f(x) = —xe*+e*x=eX1—-x 27
f(x) = Owhenx = 1. " (1,0369) (2, 0271)
) =eX-1)+1-x(-e)=—e1+(1-x]=eXx-2 - e s
Since f(1) < 0, we have arelative maximum at (1, e~ 1). _2:

f7(x) = 0 when x = 2 and we have a point of inflection at (2, 2e~2).

X -1 01 2 3
f(x) | —2.718 | 0 | 0.368 | 0.271 | 0.149

8
36. g(x) = 15 e

Horizontal asymptote: y = 4
Vertical asymptote: x = 0 (from the left)

10

o

-10 10

-10
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38.

40.

48.

(8 V = 500,000e 02231
V’ = —111,500e 02231

600,000

0

(o) V(1) = —111,500e~ 028311 ~ —$89,243.89 per year

95 96.9e 012

N=1fgseom N'=

(& Whent =5, N’ = 1.66 words/min/week.
(b) Whent = 10, N’ = 2.30 words/min/week.
(c) Whent = 30, N’ = 1.74 words/min/week.

.y = 11546 + 1.592t + 0.0552t2 — 0.00004¢' (t = 5

corresponds to 1995)

(@

-

0
(b) 1995: y’(5) =~ 2.14 million per year
1998: y’(8) = 2.36 million per year
2002: y’(12) =~ —3.59 million per year
(©) y’ = 1.592 + 0.1104t — 0.00004¢!
y(5) =~ 2.14
y'(8) ~ 2.36
y/(12) ~ —3.59

1 etz = L g o
o/ 2 2

f(x) =

w shifts the graph horizontally.

2

H=-2 |pu=1p=3

42. a= 20,

(c) V/(5) = —111,500e" 9223105 ~ —$36,650.66 per year
(d) V(0) = 500,000, V(10) =~ 53,710.5

V(10) — V(0) _ 53,7105 — 500,000
10-0 10 ~ —44,629

Linear model: V — 500,000 = —44,629(t — 0)
V = 500,000 — 44,629t

(e) Answerswill vary.

b=05
p = 80e 05 + 20

P _ e ost
i 40e

(3 Whent = 1, dp/dt = —24.3%.
(b) When't = 3, dp/dt =~ —8.9%.

46. u = 64,0 =32

1
3.2V 2w

g (x—64)2/20.48

(@ f(x) =

(b) g2

m /\ a4

© t'(x) =

1
e (x—64)2/2048] _ 2(x — 64)/20.48
3227 - / :

-1
— T (x — 64)e(x—64%/2048
32.768/ 277( )

(d) Forx < u =64, f(x) >0, and for x> u =64, f(x) < 0.
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Section 4.4  Logarithmic Functions

2 18... g4 4, g 22882... = 0.056

10. The graph is alogarithmic curve that passes through the
point (1, 0) with avertical asymptote at x = 0. Therefore,
it matches graph (d).

14. X | £0.5 +1 | £2

y|—069|0 | 069

18. x |05 1)2 3 4
y|—-017| 0| 017 | 0.27 | 0.35
y
2t
1t
T x

22. f(g(x)) = f(Inx3)
=f(3Inx) = 33 = gnx = x
g(f(x) = g(e¥3)
= In(e¥3)® = Ine* = x

6.In7389...=2 8. In1284 ...=025

12. The graph is alogarithmic curve that passes through the
point (2, 0) with avertical asymptote at x = 1. Therefore,
it matches graph (a).

16. x[05 |1]2 3 4

y | 431| 5| 569 | 610 | 6.39

I I I I I
f t t | I
-2 2 4 6 8
24

20. f(g(x)) = f(In(x + 1))
=@t —1=(x+1) - 1=x
9(f(x) = glex — 1)
=In((ex—1) +1) =Ine‘=x

24. Ine* 1=2x -1

28. —8 + €= —8 + x3

=x3-8
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30. 8@ IN025=1In3=In1—-In4=In1—In2=1In1-2In2=0— 2(0.6931) = —1.3862
(b) IN24 =1In(3- 28) = In3 + 3In2 = 1.0986 + 3(0.6931) = 3.1779
(© IN¥12=12%In(3- 29 = i[In3 + 2In2] = [1.0986 + 2(0.6931)] ~ 0.8283
(d) In=In1-1In72=0—In(2%-3) = —[3In2 + 2In3] = —[3(0.6931) + 2(1.0986)] = —4.2765

32. In%= IN1-In5=0-1In5= —In5 34. In—XZy: Inxy —Inz=Inx+Iny—1Inz
x3 1 3 1
= — 3 — = = - =
36. In + 1 2[Inx In(x + 1)] 2Inx 2In(x+ 1)

38. In[x Ix2 + 1] =Inx+ In(x2+ 1)¥3 =Inx + %In(x2 + 1)

2X
40. INn———==In2Xx—Inyx2 -1 2. In2x+1) +In2x—1) =In2x+ 1)2x - 1
S N (2 + 1) + In@x~ 1) = In@x + D2~ 1
1 = In(4x2 — 1)
=In2+Inx— Eln[(x + 1(x — 1]
1
=In2+Inx— E[In(x + 1) + In(x — 1)]
=In2+ Inx—lln(x+ 1) —lln(x— 1)
2 2
44, 2In3 — 1In(x2 +1)=IN9—In/x2+ 1= InL
2 U2+ 1
1 1 (x+ 3)% X(x + 3)2
= _ 2 _ . A Y 3/ A Y
46. 3[2In(x+ 3) +Inx — In(x®2 — 1)] 3In -1 In 1
48. 2Inx + 4n(x + 1] = 2Inx + ZIn(x + 1)
= Inx2 + In(x + 1)¥/2
= InRx3(x + 1)¥?]
50. 3In(x — 1) + 3 In(x + 2) = In(x — 1)¥2 + In(x + 2)¥2 = In[(x — 1)¥2(x + 2)¥2]
52. en¥®* —9=0 54, 2Inx =4 56. e 0% = 0.075
xX2—-9=0 Inx =2 —0.5x = In 0.075
x2=9 X = €2 X:In0.075
-0.5

~ 5.1805
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58. 400e 0074t = 1000

60. 21 -5=9

e 00174t — 1000 _ 5 — 25 et =17
400 2 —Xx+1=In7
—0.0174t = In25 C=1—In7=—00450
In2.5
50 _ 64. 2l-x=4¢6
IN21=X=1n6
1+ lZe*O-OZX:& 1-xIn2=1n6
10.5
e 00 ~ 03135 1-x—né
In2
—0.02x ~ In(0.3135) In6
——— =X
X ~ —50In(0.3135) ~ 57.9991 In2
X ~ —1.5850
0.06\12
66. 400(1.06)! = 1300 68. 2000(1 + =>°| = 10,000
13
(1.08) = - ( - o.oe)l2t 10,000
12 T 2000
tIn1.06 =In13 — In4
: : : 12tIn(1.005) = In5
~In13—-1n4 In5
" In106 = N2 2
Y= T2in(Loos) ~ 26891
~ 20.2279
70. 3P = pe! rl 2% 4% 6% 8% 10% | 12% | 14%
= t
3=¢ t| 5493 | 2747 | 1831 | 1373 | 1099 | 9.16 | 7.85
In3=rt
In3

t=——
r

72. p = 250 — 0.8e>00%¢
(@ p = 200 = 250 — 0.8P-005x

(b) p = 125 = 250 — 0.8e>005*

0.860'005X =50 O.SEO'OOSX =125
€000 — G0 ed005x = 156,25
0.005x = In 62.5 0.005x = In 156.25
In62.5 . In 156.25 .
X = 0005 827.03 = 827 units = 0005 1010.29 = 1010 units
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t/5715
74. P = 2734.07¢>021% (t = 0 corresponds to 1980) 76. 0.27 x 10712 = 10‘12@)
(8) 2000: P(20) = 2734.07€021020) ~ 4161 thousand -
(b) 2734.07€2921% — 6000 027 = (5)
€021t = 219453
In0.27 = % In%
0.021t = In(2.19453)
57151n0.27
- In(2.19453) ~ 37.4, or 2017. t= W =~ 10,795 year

0.021

78. 013 x 10712 = 10,12< %)t/sns

1 t/5715 0
013 = (5) _/

12

t 1

In0.13 = %ma -4

_5715In0.13 Answers will vary.
t= Tinie 16,822 years
Inx . Inx
82. f(x) = " €) )(ILn; ™ =0
b 2
X 1|5 10 10? 104 108 ®)

f(x) | 0| 0.3219 | 0.2303 | 0.0461 | 0.0009 | 0.00001

-4

Relative maximum at (2.7183, 0.3679)
No relative minima

84. y 86. True. In(ax) = Ina + Inx

The graphs appear to be identical.

88. False.%f(x) = %Inx =Inx"?# JInx 90. True. Inx < Ofor0 < x < 1.
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Section 4.5  Derivatives of L ogarithmic Functions

2. y=Inx%2 4.  y=Inx¥2 6. f(x) =In2x 8. y=In(1-x?
5 1 s 2 1 ,_ X
—2Inx —2Inx f(x)_2x_x Y'=-1_,
-1 I _ X
Y= Y= x2—1
7, _§ 7, _1
yw =3 yw =3
10. y=1In(1 — x)¥2 = gln(l - X) 12. y=(Inx??2 = (2Inx)? = 4(Inx)?
,=§( -1 )= 3 y/=4[2(lnx)<%>]=8l:x
Y =35\1 -« 2x— 1)
_Inx _ = Inx — In6e
14, y= 2 16. y—InX2+l—Inx In(x2 + 1)
,_ %(1/x) — 2xInx _ x — 2xInx _ 1 — 2Inx ,_1 1 (2x)=1— x _ 1-x
y x4 x4 x3 Y =X T+ 1 X xX2+1 x(x2+1)

x? 5 5 x+1_ 1
L y= = - + Ly = = Z[In(x + 1) — In(x —
18. vy Inx2+1 Inx? — In(x?2 + 1) 20. y=1In 1 2[In(x 1) — In(x — 1)]
, 2 x 2 ,:;[ 11 ]: -1 _ 1
Y o T+ 1 xee+ ) Y Zolx+1 x—1] -1 1-x
2.y = In(x 4 + x2) =Inx + In(4 + x?)1/2 24. f(x) = xIne¥® = x(x?) = x3
,_1+ X 4+ 2% f/(x) = 3x2
Y =X T4+ x(4 + x?)

26. f(x) = |nii§: In(1 + &) — In(1 — &) 28. 3 = exin3)

e —e

1+e 1-—e

fi(x) =

_ e(l—-e) +e(1+e)  2ef

1+ey1—-e)  1-— e
30. | x—ilnx 32. lo 12—iln12~ 1544 (calculator
. 0g3 7'”3 . Os _|n5 - 4 ( )
2\ In(2/9) ~ In32
) = ~ — 36. lo 32=——-—-~—-8548
34. |Og7<9> In(7) 0.773 O2/3 |I’](2/3)
38 y=(3) 40. g(x) = loggx 42, y =6
y = (In)@)" = (=In4(z)° =L .1_ 1 y'=In6- 6%(5 =5In6 - 6
9% = Ins x " xiIns
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44. f(x) = 10¢

f(x) = (In 10010(2x) = 2x(In 10)10**

46. y = x3+1
y’ =31+ x3*1In3

=31 + xIn3]

, x(1/x) —Inx _1—Inx _ oy In(Bx—1)
48. y' = 2 i~ 50. g(x) = log,(3x — 1) = "2
y(e) =0 (o) 3
g()()_(3x—1)ln2
y—-=0x-¢e
e , _ 3
1 91D = 3in2
Y=g Tangent line 3
Y75 G X~ W
SN R
Y= 2in2 32In2
52. Inxy + 5x = 30 54. axy + In(x?y) = 7
InXx + Iny + 5x = 30 axy + 2Inx + Iny =7
1, 1dy , 2.y _
X+ydx+5—0 4xy+4y+x+y 0
dy (1 ( ;),:_ 2
dxf( 9 5>y 4x+yy 4y ”
Y g _y(1+5x% P Al U2 It it
X X ax + (1)y) 4x2y + X
56. f(x) =2Inx+ 3 58. f(x) = log,ox
7, _g /| — 1 .;7 1 -1
f(X)_x f(X)_Inlo x In10"
7 _g ”, — _1 —2 _l
P00 =~ 0 =110 @0
60. T=287.97+ 34.96Inp + 7.91./p
dr _ 3496 , 791
dp P 2Up
dT  34.96 7.91 .
At p =60, — = —— + —— = 1.093 degrees per pounds per square inch.
p dp 60 > /60 EQrees per p per sq
62. f(x) =2Inx®=6Inx 64. f(x):In(x x+3)z|nx+%ln(x+3)
6
f(x) == oy _ L ;( 1 )_3(x+2)
X f(X)_er2x+3_2x(x+3)

At (e, 6), the slope of the tangent lineis f/(e) = 6/e.

Tangent line: y — 6 = g(x )

V=EX

At (1.20, 0.90), the slope of the tangent line is f/(1.20)

Tangent line: y — 090 = %(x — 1.20)

21y — 18.90 = 20x — 24
0= 20x — 21y — 5.10
0 = 200x — 210y — 51

-2
-2
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Inx
= x2 = %2
66. f(x) = x2loggx = X In3

F(x) = ﬁ(x + 2xInx)

(1) = L
f(l)_ms
1
y—0—|n3(x—l)
- x 1
Y=I3 In3
70. y=xlInx

y' = x@) + (Inx)(1) =1+ Inx

y’=0whenx = e L.

1

”_ =
y X

Sincey”(e™!) > 0, thereis arelative minimum at

(e7%, —e 1). Moreover, sincey” > 0 on (0, c0), it fol-
lows that the graph is concave upward in its domain and
there are no inflection points.

y

4

3

-
f
t

A \o\/l 2 3 4
“1+ (0.368, -0.368)

74. x=1000 — plnp

&0 [p[3] + tnp@| = ~@+mp

When p = 10,3—; =—(1+1In10) = —3.3.

2
68. yz%flnx

,:X_;:xz—l
y X X

y’=0whenx = 1.

. 1 x2+1
“lteT e
[Note: x = —1isnotinthe domain of the function.]

Sincey(1) = 2 > 0, there is arelative minimum at
(1,3). Moreover, sincey” > 0 on (0, %0), it follows that
the graph is concave upward in its domain and there are
no inflection points.

PN WA O oo
P M W |
t —t

72. y = (Inx)?

y’ = 2(In x)<%>

_2Inx
X

y’ = O0whenx = 1.

,_ X(2/x) = (2Inx)(1) 21 - Inx)
y' = X2 - X2

Since y(1) > 0, there is arelative minimum at (1, 0).
Sincey” = 0 when x = e, it follows that thereis an
inflection point at (g, 1).

y

2710

| 218, 1)
2 2 4 6
Sl

76. x =300 — 50In(Inp)

dx 1/p 50
- =0- —/r _ _
dp Inp plnp
dx —50
When p = 10,d—p BEGITEG —2.171.
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500
8. x= In(p? + 1)
In(p?+1) = 00
X
p2 +1= eSOO/x
p= /&1
@ — 1 00/x _ 1)—1/2(@500/x (ﬂ)
dx72(e5 1)7¥He™) x2
—250 e500/><
N ]
When p = 10,
X = In?f(())l) ~ 108.34 and % = —0.215.

Note that dp/dx = 1/[dx/dp] from Exercise 75.

5.315
82. t—m, X > 1000

@

1000 2000
0

80. C =100 + 25x — 120Inx, x = 1

€ _ 100, 5 1p0!NX
X X X

— —100 X(I/x) — Inx
(b) C’' = 2 —120[( )x2 ]

@ C=

—100 120
= 2 - ?(1 —1In X)

Setting C’ = 0,
100 = —120(1 — Inx)

5
G—Inx—l
£=Inx
6

X = el/6 =~ 6,25, C(6.25) ~ 5.81.

(c) 100

0

Minimum of 5.81 at x = 6.25.

(b) If x = 1167.41,t = 20 and the total amount is (1167.41)(20)(12) ~ $280,178.

(c) If x = 1068.45,t = 30 and the total amount is (1068.45)(30)(12) ~ $384,642.

(Inx — 6.7968)(0) — 5.315(1/x)
(Inx — 6.7968)2

__ —5315/x
(Inx — 6.7968)2

(@t =

_ —5.315
x(Inx — 6.7968)?

When x = 1167.41, the instantaneous rate of changeis

—5315 N
1167.41(In 1167.41 — 6.7968)?

When x = 1068.45, the instantaneous rate of changeis

—5.315 -
1068.45(In 1068.45 — 6.7968)2

—0.064.

—0.158.

(e) For ahigher monthly payment, the term is shorter and the overall payment total smaller.
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Section 4.6  Exponential Growth and Decay

2. Sincey = 3 whent = 0, it follows that C = 3. Moreover,

sincey = 5whent = 5, we have 5 = 35 and
k = £1n 10 = 0.4605.
Thus, y = %eOAGOSt.

4. Sincey = 2whent = 0, it follows that C = 2. Moreover,
sincey = 1whent = 5, we have 1 = 2e% and

k=1%In3~ —0.1386.
Thus, y = 2e 01386,

6. Using the fact that y = 3 whent = 3andy = 5whent = 4, wehave3 = Ce* and 5 = Ce*. From these two equations we have

g = %, %e“k = 5e3 and ek = 10.

Thus, k = In 10 and we havey = Ce!'"19, Since 5 = Ce*'"19, it follows that

5 1
C= e4n10 ~ 2000°
Therefore,
1 1
— tIin10 2.3026t
Y= 2000° 2000°
dy 2
8 = 3V

y =20whent = 0: y = 20e /3t

dy _ (,Z) ~@t = _ 2[ope-(3r] = _2
dt—20 3)¢ = 3[209 1= 3y

Exponentia decay

12. From Example 1 we have
y = Ced = Celln(1/2)/1599]t
1.5 = Celln1/2)/1599]1000 ] C =~ 2314,
Theinitial quantity is 2.314 grams.
When t = 10,000,
y = 2l314éln(1/2)/1599]10,000 ~ 0.03 grams.

16. Sincey = Celt = Cen(1/2)/24100t \ye have
0.4 = Cglln(1/2)/24,100]10000 [ C =~ (.533,
Theinitial quantity is 0.533 grams.
When't = 1000,
y — 0.5336[In(l/2)/24,100]1000 ~ 0518

20. 0.30C = Celin/2/5715k

In(1/2)
5715

In0.30 = t
_ 5715In0.30

In(12) ~ 9927 years

dy _
10. 5 =52

y = 18whent = 0: y = 18e>%

dy _

o = 18(52)6°% = 5.2(186%) = 5.2y

Exponentia growth

14. Sincey = Cekt = 3€n(1/2/57151t e have
t = 1000: y = 3¢ln(1/2)/57191000 ~ 2 66 grams
t = 10,000: y = 3¢!n(1/2)/5715]10,000 ~ (89 grams.

18. 0.9957C = Ce/n(2/2)/n
whent = 1 and h isthe half-life
0.9957 = nw2/n
In(3)

In(09957) = T

_ )
" In(0.9957)
h = 160.85 years
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22. (0, 8), <20, %) 24. (a) Lett = O represent 1960.
= — o3
s — gekt y = Cét =23
12
1 o 1 (i)_—lnmwi 12 = 2.3¢0 40k=|n<—> [ k= 00413
5= 82 [ k, = 0 In 16) = 20 0.1386 23
y, = 801386 y = 2.3gP0413t Exponential model
. — .0413(10) ~ TH
y, = B(2)t 1970: y(10) = 2.3¢° 3.5 million
1 B2 1) K 1, <i) i, 1980: y(20) =~ 5.3 million
2 27 20'%2\16) ~ 20in2 ' 1900: y(30) ~ 7.9 million
y, = 8(2)702 (b) 24 = 2.3gP04
k, = (In2)k, 1 (ﬁ) _
= 0oa1z M 23) = S68yeas
(¢) Increasing by 0.0413, or 4.13% each year.
26. Since A = 20,0001, the time to double is given by 28. Since A = 10,000e' and A = 20,000 whent = 5, we
the following. have the following.
40,000 = 20,000e°-105t 20,000 = 10,000e>
n2 = 0.101 =02~ 01386 = 1386%
In2
= 0105~ oovLyeas Amount after 10 years:
Amount after 10 years: A = 10,000el(n2/5110) = $40,000
A = 20,000e°-105(10) ~ $57,153.02 Amount after 25 years:
Amount after 25 years: A = 10,000€[(n2/5](25) = $320,000
A = 20,000e>10525) ~ $276,091.48
30. Since A = 2000e' and A = 6008.33 whent = 25, we 32. () By equating A = P(1 + i)t and A = Pe't we have the
have the following. following.
6008.33 = 2000e® P(1 + i)t = Pe't
In 3.004165 = 25r 1+ i) = (et
r = 0.044 = 4.4% 1+i=¢
The time to double is given by Therefore, i = " — 1.
4000 = 2000e"044t (b) If r = 0.06, theni = €% — 1 = 0.0618 or 6.18%.
In2 = 0.044t
t = 15.753 years.

Amount after 10 years:
A = 2000204410 ~ $3105.41
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36.

38.

42.

Number of Compoundings per Year | 4 12 365 Continuous

EffectiveYield 7.714% | 7.763% | 7.788% | 7.788%
n=4 <1 + 0075> — 1= 0.07714 = 7.714%

12
n=12 = < 0075> — 1~ 0.07763 = 7.763%
0.075

= - — =~ ~ 0,
n = 365: < 365 ) 1~ 0.07788 =~ 7.788%
Continuous: i = €®0% — 1 =~ 0.07788 =~ 7.788%
(8 Forr = 10%, the approximate time necessary for the investment to double is% = 7 years.

(b) Forr = 7%, the approximate time necessary for the investment to double is? = 10 years.

(@ Lett = 0 correspond to 1990. 40. S= 30(1 — 34
Date points: (0, 150), (10, 1074) (@) SinceS= 5whent = 1, we have
y = 150(1.21756)t = 1506”1985 Exponential models 5=30(1— €Y
y = 92.4t + 150 Linear model ek=1-1
(b) 2006: y = 150°19685(16) ~ $3499 million k=Ing
(c) 2006: y = 92.4(16) + 150 ~ $1628.4 million [Note: Sisin thousands of units)]
@ oo Therefore, S = 30(1 — eln/O)lt),
(b) lim 30(1 — el"&/o1) = 30
The saturation point for the market is 30,000 units.
(c) Whent = 5, we have
°5 2° S=30(1 — enEe16) ~ 17.944,
Answers will vary. Thus, S= 17,944 units.
@
-5
s
(@ SinceN = 20whent = 30, we have

20 = 30(1 — €30k

In(1/3)
30

N = 30(1 — e 0.0366t),
(b) 25 = 30(1 — e~00366t)

In(1/6)
—0.0366

k= —0.0366

t= =~ 49 days
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44. (a) Since p = Cek*where p = 45 when x = 1000 and p = 40 when x = 1200, we have the following.
45 = Cel%% and 40 = Cel?o0k
In45 = In C + 1000k
In40 = InC + 1200k
In45 — In40 = —200k

_In(45/40)
T —200

Therefore, we have 45 = Cgl000(~00005889) whjch implies that C =~ 81.0915 and p = 81.0915e 00005889

k —0.0005889

(b) Since R = xp = 81.0915xe~0000588% e have the following.
R’ = 81.0915[ — 0.0005889xe~0-0005889x 1 g~0.0005889%]
= 81.0915e 000058891 — (,0005889x]
=0
Since R’ = 0 when x = 1/0.0005889 ~ 1698 units, we have p = 81.0915¢0-0005889(169%) ~ $29 83,

46. A= Ve 00 48. (a) If I, = 1, then we have
_ 0.75/t @—0.04t
100,000€ e R— Inl and83 = Inl _
— 100,000€/0.75+/1 - 0.040 In 10 In10
075 Therefore, | = €83/n10 ~ 199,526,231.5.
Alt) = 100,000(7 - 0.04)e(0-75JE -004) — o Ini
2Vt (b) 2R = s impliesthat | = 10 = (eRn 1)
(2)'7\7/? = 0.04 The intensity is squared if Ris doubled.
0.75 (© R_ 11y 1
Jt=— =~ =09375 d In10\I/ 1In10
(0.04)(2)
t = 87.89 = 88
The timber should be harvested in 2078 to maximize the
present value.
Review Exercises for Chapter 4
2. 16% = (VI6)’ = 4° - o4 4 (B) = (3 =3
6. (9V3)(3V3) = (9-3¥3 = 2743 =3 8. YY) P=tpr=28=2
10. 327 = 2%*1 12. x5/2 =243 = 35
(25)—x — 23><+1 \/;( =3
—5x=3x+1 X =
8 =-1
14, 5 = X1 16. 4x2 = €
— — +
5=2x+1 2= % &
X= -3
e5/2
X= %
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18.

22.

26.

30.

32.

36.

P = 36.182(1.193)"

() 1999: P(9) = 36.182(1.193)° ~ $177.1 million

2001: P(11) =~ $252.1 million
2003: P(13) =~ $358.8 million

(b) Answerswill vary.

-3 -2 -1 12 3

y = 1096e 03

20. g(x) = 16>v/2

y

5
4
3
2
1

R
-3 -2 -1 12 3
-1

24. g = (3> +1

y

5
4
3t
2
1

-3 -2 -1 12 3

28. g(x) = 2 + ex1

- r!\ w s
L h y n L
t

: : : : : :
t t t t t t
-3 -2 -1 1 2 3

If t = 20, y = 0.449 < 1, which indicates that the species is endangered.

ft) =~ 1

@ fo=€e-1=0
(b) f(2) =t —1
(© f(-3) =e?-1

5000
@ P =17 4990 0ar 0=t

6000

0 40
0

(b) Whent = 5, P = 54 students.
(c) Yes, ast - oo, P - 5000.

24
1+ e 0

@ g0 =t~ =12

34. g(x) =

(b) g(300) ~ 24
(©) g(1000) ~ 24
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BT 2 4 12 365 Continuous

A | 16,035.68 | 16,310.19 | 16,453.31 | 16,551.02 | 16,598.95 | 16,600.58

nt 20n
A= P(l + %) = 5000(1 + 0'—26)

A = Pe't = 5000”9629 ~ 16,600.58

(Continuous)

0.065) L2019

r nt
40. () A= P<1 + ﬁ) = 2000(1 + T

~ $3824.37

(b) A = Pe't = 2000962510 ~ $3831.08
Account (b) will be greater.

n 4
42. (@) rg= (1 + %) 1= (1 + %) ~1~00851 or 851%
0.0825\1?
(B) rey=|1+=, ) —1~0085 or 851%
20,000 -
4. P = W ~ $13,424.21 46. 1996: R(6) =~ $362.6 million
12
2000: R(10) =~ $930.9 million
2003: R(13) = $918.0 million
48. y = 4ev™ 50. y = X2
Y = dev 1) _ 2% Y = X2 + 2xeX = (X2 + 2x)e*
2Ux)  Jx
52. y = (26¥)Y/3 54, y=10(1 — 2&)°!
1 2e3 20e*
r == X)—2/3, X) = =~ — 21/3 S = — — —2(— ==
y 3(2e3) (6e%) 26572 24/3ex y 10(1 — 2e9)72(—2¢Y) 1= 2092
56. f(x) = 2¢* 58. 100 = o
f(x) = 4xe”
* f,()_xzex—erX_eX(x—Z)
f(x) = 4x(2xe®) + 4ex* = (8x2 + A)e’ N T e
(0, 2) isarelative minimum. £7(x) e(x? — 4x + 6)
x) = ST X T O)
No inflection points nor asymptotes xt
2 y
y Relative minimum: (2, e—)
5 4 1
T Horizontal asymptote: y = 0
3l
©.2) No points of inflection
et i > x Vertical asymptote: X = 0
-3 -2 -1 | 1 2 3




Review Exercises for Chapter 4

159

X2
60. f(x) =&
7 _ X(zi X)
f(x) = e
2
F7(x) = X2 —4x + 2

ex

(0, 0) is arelative minimum; (2, é) is arelative maximum.

Points of inflection: (3.4142, 0.3835), (0.5658, 0.1910)

Horizontal asymptote: y = 0

y

(34142, 0.3835)
4
o 2)

00 |1 2 3 4 5
T (0.5658, 0.1910)

X

64. In0.6 = —0.5108

e 05108 ~ 06

68. y =5+ Inx

y

y

L L L L L
+ + + + +
-2 2 4 6 8
-2

62. f(x) = xe=
f(x) = (1 — 2x)e
f/(x) = 4(x — e
1

e maximum: (L L
Relative maximum: <2, 2e>

Point of inflection: (1, €72

Horizontal asymptote: y = 0
y

2711

1+ (E'Z:)

//(1, e?)

.
' + X
1 2 3 4

+ +
-2 -1

66. e 4=~ 0.0183
In0.0183 =~ —4

70. y = —2Inx

72. In¥x2—-1= %In[(x - Dx+ 1] = %In(x -1+ %In(x + 1)

x2

74. InX2 1

=2Inx — In(x2 + 1)

x—1
X+ 1

76. In(

>2=2In(x— 1) — 2In(x + 1)

78. @nx+2 = x + 2 =5[] x=3
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80. Inx =20 x =

84. 4e*3=5
5
2X—3 — =
€ 4
5
2Xx — 3 = In<4>

88. e 00X — 525
—0.01x = In[5.25]
X = —1001In(5.25) ~ — 165.8228

50

92. 1 — g 000Ix

1000

1— 2970.001x — i

20
2~ 0.001x — 19
19
—0.001x — =¥
€ 40
19
—0.001x = |n(40)
x = 1000 In(%) ~ 744.4405

96. y=|n\/i=%lnx
1
Y =

100. f(x) = Ine® = x2
f/(x) = 2x

X
82. Inx — In(x + 1) In<x+ 1) 2

X

= g2
X+ 1

X = xe2 + e?
X(1—e?)=¢e?

e?

X=—7
1-¢?

Sine x < 0, no solution.

86. 2Inx+ In(x—2) =0
In[x3(x — 2)] =0
X3(x—2) =1
x2-=2x2-1=0
X = 2.2056

90. 500(1.075)12% = 100,000
(1.075)120¢ = 200
120x In(1.075) = In 200

In 200

X=120In(L075) ~ 06105

94. (a) 20

-

0

(b) w = 12whent = 15.5 or, 1995.

(c) Answerswill vary.

98. y=|nx+l=2InxfIn(x+1)
,:g_ 1 _ X+ 2
Y =X T x+1 X(x + 1)
X2
102y = inx
:2xlnx—x

’

(Inx)?
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1 X 1
= 3/y3 _ = 3 _ _ 1
104. y=In¥e+1 3¢+ 1) 106. f(x) |n\/m Inx = 3 Intx + )
/_# 2_X72 , _1_;
y_3(X3+l)(3X)_x3+1 f(X)_X oD
108. y=|n[e2x\/m]:2)(+%|n(ezx_l) 110 y:8)l(r;x
m2y o -T2 g1 2Inx
y_2+62x_1_e2x_1 y—8< @ >

2
112. y =In

X _ _ 2
9_X2—2Inx In(9 — x3)

No relative extrema

p 6lInx—5
Y :8< x* )

(€2, 1.472) is arelative maximum.
(%5, 1.259) is apoint of inflection.

114. log, 32 = log, 2° = 5l0g,2 = 5

Inflection points: (/3, —0.693), (— /3, —0.693)

116. Iog46—l4 =log,4 2= —3log,4= -3

In 125
120. log, 125 = na 3.483
124. y = log,s(x2 — 3%)
, 1 2xX—3 2Xx— 3

y :In16.x2—3x:(x2—3x)ln16

In12
118. |Og4 12 = m ~ 1.7925

122. y= Ioglog = 109,03 — 109, X

o -1 1 ~1
y In10 x xIn10

126. C = P(1.05)t
(@ C = 24.95(1.05)1° ~ $40.64
(b) C/(t) = P In(1.05)(1.05)t
= PIn(1.05)(1.05) ~ 0.0512P
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128. P = P,e®0%5t P = initial population

(a) 2 PO — poeo.0251

2 = e0.025t
In2 = 0.025t
In2
t= 0,025 27.7 years

(b) 3P, = P,e00st

3 = g0.025t
In3 = 0.025t
In3
t= m ~ 439 years

130. % = k52
/2 _
k="p5 =~ 01333
0.1 = 0.5 013
02 = e70.1333t

f= In(0.2)

= m = 12.1years

132. Using the data points (4, 266.6) and (13, 2338.1), you obtain the model

P = 101.566(1.2729)t = 101.566e"241%

For 2006, P(16) =~ $4825 million.



