SEQUENCES AND SERIES
April 4, 2017

ANTONIO SA BARRETO

1. INTRODUCTION

We collect the main results about convergence and divergence of sequences and series
studied in MA162, and provide examples of the application of convergence tests.

2. SEQUENCES

A sequence is a list of numbers in a particular order

{antnzs ={a1, a2, a3, ... an, .. .}.

One can also think of a sequence as a function which takes a positive integer n to a real
number a,, or in other words, if N denotes the positive integers and R the real numbers a
sequence is a function

f*N—R
n— a,

The main topic of discussion: How does a sequence behave as n — oo? There are
three possibilities:

I. The sequence convergences to a number L : (Intuitive definition) One says that
the sequence {a,}>", converges to a real number L, and in this case we say that
lim a, = L, if |a,, — L| is arbitrarily small as n — oo.

n—oo

1 1
Example: It is intuitive that when n gets large, — gets small and lim — = 0.
n n—oo N,

II. The sequence does not converge: Here is an example: The sequence a,, = (—1)"
does not converge. When n is even a,, = 1 and when n is odd a,, = —1, so half of he
sequence approaches 1 (and in fact is equal to one) and the other half approaches -1
(in fact it is equal to -1). Therefore the whole sequence does not approach any number
when n — oo.

III. The limit of the sequence is equal to infinity or negative infinity: (Intuitive
definition)
We say that lim a,, = oo if for any M > 0, a, > M for n large enough.

n—oo

We say that lim a, = —oo if for any M <0, a, < M for n large enough.
n—oo

The following sequences have limit equal to infinity or negative infinity:
1
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1. lim n = oo,
n—o0

2. lim Inn = oo,
n—oo

1
3. lim In(—) = —o0
n— o0 n

4. lim " = o0
n—oo

2.1. Converging Sequences: The following results will be the source of most of our ex-
amples of converging sequences:

Result 1: Let f(z) be a function defined on an open interval containing L such that
h_rgf(x) = M. Let {a,} be a sequence such that lim a, = L, then lim f(a,) = M. In

x n—oo n—oo

particular, when f(z) is continuous at L, f(L) = M and
i faa) = (i a2) = S() = M,

Examples:

1
1. The function sin x satisfies lim sinz = 0 and since lim — = 0, then
x—0 n—oo N,

o]
nh—r>1<>lo sm(ﬁ) = 0.

1
2. f(z) = 2%, k > 0 satisfies lim 2" = 0. Therefore lim — = 0.

x—0 n—o00 nk

3. Similarly, f(z) = 2% is continuous and hH(l) 2% = 29 = 1. Therefore
T—

lim 2% = 20 = 1.

n—o0

. In this case we write:

n?+3
4. C te li
ompute lim oo

3 P+ (145

n2
m*+8 n22+5%)  (2+%)
n*+3 (1+3)

theref lim ——— =1
erefore i s ~ ML (5

since lim — =0,
n—oo ’I’LQ

n?+3 . (1+2)

I — fim —— ) 2
oo 22 £ 8 noeo (24 ) 2
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143

s, 10 general, using the same idea, if

Here we used result 1 for the function f(z) =
p>0

. an? + lower powers of n  a

im S

n—oo bnP + lower powers of n b

an? + lower powers of n

im =0ifg>p>0,
n—oo bnd + lower powers of n 1=p

. 1—cos(2) , . o : 1
. Compute lim ———">. We first identify this limit as lim f(—) where f(z) =

n—00 = n—00 n 22

1 — cos(x)

and we need to compute the limit hII(l) f(x). Here we are computing the limit of a function
T

and since hII(l](l —cos(z)) = 0 and lir% z* = 0, L'Hopital’s rule says that
T— T—

1 —cosx ) %(1—COS:U) . sinz 1
lim ———— = lim #———— = lim =-.
x—0 x x—0 %1'2 z—=0 21 2
) o 1l—cos(%) 1
Conclusion: lim ———" = —.
n—o0 = 2
1 1 .
. —sin(z) . L o . xr—sinx
. Compute lim *—=—"=. One can also think of z = > to reduce the limit to lim ————
n—o0 n z—0 173

P

n

and since lim(z — sinz) = lim 2° = 0 we can use L’'Hopital’s Rule to compute it
z—0 z—0

d

r—sinz i %(xd—sinx) T (1—cosz) 1. (1—-cosx)

1
z—0 :L'?’ x—0 d—$3 x—0 3;C2 3 x—0 x2 6
T

here we used the limit we just computed above.

. oo Losin(d) 1
Conclusion: lim *——¥—" = —.
n—o0 o3
2w —1
. Compute lim — - Again, we need to recognize that this is equal to compute lim,,_, f (%)
n—oo -
2r 21
where f(x) = and so we have to compute
2* — 1 4w —1
lim = lim M =1lim2°In2 =1n2,
z—0 €x x—0 %‘7; x—0

Here we used that iQ’” =2"In2.
dx

Conclusion: lim = In2.

n—oo —
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The second source of examples of converging sequences is the following:
Result 2: If f(z) is a function defined on (0,00), and if lim f(z) = L, then lim f(n) = L.
T—>00 n—oo

Notice the latter limit is a special case of the first.
We can apply these results to see that

lim arctan(n) = lim arctan(z) = T
n—oo T—00 2

lime ™ =1lime*=0
n—oo Tr—r0oQ0
. _n2 . _ 2
lim 37 = lim 37* =0
n—oo Tr—r00
llmr" = lim r* =01ifr < 1.
n—oo Tr—r00

The good thing about these results is that we can use techniques to compute the limits of
functions.
Examples:

Inn
1. Compute lim —. Instead of working with n, which only takes integer values, we com-
n—oo M

Inx
pute lim ——. We can either replace n by = or we can just think of n as a continuous
r—oo I
variable, in this case since lim Inn = oo and lim n = oo, L’Hopital’s rule says that (and
n—oo n—oo

here we are thinking of n as a continuous variable)

d 1
. Inn o Zlnn =
lim — = lim d”d = lim 2 =0
n—oo 7, n—oo ZLpq n—oo |
dn
Inn
Conclusion: lim — = 0.
n—oo 1
(Inn)?

2. Compute lim . Again we think of n as a continuous variable and use L’Hopital’s

n—00 \/ﬁ

rule
d 2
oy %C(lhm)Q o 5(1?71) _
41 L Inn 1
lim ——— =4 lim 22— — 4 lim " =8 lim — =0
(Inn)?

Conclusion: lim ——~— =
n—o00 n
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3. Compute lim nw. As above, the idea is to think of n as a continuous variable, or replace
n—oo

xr =n. So we will compute lim 2+ . This requires a new idea which is to use that
Tr—r00

and since we know that the exponential function is continuous

lim 7 = lim eln(’”%) = elimw""m(“’c%).
T—>00 T—>00
So we need to compute lim ln(x%). But
T—r 00
1
In(zz) = —Inx,
(%) =~
and we just learned that
1
lim —Inz = 0.
r—00 I
3 . P T ET ln(z%) _ limg oo ln(x%) 0 _
Conclusion: lim n» = lim = = lim e =e =e =1.

n—oo T—00 T—00

4. Compute lim (1 + 2) . Again, the idea is to use that
n—o0 n
(144)" = enl)"),
n

and the fact that the exponential function is continuous, so

lim (1 + 3)” — lim ((1+3)") = glimnosee n((143)")

n—00 n n—00

So we need to compute the following (and we treat n as z and allow ourselves to take
derivatives)

" In(1+42 din(14 2
1im1n<<1+g>>—hmnln<1+ ):]_im#:hm dn c(ll ”)_
n—oo n n—oo n—o0 - n—oo _—

n dnn
— 1+ 2

1
lim <1L ) —alim(l—l—%)l:a

n—0o0 - n—o0

3

Conclusion: lim (1 + 2) — lim e((1+2)") = JlimnoseIn((1+2)") _ o
n—00 n n—00

24 3n+4
5. Compute lim naent s n | . Here each term goes to infinity, and we cannot say
n—00 n + 10
24+ 3n+4
that lim (% — n) = 00 — 0. This does not make sense. Here is what we have
n—o0 n



6 ANTONIO SA BARRETO

to do:
. n?+3n+4 . (n?+3n+4) —n(n+10)
lim ( ————— —n | = lim =
n—00 n + 10 n—00 n+ 10
. n*+3n+4-—n*—10n . —Tn+4
hm = lim — = —7.
6. Compute lim (In(n®+ 10n + 8) — In(n* 4 10)) . Here we have to realize that
n—oo
2n% + 100 + 8 2+ 04+ 5
. 2 . 2 — i — 1; n n —
nh_)Ir;o (In(2n® + 10n + 8) — In(n* + 10)) nh—>Holo ln(—n2 10 ) nh_)Ir;o In( e ) =In2.

7. Another source of examples are sequences involving factorials: n! = n(n — 1)(n — 2)...1,

!
is the product of all positive integers from 1 to n. Compute lim ( 125'. Just notice
n—oo (N !
that (n +2)! = (n + 2)(n + 1)! and therefore
(n+1)! (n+ 1)! 1
= - 3 SO
n+2)! (n+2)n+1)! n+2
(n+1)! 1

11m = l1m —=
n—00 014—2)! n—oo 1 + 2
Review exercises from the textbook: Page 704. Problems 23 to 53, 64, 72, 73, 79,

3. SERIES
We begin with a sequence {ai, as,as,...a, ...} = {a,}22,, and form a new sequence:

S1 = aq

2
So = aj +ay = E a;
j=1

3

S3=aytax+az3= E a;
j=1

Sp=a1tazs+az+...a, = E Q;
j=1

$p is the sum of the first n-terms of the sequence {a,}>° ;. Now we want to understand he
limit of the sequence s,, as n — oco.

n o
s = lim E a; = E a; is called an infinite series
n—00 <

Jj=1 Jj=1
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If the limit exists and is finite, we say that the series Z;; a; converges. In general it is
quite hard to decide if a series converges. If you are asked if a given series converges, here
is the first thing you need to do:

Test for divergence: If lim,,_,., a, does not exist, or if lim,_,, a, = L, but L # 0, the
series ) 7, a; diverges.

Remark: If lim,,_,,, a, = 0 the test does not say that the series converges. It only
says that the series diverges if the limit is not equal to zero, or if it does not exist.

Using this test it is easy to see that the following series diverge:

1. Z(—l)” diverges because as discussed above the sequence a,, = (—1)" does not converge.
n=1
S 1

2. ;cos(ﬁ) diverges because nh_)rrolo cos(l/n) =1

3. Ze% also diverges because lim e'/™ =1
=1 n—oo

4. Z r' if r > 1 diverges because lim,,_.o, 7" does not exist if r < —1. We see that when

n=1
r < —1, r"™ goes to oo when n is even and r" goes to —oo when n is odd.

Again, this is a very limited test, which only serves to show that a series diverge. From
o0

now on, we will always have lim,,_,, a,, = 0 and we want to analyze the convergence of E Q.

n=1
[e.9]
3.1. Geometric series: These are series of the form Z r", with |r| < 1. One can actually
n=1
compute the sum of such series. If
N
SN:Zr”:r+r2—|—r3+...+rN’1+rN, then
n=1

rSy =1+ + . N 4N
and so

Sy —1Sy=(1—-7)Sy =r -1V so

r— N+

Sy = ———
N 1—r
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N+1

Since |r| < 1, lim ™ =0, and hence
N—00

N 00
. . n n __ 1
dim S = Jim D " =D "=
Variations of this formula:
Zr =14+r+r+.. —1+ir"—1+ ro_ 1
a 1—r 1—7
n=0 n=1
irnzrk+rk+l+rk+2+ — b1 42t ):ka:rn:rk o r¥
T T
n=k n=0
Examples: Compute the sum of the following series:
o0 3n
1. —
2
3?2 @) sl
We need t that thi 1t 4 =4 = —
e need to recognize that this series is equa OZ Z % % 16
1420
2.
2w

This is not really a geometric series, but it can be split into two geometric series

O RPN e DI
B G 1. 1 7
e e TR A )

3.2. Convergence tests: We will analyze he convergence of more complicated series. First
we deal with series of non-negative terms and the first test of convergence is the integral test:

The integral test: Let f(z) be a continuous function defined on [1,00) and suppose
that

i) f(x) >0

ii) f(z) is decreasing

i) lim f(z) = -

Then the series > | f(n) converges if and only if / f(z) dz converges. In other words,
1

if one converges the other one also converges, if one diverges so does the other one.



SEQUENCES AND SERIES 9

Observation for those who read the textbook closely: The statement of this re-
sult in the textbook does not include condition (iii). We know that if (iii) fails the series
diverges, and it is easier to check (iii) than to compute an integral to see that the series
diverges. Notice however that that conditions i) and ii) imply that xlglolo f(z) exists. But,

since lim f(x) = lim f(n), if 11m f(z) # 0, Z f(n) diverges and so does the integral
n—oo

T—00

N f(z) dx.

1
With this test we can analyze the convergence of the following series:

n=1

nz:ll+n2

In the first case f(z) = —. The case p = 1, f(z) =  satisfies the conditions i, ii and iii
of the theorem. So we need to analyze the 1ntegra1

<1

/ —dz =Inz|® = lim Inx = co. it diverges
1 T T—00

So >, L diverges.

When p < 1

<1 1 00 1 . o
—dr = 2P = —— (=14 lim 2'7P) = co. it diverges
1 P 1— p 1 1— D T—00

So - | 4 also diverges when p < 1.

However, when p > 1,

<1 1 0o 1 ) r .
/ —dx = 2P = —— (=14 lim 2'7?) = . it converges
p P 1—p 'ol-p =00 p—1
Conclusion: Z — converges when p > 1 and diverges for p < 1.
n

n=1
The second example is similar because if one sets u = Inz, then
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which diverges when p < 1 and converges when p > 1.

o0
. 1 .
Conclusion: Z ——— converges when p > 1 and diverges for p < 1.
n(lnn)p
n=2
o
Since e " dr =e', the series Y >0 ™" converges.

1
In the last example

< 1 ™
/ sdr = arctanz|;” = - — 1. So the series converges.
1 1+2 2

Now we have a small collection of series that we know converge or diverge. The next tests
are used to compare two series and use the convergence or the divergence of one of them to
analyze the convergence or divergence of the other.

The comparison test: Let {a,} and {b,} be two sequences with 0 < a, < b, for n
large

oo (0.9]
If 5 b, converges, then the smaller one also converges, i.e E Gy, CONVErges
n=1 n=1

If Z a, diverges, then the bigger one also diverges, i.e Z b, diverges .

n=1 n=1

Remark: The books states that a, > 0, but of course this is not necessary. We only
need a,, > 0.

Examples:

1. Z m Notice that

n=1

10n + 5 < 20n, for n =1, 2,3, therefore
1 - 1
10n+5" 20n

= 1 = 1
Since the series Z —— diverges, Z ——— also diverges.
“— 20n “~10n+5
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> 1
2. Z m Here we have

n=1
n? 4+ 6n + 2 > n?, therefore
1 _ 1
n2+6n+2 n?
1

m converges.

Conclusion: Z

o0 oo
| cos 3n| , | cos 3n| I .. 1
3. E ————.  Since |cosf| < 1 for any 6, < —. Since E — converges,
3 3 3 3
n n n n
n=1 n=1
o0
| cos 3n|
E also converges.
3
n=1

4. Let f(x) be a function deﬁned on [1 oo) such that 5z < f(z) < 10z% What can be said

bout th

apou (&4 Serles Z Z n2 T 7

Since f(z) < 1022, it foll thtf(n)<10 oL e the series S

1mnce A Tr~, 1 OLlIOWS a ~ ~ —. 1mnce € Series —
- nt+3 nt+3 n? e n?

converges, so does Z (n) On the other hand, since f(x) > bz, it follows that
n=1

— n* 43

f(n) 5n ) ) f(n) 5n 5n 1
> . But 3 <10 d theref > > = —.

n2—|—3 n2+3 b noan eretore n?4+3 ~ n?2+4+3 — 10n? 2n

Since Z diverges, so does Z )

n?+3

The followmg is a better test says that all you need to worry about is the behavior of the
terms of the series at infinity.

The limit comparison test: Let {a,} and {b,} be two sequences such that nor large
n, a, > 0 and b, > 0 and

lim &% = T, # 0.

n—o0
Then either both series >~ a, and > -, bn converge or both series Y >°  a, and > 7 b
diverge. So if we know one of them converges, the other cone also converges. If one diverges,
so does the other one.
Examples: Use the limit comparison theorem to analyze the convergence of the following
series
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1.

. For what values of p > 0 does the series Z
n=1

ANTONIO SA BARRETO

2671 +8n+4

12 . Here is how one should apply this test: Notice that for n very large
n

n=1
6 8n+4 6n®> 6 6 8n+4

—nn:— +712+ ~ n_ri’ = and since Z diverges, then ; % also diverges.
One can more formally use the theorem by showing that

6n2 +8n+4

n—o0 -
n

— 6n% + 8n +4 = 1
and thus E % diverges because g - diverges.
n=1 n=1

o0

converge? The point here is is to

write

[nt+3n n4(1+%)_ 1 1+ 5
n+2 np(1+%)_n’%4 1+ 27

443 4 3
Therefore, for large n, men — and therefore both series E et on
Ve r2 7T

2

o
1
Z — converge for the same values of p, which in this case is - 5 > 1, or p > 6.
n=1T 2
One can more precisely state that

n443n 3

. \ np+2 . I+ w3

lim ——— = lim 5 = L.

n—oo  ——r n—o00 1+ =
n 2

and use the limit comparison test as stated above.

=~ 1
. Z sin(—). We know that
n

. sinz
lim =1
z—0 X

Y

this means that for 2 small sin z ~ z. So for n large, sin(+) ~ + and therefore > | sin()
diverges because >~ % does. As above, one could apply this more formally if we think
of % as x and in this case

sin(1) sinx

=1.

lim T = lim
n—o00 = z—0
n
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oo

So, Zsm( ) diverges because Z does.

n=1

1
. For what values of p > 0 does the series Z sin(—p) converge? As we saw above, when z
n

n=1

1 1
is small sinz ~ z, and so for large n, sin(—p) ~— and we conclude that
np n

Z sin(—) diverges when p < 1 because Z — diverges when p < 1.

o0

1
Z sin(ﬁ) converges when p > 1 because Z —p converges when p > 1.

n=1

. Suppose f(x) is such that lim M = L > 0. What can be said about the convergence

x—0

of the series Z f ) for p > 07 Notice that this assumption implies that f(z) > 0 for

1
x > 0 small, and so f (—p) > () for n large ( this is important because it is a requirement
n

of the limit comparison test). Loosely speaking, since lim /() =L >0, f(x) ~ Lz

x—0 37

1 L -
when x is small, then f (—p) ~ —. 50 Z — diverges when Z f dlverges which is

n np
nl

1
for p < 1, and Z — converges when Z f ) converges, which is for p > 1.

We can make thls very precise if we recogmze that

SN | — 1
Therefore we conclude that both series Z f (ﬁ> and ; 5 converge or diverge for ex-

actly the same values of p.

f(z)

Suppose f(x) is such that hII(l) >~ = 3. What can be said about the convergence of the
=0 g
L=, 1 . o o flo)
=)? = ~ 312
series 5_1 f<n) Again, the idea is that since glclg(l) o 3, then f(z) ~ 3z as v — 0,

1 3 =, 1 = 1
and so f (ﬁ) ~ and since Z f <ﬁ> converges, Z f <ﬁ) converges. A more precise
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way of saying this is to recognize that

1
lim M = lim L? =1
n—o0 vl z—0 2
and so i f (l) converges because f: 1 converges
n & n? BEs:
n=1 n=1
. . flx) _ 1
. Suppose f(z) is such that lim —== = 1. For what values of p > 0 does the series Z f(—=)
z—0 I — npb
converge?’
If lir% f(f) = 1, then f(x) ~ 2* as  — 0, (in particular this implies that f(z) > 0
T— €T
1 1 s o
for > 0 small) and so f (ﬁ) ~ o (and positive for n large) and since Zl pem only

N |
converges if 3p > 1, E f (—p) converges only when 3p > 1.
n
n=1

o0 (e 9]

1 1 = 1 1
. — —sin(—)). Th i in(— d — di t subtract them.
Z(n sin(—)). The series Z sm(n) an Z ~ diverge, so one cannot subtract them

n

1 1
The point is to understand how the difference (— — sin(—)) behaves for n large. If you
n n

recall, we saw above that

1 s 1

. = —sin(=) 1

n—00 = 6
n

oo (o.9]
1 1 1
Since — €O the limit i th that — — sin(— -
g — converges, the limit comparison theorem says tha E (n sm(n)) con
n=1 n=1
verges.

o0

1
: Z(l — cos(—)). Similarly, we saw above that

n
n=1

o 1—cos(}) 1

lim ———2% = .

n—o0 P 2

O o . = 1
Since Z 3 converges, the limit comparison theorem says that Z(l — Cos(ﬁ)) con-

n=1 n=1
verges.



10.

11.

12.

13.
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[e.9]

For what values of p > 0 does Z(Qnip —1) converge? If we think of x = #, when n — oo

n=1
x — 0, we obtain
2w -1 2v 1 o
lim T = lim = In2 # 0 we computed this limit above
n—o00 —_ x—0 €

npP

Conclusion: The series 2(2%@ — 1) diverges for the same values of p > 0 for which

n=1
E - diverges, which are p < 1. The series E (2%1’ — 1) converges for the same values
n
n=1 n=1

=1
of p > 0 for which E — converges, which are p > 1.
n
n=1

= 1
For what values of p > 0 does the series Z In(1+ —p) converge? If we take the limit
n

n=1
In(1 4 n(l+z 1
T k) BN oG ) = 1.
x—0 €T z—0 %x z—=01 42

- 1
Conclusion: Z In(1+ —p) converges for p > 1 and diverges for p < 1.
n

n=1
— 1 — 1 — 1
g —. We compare the series g — with g —. Take the limit
1+ 1+ n
n=1 n-n n=1 n-n n=1

lim il "
— = — b — o
n—oo = n—oo plty, n—00 Ny

We computed the last limit in the section above, when we discussed sequences. So both
(o]

Z i T and i% diverge.

n=1 n
= 1 SN | =1
E T We compare the series E P! with E — . Take the limit
n=1 n-'mn n=1 n-n n=1 n
1
2
. 2+1 . 1
lim *5+ = lim - = lim — =1
n—oo = n—oo 2+, n—00 nn
n

1 = 1
So both g T and 5 —; converge.
n n
n=1
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Review exercises from the textbook: Page 726: Problems 3 to 26, 30 and 31. Page
731. Problems 3 to 32.

3.3. Alternating series. So far we have only considered series of positive terms. Next we
study a particular case of series which have positive and negative terms, these are called
[e.e]

alternating series. These are series of the form Z(—l)”bn, where b, > 0. We can say certain
n=1
particular cases of alternating series converge, and even estimate the sum of he series:

Alternating series test: If the sequence {b,} satisfies:
i) b, >0,n=1,2,...
ii) b, > b,.1, or in other words, the sequence is decreasing

iii) lim b, = 0,

n—o0
then the alternating series Z(—l)”bn converges. Moreover if S = Z(—l)"bn is the sum
n=1 n=1
N
of the series and Sy = Z(—l)"bn, is the partial sum of the first N terms, then
n=1

|S — Sn| < b1

Verify that the following series satisfy the conditions of the alternating series test and esti-
mate the sum of the series with an error less than or equal to 107°.

1) Z"O(—l)" 1—‘, here n!=1.2.3.4.5...n is the product of all number from 1 to n.

n=1

1
1 1
2) S =

n=1

In case 1, b,, satisfies the conditions of the test. To estimate the sum we use that

1
|5 — Sn| §5N+1:m

1
so we want to find N such that m < 107", which is the same as (N +1)! > 10°. This
is small enough that one can do by trial and error:

If N =7 (N+1) =8 =87.6.5.4.3.1 = 40, 320. Not quite
IfN=8 (N+1)!=9'=98.7.6.54.3.1 = 362,880 and this works.

So if we add the first 8 terms of he series, we find the sum up to an error which is not
greater than 1075 :
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1 1 1 1 1 1 1

In example 2, b, = #, which is easily seen to satisfy the three conditions. In this case, we
have
1

|S_SN| <bnii = m

1
and so we want m < 107° which is the same as (N +1)* > 10°. So N +1 > 10%/° ~
46.41. So we need N = 46. So we have to take the sum of the first 46 terms of the series to
obtain an approximation with an error that is less than or equal to 107°.

Review exercises from the textbook: Page 736: Problems 7 to 20. 23 to 26.

o
3.4. Absolute convergence. We consider a series g a, where the terms are not neces-

n=1

o0 o0

sarily positive. We say that Z a, converges absolutely if Z |a,,| converges. It is important
n=1 n=1

to understand the following:

o0 oo oo
1
Z a, may converge and Z la,,| diverge. Take for example the series Z(—l)"—, which
n=1 n=1 n=1 n
- 1| 1
. . . . _ l . o n_ _ - .
is an alternating series with b,, = = so it converges. However Zl (—1) o= Zl - diverges.
n= n—=

[o¢] o0
However, if E |a,,| converges, then E a, converges. 'This is not as easy to see, and

n=1 n=1
you can consult your textbook for details.

When the series Zan converges but Z la,| diverges, we say that Zan con-
n=1 n=1 n=1
verges conditionally.

We have two tests for absolute convergence:

The Ratio Test: Let {a,} be a sequence such that lim @+l _ I Then
n—oo (07%
oo
1) If L < 1 the series Z |a,| converges.
n=1
2) If L > 1 the series Z a, diverges (notice we do not have absolute values here).
n=1

3) If L = 1 nothing can be said about the convergence of the series.
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The Root Test: Let {a,} be a sequence such that lim |an|% = L. Then
n—oo

1) If L < 1 the series Z |a,| converges.

n=1
)

2) If L > 1 the series Z a, diverges (notice we do not have absolute values here).
n=1

3) If L = 1 nothing can be said about the convergence of the series.
Use the ratio and root tests to analyze the convergence of the following series:

S 10"
1. E (—1)"—|. We use the ratio test, which is suitable when we have factorials. The root
n!
n=1

10"
test does not obviously combine very well with the factorial. In this case, |a,| = — and
n

hence

|an+1|_ 10mtt p! 10

an | (n+ 11107 n+1

a

Therefore lim,, o || = 0 < 1 so the series converges absolutely.

o0 n].O
2. ) (-5
n=1

We may use either the ratio of the root test. Let’s use the ratio test. In this case

nlO

la,| = o and hence

|an+1| _(n4+D2" 1 n+1)10

(

a,  ontl 1o 2 n
Hence lim,,_, |“Z::1| = % < 1 so the series converges absolutely.
1
Notice that |an|% = —(n%)m. Recall that limnw = 1 therefore, limy, o [an |7 = ;<1

so the series converges absolutely.

3.y (2" -1

n=1

1
Here a,, = (2" — 1)" so it’s obviously a case for the root test: a; = 2w — 1, and so
lim,, o0 |an|% = limn_,oo(Q% —1)=2—1=0 <1, so the series converges absolutely.
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o0

a
4. For what values of a does the series Z(l + —)"2 converge?
n
n=1
This is again a case for the root test. In this case

la, |7 = (1+ E)” and we saw above that
n

lim (1 + g)" = e

n—00 n

So the root test says that the series converges if e* < 1soa<0 and it diverges if e® > 1

so it diverges for a > 0. When a = 0, the series Z (1 —i— Z 1 which obviously

n=1
diverges. Conclusion: The series converges when a < 0 and diverges when a > 0.

2

n
5. For what values of a does the series Z ( ) converge? Here we write

n+a

S () T

n=1 n=1

As in the previous case, we apply the root test and find

. 1 n I 1 1
11m - = 1m ——— = —.
n—00 (1 + %)RQ n—00 (]_ + %)” el

n2

So we conclude that Z ( ) converges when a > 0.

n—+a

o0

1
6. in—)"
nE:1(sm n)
1, r 1 . . n
Here a,, = (sin —)" and hence |a,|» = sin(—). Therefore the series E (sin —)" converges
n n

n
n=1

because lim sin(1/n) =0 < 1.
n—oo

Review exercises from the textbook: Page 743: Problems 7 to 20 and 25 to 34.
Page 746. Problems 1 to 38.

o0

3.5. Power Series: Series of the form Z Cy(z — a)" are called power series. We can

n=1
use the ration or root test to find the values of x for which a power series converges.
Examples:
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L = (z 1)
For what values of  does the series Z 5 converge?
n22n
n=1
z—1)"
We can use either the ratio or root test. Let’s use the root test a, = % and so
n
z—1 z—1
|ay|m = | 5 | Since nn = (nrlt) and lim n» = 1, it follows that lim |an|% = | ’
nn?2 n—00 n—00 2

The convergence is guaranteed if |z — 1| < 2. This is an interval centered at 1 with
radius 2, and this is called the radius of convergence. This interval can also be described
as —2 <x—1<2or —1 <z < 3. The result also says the series diverges for |z — 1| > 2,
or in other words if either x > 3 or x < —1. But what about the points x = —1 or x = 37
In this case the root test is inconclusive because the limit is equal to one. These cases
have to be checked separately: When x = —1,

S ) L = () LN s L
Z : n22n> - Z <n22)” = Z ( n2) which converges

n=1 n=1 n=1
When z = 3,
eSS
Z 5o o = — which converges
n=1 =2 n=1 =2 n=1 n

(x —1)"
n22n
[—1, 3], and diverges if elther x >3 or x < —1. The interval [—1, 3] is called the interval
of convergence.

Conclusion: The series Z converges if —1 < x < 3, or if z is on the interval

= (z—3)"

For what values of x does the series Z converge?

n3m
n=1

We will use the ratio test, but we could also use the root test. Notice that the series

converges for x = 3 because all terms are equal to zero. So we may assume z # 3. In this

—3)
case a, = M and therefore
n3"
ani1| |z =3[" w3 |z —3] n
ap | (n4+1)3 |z =3 3 n+l
ay, |:L‘ - 3|

lim
n—oo |a, + 1 3

So the ratio test says that the series converges for |z —3| < 3 and diverges for |z —3| > 3.
The radius of convergence is 3. Therefore the series converges if —3 < =z —3 < 3 or
0 < z < 6 and diverges if either z > 6 or x < 0. We need to check points x = 0 and x — 6
a n+1

a,

separately, because in these cases lim = 1 and the ratio test is inconclusive. So

n—0
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we need to test these points separately.

e __9\n X 9\n & —1)"
when z = 0, u = Z (=3) = Z (=1) which converges

n=1 n3r n=1 n3r n=1 n
(-3 = (3" 1
when = = 3, 2 % = nZ: 513>” = ; - which diverges .
. = (z=3)" :
Conclusion: The series Z T converges when 0 < x < 6, and the interval of
n n

n=1
convergence is [0, 6).

oo o 2 n
9. For what values of x does the series Z (x— converge?

vt 3nn!

— 2\

Here a,, = u So for x # 2,
3nn!
1| |(@—=2)"t 3™l Jz -2
an | 3P+ D!x—2»  3(n+1)

= 0 < 1 for any z. Since the limit is always equal to

: An41
So we conclude that lim,, o | ==

zero, the series converges for every .

Review exercises from the textbook: Page 751. Problems 1 to 26.

3.6. Representation of functions as power series: We say that a function f(z) has a
power series representation centered at a which has a radius of convergence R if the power
o0

series Z cn(z — a)" converges if |x — a| < R and

n=0

flz) = Z cn(z — a)" for all x satisfying | — a| < R.

n=0
Main result: If a function f(z) has a power series representation centered at 0,

o0

flx) = chx” if |z| < R,

n=0
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™) (0
this is said to be the Maclaurin series of f and ¢,, = / ‘< ) . On the other hand, if a function
n!

f(z) has a power series representation centered at a,

flz) = ibn(x—a)” if |z —a| < R,

n=0

this is said to be the Taylor series of f centered at a, or the Taylor series of f at a, and
f"(a)

b, = .
n!

Notice that this shows that a function f(z) cannot have two distinct power series repre-
sentations centered at the same point.

Here we will use the sum of the geometric series to construct many examples of functions
which are represented by power series. Recall that

1 oo
(3.1) 12— %x” provided |z| < 1,

which is the Maclaurin series of . We will use this to construct several other examples

-
of converging power series. Examples:

1. Find the Maclaurin series representation of 1 . If we substitute x by —z in the formula

+x

(3.1) above, we obtain

1 [e.e] o

T2 = Z(—x)” = Z(—l)"x” provided |z| < 1.
n=0 n=0
2. Find the Maclaurin series representation of T If we substitute z by —z® in (3.1),
x
we obtain
1 - -
s Z(—x?’)" = Z(—l)”x?’” provided |z| < 1.

x

n=0 n=0

1
3. Find the Taylor series representation of — centered at 2. Here the power series is centered

x
at 2, which means we want an expression of the form

i = g ez —2)".

The idea is to write
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If we use (3.1) with x replaced by —%52, we have
|z = 2|

;zzizFU"(i;3n=§3“;w@—aw,mwmm-___

) 11 1 = (—=1) e =2
Concl = —= ] = —2)" ded < 1.
onclusion ( ) Z (x —2)", provide 5

<1

r—2 n
xr 2 1 + 5 0 2 +1
1
4. Find the Maclaurin series relpresentatiori of W We begin by expanding R
into partial fractions ORI == 9 713 and then write
1 1 1,1 1

). But,

x2+5x+6:x+2_x+3_§(1+£)+§(1+2
2 3

1,1 (=" .
5( )= Z z", provided |z| < 2,

9 _1)
)= Z (=1) x", provided |z| < 3.

Then in the smallest of the intervals |z| < 2 and |z| < 3, which is |z| < 2, both represen-
tations hold and we can write

I VPR <oV

, provided |z| < 2.

.ZU2+5£U+6 — 2n+1 — 3n+1
: 1 (D" (=D
Conclusion: P e 6 > ( S + el A long as |z] < 2.
1
5. Find the Taylor series representation of f(z) = ——————— centered at —3. Just notice

2+ 62 + 13
that

1 1 1 1 1S (13—1—3)2 n
= = — J— _17’L
e e i) T ()
32
(@37 _

ided
provide 1

n

(z + 3)*", provided |z + 3| < 2.

Mg

Conclusi
MRMM1ﬁ+M+B :ﬂ@H

The following result gives us a way of constructing even more examples of functions that
are represented by power series.
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Result: If f(z) has a power series representation

flz) = ch(a: —a)" provided |z — a|] < R,

n=0

Then the derivative and integral of f also have power series representations given by

f(x) = chn(x —a)"" ', provided |z —a| < R,
n=0

/f(a:) dr = C + Z C_:l(:c —a)"™, provided |z — a| < R.
—0

n
Examples:
) ) ) 1 ) 1 1
1. Find the Maclaurin series for ————. We have to fist notice that — =
(1—x)3 del—z (1 —x)?
2 1 d 1 2
and — = 5+ On the other hand,

dx21—:c:£(1—x)2 (1—2)

n=0
d 1 =~
P :an oz < 1,
n=1
2 1 - .
prE g :Zn(n—l)x 20 |z) <1
n=2
1 1d® 1 & —1
Therefore, A—2P  2d21-z Z %I"J, |z| < 1. One may want to ex-
n=2
press this in terms of 2" instead of 2" 2. Just set Kk = n — 2 and then n = k + 2 and so
1 ~ (k+2)(k+1) , _
3 = Z ——————~2" provided |z| < 1.
(1—2x) pr 2

2. Find the Maclaurin series expansion of In(1 — z). We know that

ln(l—x):C’—/ ! dx,

1—=x

But from the result just stated

1 i O gt
/1—:de C’+/(;x) x C+§n+1

;e <1
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Therefore
l.n—i—l
n-+1

, < 1.

In(l —z) = C'—i-z
n=0

If we set x =0, we find that C' =1n1 = 0.

> ntl
Conclusion: In(l1 —z) = — ided <1.1If t o = 1 in this f 1
onclusion: In(1 — ) nZ:O 1 Provide || we set x = 5 in this formula,
1 [e's) ln+1
: _ _ 2
we obtain ln(é) =—In2= nZ:O n 1 and so
In2= f: _ = i L Isn’t this cool?
— (n41)2n+1 L= p2n

3. Find the Taylor series expansion of Inx centered at 10. We start from the fact that
1
lnx:C'—l—/—dmand
x

3

1 1 11 > (~1)
e = () = ) —10)", |z — 10| < 10.
r 10+z—10 10(1+w;010) ot (@ = 10)% o —10]

Therefore, provided |z — 10| < 10,

Inz=C+ /(Z ggjz?(a: —10)") de =C + Z; %(x — 10)"*!

n=0

n=0

To compute C, we just set = 10 in this formula, so C' = In 10.

o _1 n
Conclusion: Inz = In 10 + Z ( (=1) (z — 10)"**, provided |z — 10| < 10.
n=0

n+ 1)107+!

4. Find the Maclaurin series representation of arctan x. We use that

1 > " on o0 . w?n—l—l
o0 x?n—&-l
If we set © = 0 we find that C' = 0. So arctanz = %(—1)”271 s provided |z| < 1.

5. Compute arctan(.1 with an error not greater than 107%. We use the formula we just
obtained and substitute z = 0.1. We obtain

SRR Vs R S
arctan 0.1 = Z(—l) ont1 Z(_l) 1021 (2n + 1)
n=0 n=0

Notice that this is an alternating series and we recall that if Sy is the sum of the first
N terms of an alternating series S = > 7 (=1)""'b,, then |S — Sy| < by41. To apply
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this result consistently, we should rewrite the series so the sum starts at n = 1 If we set
k=n+1, when n =0, then k = 1. But then n =k — 1, and so

= 1 = 1
-1 n — -1 k—1 '
nzz[)( ) 1027+1(2n 4 1) ;( ) 1020=1(2k — 1)
In this case, b, = m and so we want

1 1
< —
2N + 1)102N+1 = 106’

which implies that (2N + 2)102Y*2 > 10°. N = 2 does not quite do this, but N = 3
certainly does. So

byy1 = (

1+1 ! 1+1+ here |e| < 107°
= ——— e, where |e .

. . 310% 5105 10_ 3000 . 500000 -

Review exercises from the textbook: Page 757: Problems 3 to 9, 11, 12, 15, 16, 17,

18 19, 20, 21, 23 24, 29, 30.

Conclusion: arctan(0.1 = 0.1—

3.7. More Taylor and Maclaurin series: The examples above are examples of Taylor
and Maclaurin expansions. There are other functions which have Taylor and Maclaurin
expansions:

00 _1)
sinx = Z Lx%“, for all z on (—o0, 00),

“—~ (2n+1)!
cosx = f: (_1)nx2” for all  on (—o0, 00)
o (2”)' ) ) ;
v = 1 " for all
e —Zax, or all z on (—o0,0),
n=0
k(k—1 k(k—1)(k—2 k(k—1)(k—2)(k —
ootk M M DE=D) = 23
k(k—1)(k—2)(k—=3)...(k— 1
( I Jk=3). . (k—n+ "+ < L

n!

We have adopted the convention: 0! = 1 and we just use this convention to be able to
write the Maclaurin series of e* and cosx as above. With these formulas we can find the
Taylor and Maclaurin series of variations of these functions.
Find the Maclaurin series of the following functions:

1. sin(3z) We just replace z with 3z in the Maclaurin series of sinz. So we obtain

sin(3x) = 3 ﬂ(i’wc)%”rl = i Mﬁ"*l for all x
= (2n+ 1) = (2n+1)! ’

n
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2
x
2. COS(Z). Here we just replace z with %2 in the Maclaurin series of cosz. So we obtain

0o
COS E

’Vl

= (_1)n 4n
= g —— ", for all x
“— 427(2n)!

n=0
- 1 = 4
Z — Z —z", for all x.
n! n!
n=0 n=0
4. e* + €% We write the Maclaurin series for each function separately
n!
n=0 0
e = f: gx” = Z fx" therefore
n! n!
n=0 n=0
2x 3r __ = ..n C .n n
e +e —Zn!x —|—Zn!x —Z o T
n=0 n=0 n=0
et — 2 1'3 4 o0 1
5. . We know that e* =14z + + = + +. Z —", for all x. Therefore
x 2 3! 4l et n!
2 .1'3 4 0 1 et — 1
e* —1=a+— 5 + — i + — m +. Z ﬁx and therefore, . = Z axn_l. If we

set k=n—1,andson=Fk+1, Weobtaln

G 1
¢ :Z T ‘xk, for all x.
x k:O( + 1)!

6. Let f(2) = In(z —1). Find f19(3) (the tenth derivative of f at 3). One could compute
ten derivatives of the function and evaluate it at 3, but this is a lot of work. One can
use the power series representation of this function centered at 3 and use its coefficients
to compute the derivative of the function f(z) at 3. We write

1 1 1, 1 (=) |z — 3
r—1 (x—3)+2 2(1+’”T_3) et PAGE (z=3)", 2 =
Therefore
In(x — 1) C’+/ ! d;z::C—l—/(i(_l)n(x—?))")dx:
r—1 — on+1
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Setting x = 3 we obtain C' = In2. So we conclude that

In(x —1)=In2+ Z %(m — 3"+,

On the other hand the Taylor series is defined to be of the form Y >, C),(z — 3)",

(n)(3
where C,, = / '( ) . So to find the tenth derivative, we have to look for the coefficient
n!
(=1)° _ fU9(3)

10 . . . . .
of (x — 3)', which in this case is C1g = 0210 = 101 Therefore
10!
f6) = —fpm
Lo PR — (D" s,
7. Represent cosz” dx as an infinite series. We know that cosx = Z @n)] " and
0 “— (2n)!
0 _1)
therefore cos z® = Z ((2 ;| 25" and therefore
n)!
n=0
—" (=" (="
cosz® dr = / ( ) dx = (/ 2 dr) =y —————.
/ O )i = 2 G, 9 =

8. Find the Maclaurin series of (1422)2. We just have to use the formula above for k = :

and with z replaced by z?2.

-1, HE-DE-2) , 3G-DE-2(-3
1
(1—|—x2)2:1+hax2+222! oty 212 3!2 26 4 212 24! 2 P
IE-DE-2)E-3)...( - 1
23 15 )(2n' )---(g=nt o 2] < 1.
One may want to simplify these coefficients. Just notice that the coefficient of 22" is
equal to
ll_nDE-2)E-3)...-n+1) 1 /1,1 1 1
212 2 2 2 =—l=(z—-1)(z—-2)...(= — 1) | =
nl n!( G-DG=2.G=n+ >>
1 /1,1-2 1-4 1—-2n+2 11
H(GEFIETD TR = LR (3 20) =
-1 n—1
(n!>2" 1.3.5....(2n — 3).
Conclusion:
2\ L o - (_1)7#1 9 2n
(14a%)2 =1+ 52 +) L35 (20— 3)2™",

n=2
Review exercises from the textbook: Page 771. Problems number 3, 4, 5, 6, 8, 9,
11, 12, 16, 18, 21, 23, 31, 32, 35, 36, 37, 39, 40, 41.
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4. ADDITIONAL EXERCISES (MOSTLY FROM OLD EXAMS)

. If {a,} is a sequence such that lim,_,., n*|a,| = 1. What can be said about the abso-

lute convergence of Z an?

n=1

oo
1 :
. Does E nsin(—) converge or diverge?
n
—1

n

Let f(a?) be a function defined on [1,00) be such that f(x) > 1 for all x and that
f(z) N Ly

= 1. For what values of p does the series Z sin( )
n

n=1

oo
.1 :
. Does E nsin(— ) converge or diverge?
n
n=1

Let f(x) > 1 for all z on [1,00) and suppose that lim @) = 10. What can be said

r—00 I
1

G 1
about the convergence of Z tan(

2 f(n)) and ;tan((ﬂn))g)?

Let f(x) be a function such that f'(z) = 2? cosz* and f(0) = 0. Find the Maclaurin
series of f(z).

1 =z

dz as an infinite series.

Express the integral /
0

If f(x) = (1—2%)"" then f19(0) =2

=~ /[ 3
Find the values of p for which the series 5 T converges?
n
n=1

o

2" "
Find the radius of convergence of the series Z
1

—n+1

xr
t
Express / [ dt as a power series in x and find its radius of convergence
o 1—

n+1

2n + 7
{b,} be a sequence with b, > 0 such that lim,,_,., % = 3 what can be said about the
convergence of Y > a, and Y7 b,?

Let {a,} be a sequence such that a; > 0 and a,; = (—1)" for n > 1. Let

What can be said about the convergence of z:(—l)”_1 ( 47— n) 7
n

n=1

o0 n2
9+3
What can be said about the convergence of E (=)t ( 47_71 n) ?

n=1



30 ANTONIO SA BARRETO

T —2
15. Find the Taylor series representation of f(r) = —————— centered at 2 and its
22 —4x+5

radius of convergence.

o0 n

16. Knowing that In(1 4+ z) = Z(—l)”x—, find the smallest number of terms that one
n
n=1
needs to compute In(1.1) with an error less than or equal to 10787
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