MA 303 - Fall 2004 - Grigore Raul Tataru

Exam 2 - Solutions

Problem 1. The general solution of

o (3 =2\ N 1\ _; 2\ o
x-(2 _2>x 1S X—Cl<2)€ —1—02(1)6.

(a) Find the solution that satisfies the initial condition X(0) = 3

3
(b) Sketch the phase portrait and indicate the type and stability of X = 0. Include in the phase portrait
the solution in part (a) and solutions passing through (0,1), (—1,—1) and (1,0).

(¢) Find one particular solution and the general solution of

¥ = (g _g) %+ (32t> . (*)

Solution: (a) Need to find ¢; and ¢ such that:

1 2 3 R 1 _ 2
cl<2>+02<1>:<3> = o =cy=1 = X:<2>€t+<1)62t

(b)X = 0 is a saddle point, unstable. (c) A fundamental matrix of the homogeneous equation is
e”t 2%
(t) = (2e—t th) :
General solution of (*) is & = W(t)i, where @ is obtained by solving ¥ (¢)d’ = b:

et 2\ (ul\ [0 N et 2% up [0 N uh = —e N ug =e '+
2e7t e ) \uh) — \3e! 0  —3e*) \uh)  \3e uy = 2e?t up = €% + ¢

Hence the general solution of (*) is:

X=Ut)ui=X=wu (;) et + ug (3) == <;) et + e <?) et + (2) el

a particular solution being given by the last term above X, = (g) et.

Problem 2. Find the general real solution of

0 0 0
=115 11 2004 |%.
0 0 0

Solution: Since det(A — M) = A\?(11 — )) the eigenvalues are \; = 11, Ay = A\3 = 0.
The eigenvector for \; = 11 is:

-1 0 0 & 0 16 =0 0
0 0 -11/) \g& 0 37 0
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For the repeated eigenvalue Ao = A3 = 0 we will be able to find two linear independent eigenvectors:

0 0 0 & 0 11 2004
15 11 2004 | [& ] =[0] = 156+116420046 =0 = @D =[-15], =1 0
0 0 0 &3 0 0 —15
11 2004
The general solutionis X=1¢; | 1 ey | =15 + c3 0
0 0 —15
Problem 3. Find the general real solution of
-1 0 O
¥=(-1 -1 0|=x
2 -4 1
Solution: The eigenvalues are:
—-1-A 0 0
1 —1-X 0 |=(-1=-X*0A=-XN)=0 = X\N=1 A=N3=—1
2 —4 1-A
The eigenvector associated to the first eigenvalue A\; =1 is
-2 0 0 & 0 € =0 0 0
-1 =2 0| [&]=10] = 51:0 = M=lo0] = zW=/[o]e¢"
2 —4 0/ \& 0 2= 1 1
We expect to find one or two eigenvectors associated to Ao = A3 = —1:
0 0 0 & 0 =0 0 ) 0
-1 0 o]|&]=(0] = S IO | = P =11]et

Note that in this case there do not exist 2 linear independent eigenvectors. A third solution will be of the
form ¥ = £@te~t 4 fe~t, where 77 is a generalized eigenvector:

0 0 0 m 0 m =1 -1
-1 0 O =1 = S = chooseij= 1] 0
0 0 0 -1
The general solutionis X=c¢; [0 ] el +ca | 1] et +c3 1|te P+ 0 | e t].
1 2 2 2

Problem 4. Find the general real solution for

(1 -1\,
X—4 1 X

Solution: det(A — AI) = A2 — 2\ + 5 has complex conjugate solutions 1 & 2i. To find the eigenvector
associated to 1+ 2¢ solve:

(7 2@ — o (3).
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This gives one complex solution 21 Two real linear independent solutions can be obtained by collecting

the real and imaginary part of g

21 _ 1 (142i)t _ 1 t .. _ cos 2t ‘. sin 2t +
X <—2i>6 (_22, €' (cos 2t + i sin 2t) 9gin2t ) ¢ 41 C9cost) €

The general solution is: ¥ = ¢; <2C:§122t t> et +eo (_31202:2 t) et.

Problem 5. Find the eigenvalues and eigenfunctions of the following two-point boundary value problem
(look only for nonnegative eigenvalues A > 0):

Y +xy=0, ¢(0)=0, ¥

Solution: For A\ = 0 the roots of the characteristic equation r? = 0 are r; = 7, = 0; the general solution is
then given by y = ¢1 + cox and the boundary conditions are satisfied if co = 0, so the solutions are y = ¢;
with ¢; arbitrary. Hence Ao = 0 is an eigenvalue and an eigenfunction for it is yo = 1.
For A > 0 the roots of the characteristic equation 72 + X\ = 0 are ry o = +iv/A = +ip. The general
solution and its derivative are given by:
Y = €1 COS ux + co Sin uzx, y = —cypsin pux + copicos p.

The boundary condition y'(0) = 0 implies that ¢ = 0. The other boundary condition implies that
cipsin B = 0. One gets non-zero solutions y = ¢; cos yx with arbitrary c;, when
sin%r:O & /%r =nm,n=123... & pu=3n.

In conclusion the positive eigenvalues and the associated eigenfunctions are:

A, = (3n)? yn(x) = cos 3nx n=1,23...

Problem 6. (a) Find the sine series of period 4 for

ﬂ@:{10<x§1

0 1<ax<?2
(b) Sketch the graph of the function to which the series converges for —2 < < 6.

Solution: The sine series of period 4 is

mnx
=3 bpsin
f(z) 2. sin —
where
2 [? ! 2 g 2
b = 5/0 f(@sin?dw = /0 sin?dm :—%cosm;m . = —%(cos%—l)

The sine series is

2 mm\ . mnx
flx) = Z %(1 —COST) sin ——.

m=1
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It converges to the odd extension of f(x) to (—2,2) extended afterward periodically (of period 4) every-
where:

0 on (—2,-1), (1,3), (5,6)
—% at —1,3

-1 on (-1,0), (3,4)

0 at 0,4

1 on (0,1), (4,5)

% at 1,5

Problem 7. Find the Fourier series for the following periodic function:

f<x>={1 Trers0 @ +2m) = f(2)

2 O<z<m
Write your answer as a series containing only nonzero terms.

Solution: The Fourier series is

s s
m=1 m=1

oo oo
%Jr ZZ (amcos mmT ermsin@) — %Jr Zz (amcosmx+bmsinm:€),

where the coefficients are

1 T
ap = — fx)dz =3
T J_n
I 10 I
A = — f(x)cosmzdr = 7/ cosmxdx—kf/ 2cosmx dr =
T ) . T ) T Jo
1 0 2 L
= —sinmz| + —sinmz| =10
mm - mm 0
L[ . L L
by = — f(z)sinmxde = — sinmzdr+ — [ 2sinmzdr =
™ J_x T™J—m ™ Jo
1 0 1 n 1
= ——— cosmz — —2cosmz| = —(1—cosmm).
mm - omm 0o mm
Note that
b2n :0
b2
T G+ D

The Fourier series is:

Q, i .
f(il’) = % + Z b2n+1 Sln(2n =+ 1).’E =

n=0

N w
+

2 1
— Z sin(2n + 1)z.
g n=0



