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1. Exam 2
1. (10 pts) Consider the initial value problem
Yy =2t + 4y,
{y(?) =4.

Use the Euler method

Yn+1 = Yn + hf(tnayn)
with step size h = 0.1 to approximate y(2.1).

2.

(a) (7 pts) Draw the tangent vector (an arrow) of the solution (curve) of the system

, (1 =2
X_72 1X

at x = <:1,)> in the following coordinates:

T2

T

(b) (8 pts) The general solution of the system

is given by

=) o () ()

Find the solution of the initial value problem

-4 e - ()

3. (15 pts) The general solution of the system

2t=1 71
(x) x' = (375‘1 —2t_1> x, t>0

(1) = &1 @ +e (?ftll) .

Assume that a particular solution x(¢) of the nonhomogeneous system

, (27t ¢t . 22
N e R e R Y

1

is given by



2

is of the form x(t) = ¥(¢t)u(t) where ¥(t) is a fundamental matrix of the associated homogeneous system
(*). Use the method of variation of parameters to find u(t).

4. (15 pts) Consider the linear system

»

Il
OO =
S W =
w = o

»

Then
det(A — M) = —-(A=3)*(A\—1) =0,

and linearly independent eigenvectors are given as follows:

1 1
A=3 = ¢e=[2]], | =1=¢=]0
0 0

Find the general solution of the system.

5. Consider the initial value problem
; _ 2009y>44t2
¥ ="
y(5) = 3.
The Runge-Kutta method is given as follows:
Yn+1 = Yn + (h/6) (knl =+ 2k7l2 + 2k7l3 + kn4)

where

k f(tnsyn)

kiny = f(tn 4+ (1/2)h, yn + (1/2)hkn, )
k ftn+ (1/2)h,yn + (1/2)Rk,,)
kn, = f(tn + hyyn + hkng).
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n3

(a) (5 pts) What is the meaning of the global truncation error E,,?

(b) (5 pts) The general theory says that the Runge-Kutta method is a fourth order approximation method.
What does ”fourth order” mean?

(¢) (5 pts) Choose the step size h = 0.2. Find n for which y,, approximates y(5.8) when we use the Runge-
Kutta method.

2. EXAM 2-SOLUTION
1. (10 pts) Consider the initial value problem
y =2t + 4y,
{y(?) =4.
Use the Euler method

Yn+1 = Yn + hf(truyn)
with step size h = 0.1 to approximate y(2.1).

Solution) First, note that
y(2)=4 = tr1 =2, yo=4.
Since t; = tg + h = 2.1 we need to compute y;. Set n = 0 in the general formula y,4+1 = yn + A f (tn, Yn):
f(2,4)=2-244-4=20 = y1 =yo+ hf(to,y0) =4+ (0.1)f(2,4) =2+ (0.1)20 = 6.
We find that y; = 6 ~ y(2.1).

2.



(a) (7 pts) Draw the tangent vector (an arrow) of the solution (curve) of the system

, (1 =2
X—_2 1X

at x = (;) in the following coordinates:

€2

T

Solution) The tangent vector at at x = (é) is

@)= 96 -0)

We need to sketch the vector (z},z5) = (=5,1) at (z1,z2) = (1,3) and the answer is shown above.

(b) (8 pts) The general solution of the system

is given by

- () () (3

Find the solution of the initial value problem

<-4 e 0-()

Solution) The initial condition says
e (1 (1 ~1 1 -1\ (a) (1 e\ (2
=0 x0= ()= () e () = (1) (0)=6) = (0)=0)

and so the solution is
(1 1 et + 3t
_ t 3t _
x(t) = 2e (1> +e (3> = <Qe_t 4363t ) -

3. (15 pts) The general solution of the system

2071 —t7!
(x) x' = (37&‘1 —2t_1> x, t>0

t tt
X(t) =C1 (t) + o (3t1) .
Assume that a particular solution x(¢) of the nonhomogeneous system
, (2t 22
* = <3t1 —op1 )X

is of the form x(t) = ¥(t)u(t) where ¥(t) is a fundamental matrix of the associated homogeneous system
(%). Use the method of variation of parameters to find u(t).

is given by



Solution) A fundamental matrix is

We compute
ot N2 L3t gt (282
A\t 37! 4t ) 2\ —t t 4t

{u’l(t) =3t—2 _ {ul(t) e

up(t) = —5t* + 2¢°.

and so

Then
det(A— M) =—-(A—=3)*(A—1)=0,

and linearly independent eigenvectors are given as follows:
1
A=3 = €¢=1(2]], A=1= €¢€={(0
0

Find the general solution of the system.

Solution) First solution corresponding to p = 3 is given by

1
X(l)(t) =e |2
0

Another solution corresponding to p = 3 is of the form
X(2) (t) _ teStS + eSt,r’

where 7 is a solution of

-2 1 0 m 1
(A-3Im=¢ <= (0 0 1 m| =12
0 00 M3 0
and so —21; + 12 = 1 and 13 = 2. Set 11 = k so that n; =1+ 2k and
m k 1 0
m|=11+2k|=k{2]+ |1
s 2 0 2
We may take
m 0 2 0
ml=(1] = xP@)=te¥e+en=te [1] +e3 [ 1
M3 2 0 2
A solution corresponding to p = 1 is given by
1
x®(t)y=¢' |0
0
and so the general solution of the system is
2 2 0
x(t) = e xM () + coxP () + esx® (1) = c1e® [ 1] 4o [t¥ [ 1] +6¥ | 1

0 0 2

+ c;>,et

S O =



for some constants cy, co, c3.

5. Consider the initial value problem
; _ 2009y°+4t?
Y = "33mE
y(5) = 3.
The Runge-Kutta method is given as follows:
Ynt+1 = Yn + (h/6)(kn, + 2kn, + 2kny + kn,)

where

k f(tnsyn)

kiny = f(tn + (1/2)h, yn + (1/2)hkn, )
k ftn+ (1/2)h,yn + (1/2)Rk,,)
kn, = f(tn + hyyn + hkn,).

(a) (5 pts) What is the meaning of the global truncation error E,,?

(b) (5 pts) The general theory says that the Runge-Kutta method is a fourth order approximation method.
What does ”fourth order” mean?

(¢) (5 pts) Choose the step size h = 0.2. Find n for which y,, approximates y(5.8) when we use the Runge-
Kutta method.

Solution) (a) Let ¢(t) be the exact solution. The global truncation error E, = ¢(t,) — y, where y, is

the value obtained by the Runge-Kutta formula and y,_; is also the (approximated) value obtained by the

Runge-Kutta method for n = 1,2, ....

(b) The meaning of ”fourth-order” is that |E, | < Ch* where E,, is the global truncation error, h = ¢, —t,_1

is the step size and C' is a constant.

(c) Note that

ni

n3

y(5):3:>t0=5, y0:3.
Recall that ¢, = to + nh. Since we want to approximate y(¢) at ¢ = 5.8 we find that

0.8
58=1, =54+n(02) = n= 03 = 4 = ty =4 and ys =~ y(ts) = y(5.8).



