Detailed Plan of Lectures for MA 166

the beginning of the semester

Topics: Vectors in the plane & Vectors in the 3-dimensional space
Section Number: 13.1, 13.2
Lecture Plan:

(1) Use the first 20 mimutes to explain the ground rules.
e Structure of the course
e MyLabMath Homework
e Recitation Class (Pre-Quiz Exercise Problems)
(2) Vectors in general
e Question: What is a vector 7
Answer: An arrow: direction and magnitude
(followed by the explanation of tail, head), and the zero vector ]
e Two vectors are “equal” as long as you can move one to the other by parallel
transform
(3) Operations on (among) the vectors
e Scalar multiplication
e Addition
e Subtraction
e Basic properties of the operations (as stated on Page 811 on the textbook)
(4) Vectors in the plane
e expression by the components
e formula for the magnitude
e formulas associated with the operations
e Discussion of the unit vector
(5) Vectors in the 3-dimensional space
e expression by the components
e formula for the magnitude
e formulas associated with the operations



2

Topics: Geometry in the plane and in the 3-dimensional space
Section Number: 13.1, 13.2, 13.5
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 1. This should serve as a review for Lesson 1.
e Review for Lesson 1
e MyLabMath Homework for Lesson 1
(2) Equations of the planes parallel to the coordinate axes
(3) Equation of a circle (brief discussion)
(4) Equation of a sphere
e Distance formula
e Equation of a sphere with center (a, b, c) and radius r
o (@ —a)? +(y—b)?+(z— )2 =r?
o How to find the center and radius, given the equation
Example: 22 + 3% + 2% — 2z + 6y — 8z = —1
(5) Equation of a line
e in 2-dimensional space
o parametric one using the parameter ¢
o the one in terms of x,y
Example: passing P = (1,3) with directional vector ¥ = (5, 2)
e in 3-dimensional space
o parametric one using the parameter ¢
o the one in terms of x,y
Example: passing P = (1, 3,4) with directional vector ¥ = (5,2, 3)



Topics: Dot Product
Section Number: 13.3
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 2. This should serve as a review for Lesson 2.
e Review for Lesson 2
o MyLabMath Homework for Lesson 2
(2) Definition of the dot product
e 2-dimensional case
o4 = (ui,u2), ¥ = (v1,v2), 4T = uiv1 + u2v2
Example: @ = (4,1), ¥=(3,4), 4-7=4-3+1-4=16
e 3-dimensional case
o 4 = (u1,uz,u3), ¥ = (v1,v2,v3), % - T = u1v1 + u2v2 + usvs
Example: @ = (4,1,-2), v=(3,4,5),4-0=4-3+1-44+(-2)-5=6
(3) Geometric meaning of the dot product
e Theorem: @ - ¥ = |@]|¥] cos @ - Option: Proof using Law of Cosines
(4) Applications
Orthogonality condition
el <= u-v=0
e Application: Equation of a plane
Example Problems
D Find the equation of a plane passing (1, 3, 2) and orthogonal to 7 = (2,1, 5)
@ Given the equation of the plane 2z — 3y — z = 6,
(i) Find a point on the plane.
(ii) Find a vector orthogonal to the plane.
Projection of a vecor 4 onto ¥/
e Explanation using a picture
o direction: ¥
o magnitude: |@]cos @

-

o the unit vector in the direction of 7:

=L

— Formula: proj;u = || cos 6’%
U
e Formula using the dot product

projzi = || cosf-—=
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Topics: Cross Product
Section Number: 13.4

Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW

for Lesson 3. This should serve as a review for Lesson 3.
e Review for Lesson 3
e MyLabMath Homework for Lesson 3
(2) Definition of the determinant
e 2 X 2 case

a b
=ad = bc
c d'
e 3 X 3 case
ap a2 as
by b3 b1 b3 b1 b
b1 b2 b3 = m —asz + as
C2 C3 1 C3 1 C2
C1 C2 C3
a2 as a; as ar a2
= —b + b2 — b3
C2 Cc3 C1 3 C1 Co
az as ai as + ai az
= —C2 C3
bg b b1 b3 bl b2

(3) Definition of the cross product @ x ¢
Example: @ = (—1,0,6),7 = (2, -5, —3)

R g I PN P
-5 —6/” |2 =3|'"|2 -5
e Observation ¥ X @ = -4 X U
(4) Geometric meaning of the cross product @ x U
o direction
o U, Luxv
o Right Hand Rule
e magnitude |@ X 9| = |@||0]siné

Example:
ixj = k
ka = 7
kxi f

(5) Another expression for the cross product @ x ¥
e Example: @ = (—1,0,6),7 = (2, -5, —3)
ik
Uxv=|-1 0 6
2 -5 -3



Topics: Applications of the cross product and computation of the area of the region
between cyrves
Section Number: 13.4, 6.2
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 4. This should serve as a review for Lesson 4.
e Review for Lesson 4
e MyLabMath Homework for Lesson 4
(2) Applications of the cross product
e Equation of a plane
Example: Find the equation of the plane
passing P = (5,—2,3) and
containing @ = (—1,0,6) and ¥ = (2, -5, —3)
e Condition for being parallel @ // 7 <= @ x 7 =0
(3) Computing the area of the region between two curves
e Explanation using a picture
e Formula

L(z d:c—/ {f(z z)} dx assuming f(x) > g(z) over [a,b)

b
/ ) dz —/ |f(x z)| dr in general

e Examples
Example Problem 1: Find the area of the region enclosed by f(z) = 5 — z?
and g(z) = 2% — 3.
Example Problem 2 (Optional): Find the area of the region enclosed by
f(z) = —2% 4+ 3z + 6 and g(z) = |22|.
Example Problem 3 (MUST): Find the area of the region in the 1st quadrant
enclosed by y = 2?3 and y=x—4.
Draw the pictures, and explain
Method 1: Integration with respect to x.
Method 2: Integration with respect to y. (EASIER !)
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Topics: Volumes by slicing, Washer method
Section Number: 6.3
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 5. This should serve as a review for Lesson 5.
e Review for Lesson 5
e MyLabMath Homework for Lesson 5
(2) Computing the volume by slicing
e Explain the general idea using a picture
e Formula

b
V= / A(z) de = Z A(z)Az (as the Riemann sum)

where

o A(x) is the area of the cross section, and where

o A(z) dz (or A(z) Az) represents the volume of the thin slice.
e Review: Computing the area by slicing

b
A= / L(z) do = Z L(z)Az (as the Riemann sum)

where
o L(z) is the length of the cross section, and where
o L(z) dz (or L(xz) Ax) represents the area of the thin slice.
e Example Problem: Find the volume of the solid
o whose base is the region enclosed by y = 1 — 22 in the 1st quadrant,
o whose cross section parallel to the y-axis and perpendicular to the base
is the square.
(3) Washer method
e Explain the idea using the example problems
Example Problem 1: Find the volume of the solid obtained by rotating the
region R about the z-axis
Description of R: the region bounded by

y = fl@)=(z+1)%,
zr = 0,
r = 2.

Example Problem 2: Find the volume of the solid obtained by rotating the
region R about the z-axis

Description of R:
the region bounded by

\
~
—~

8
N

Il

B

{v 29z



Topics: Volumes by shells
Section Number: 6.4
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 6. This should serve as a review for Lesson 6.
e Review for Lesson 6
o MyLabMath Homework for Lesson 6
(2) Computing the volume by cylindrical shells
e Explain the idea by going over the example problems
e Formula

b
/ 2rxf(x) dr in case rotated around y—axis (See Example Problem 1)

b
/ 2ryf(y) dy in case rotated around x—axis (See Example Problem 2)

Question: What should we do in case the solid is obtained by rotating the
region around some different axis ? (See Example Problem 3)
e Example Problems
Example Problem 1: Find the volume of the solid obtained by rotating the
region R about the y-axis
Description of R: the region in the 1st quadrant bounded by

y = f(z)=sin(z?),

y = 0 ie., x— axis,
_ ™

r = 5

Example Problem 2: Find the volume of the solid obtained by rotating the
region R about the z-axis
Description of R: the region in the 1st quadrant bounded by

{ y = flz)=22-2a?
y =
Example Problem 3: Find the volume of the solid obtained by rotating the
region R about the line z = —1.

Description of R: the region in the 1st quadrant bounded by

{ y = fl@)=vz,
y = L
(3) FAQ: How can we tell wwhich method to use ?

ANSWER: One can use BOTH Washer and Shell methods (in principle).
Sometmes it is more difficult to compute the volume using one method than the
other.

e Show how to compute the volume of the solid in Example Problem 1, leading

to the computation of
/ sin™! y dy.



8

Topics: Lengths of curves and Surface area
Section Number: 6.5, 6.6
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 7. This should serve as a review for Lesson 7.
e Review for Lesson 7
e MyLabMath Homework for Lesson 7
(2) How to compute the length of a curve y = f(z) a <z <b
e Explain the general idea using a picture
e Formula

L:[lb,/1+(jg)2dx=/ab¢wdx

e Example Problems
Example Problem 1: Find the (arc) length of the curve

y=f(z)=2? 0<z<4
Example Problem 2 (Super Difficult ! Optional !): Find the (arc) length of

the curve
y=f(z n(z + — 1<z<V2
V2
Method 1 (Integration with respect to z): L = / VI+{f(2)}? dzx
Troubles: '

@ Integration is improper !
@ Integration is hard to compute !
Method 2 (Integration with respect to y EASIER !):

ln(\/§+1)
L= / VIT W dy
(0]

Note:
y = fx)=In(z+vz2-1) 1<z<V2
—
y —y
v o= gy =" 0<y<mva+)
Formula:

/\/ dm +1dy—/ Vg )P +1dy

Show the trick to reduce /1 + {¢’(y)}? to a non-square-root form.



3) How to compute the area of a surface obtained by revolving the curve
g
y=[f(z) a<z<b

around the z-axis.
e How to compute the area of the frustrum
e Explain the general idea using a picture
e Formula

b
A:/ 2w f(z)\/1+ {f'(x)}? dzx.

e Example Problem: Check that the surface area of a sphere of radius r is given
by A = 4mr?, realizing that the sphere is obtained by revolving the curve

y=flx)=vr2—az2 —r<z<r

around the z-axis.
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Topics: Physical applications
Section Number: 6.7
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 8. This should serve as a review for Lesson 8.
e Review for Lesson 8
e MyLabMath Homework for Lesson 8
(2) Compute the work to strech the spring
e Hooke’s Law: F(z) = kx
o Discussion of how to determine k
° Forml%,la

b
W = F(x) dz = kx dx

° Exarr;lple Problem: When you need to exert 10 N of force to stretch the spring
z = 0.1 m from the natural length, compute the work to be done to strech the
spring from z = 0.1 m to x = 0.35 m.
(3) Compute the work to lift the chain
e Explan the idea using a picture
e Example Problem: A 10 m-long chain with density of 1.5 kg/m hangs from
a platform at a construction site taht is 11 m above the ground.
(1) Find the work required to lift the chain to the platform.
(2) Find the work to bring the bottom end of the chain to the platform so that
the chain is folded into half.
(4) Compute the work to pump out the water
e Explan the idea using a picture
e Example Problems
Example Problem 1: Compute the work required to pump out all the water
in the cylindrical tank of radius r = 5 m and height 15 m from the top. Use
the number p = 1000 kg/m? for the density of the water, and g = 9.8 m/s?
for the gravitational acceleration.
Example Problem 2: A cylindrical tank with a length of 10 m and a radius
of 5 m is on its side and half full of gassoline. How much work is reqruired
to empty the tank through an outlet pipe at the top of the tank ? Use the
number p = 737 kg/m? for the density of the gasoline, and g = 9.8 m/s? for
the gravitational acceleration.
(5) Compute the force on a dam (Optional)
e Explan the idea using a picture
e Example Problem: A large vertical dam in the shape of a symmetric trapezoid
has a height of 30 m, a width of 20 m at its base, and a width of 40 m at the top.
What is the total force on the face of the dam when the reservoir is full ?
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Topics: Integration by parts
Section Number: 8.2
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 9. This should serve as a review for Lesson 8.
e Review for Lesson 9
e MyLabMath Homework for Lesson 9

(2) Formula
/udvzuv—/vdu

e Derive the formula from the product rule

(uwv)" = u'v 4+ u’
(3) Example Problems
Example Problem 1: / ze” dx

U x , v = €
du de , dv = €%dx
Example Problem 2: | xsinx dx

;
{uim,v:—cosm
/

du der , dv = sinxdzx
Example Problem 3: [ Inx dx
U Inz , v = «x
du = ldx , dv = dzx
x

Example Problem 4: ‘/sin_1 T dx

u = sin "z , v o= T

du:ﬁdaz,dv:dm
(4) FAQ: How should we choose u & dv ?
Give us an algorithm to choose the proper u & dv !
Theoretical ANSWER:

@ There is NO such algorithm.
@ All the choices are equally valid as formulas.
(Integration by parts is a parallel transform !)
® One choice may lead to a “more difficult” problem.

Example: [ ze” dx

Choose

1
u = € , v = 5:52
du = e€e“dx , dv = zdr



Then

/ ze’ de = / udv

while

/CCQ(EICZLE is “more difficult” than /mezdx.

Practical ANSWER:
@ Choose dv so that you can compute the antiderivative v easily.

@ Make sure / vdu is simpler than the priginal / udv.

One more FAQ: What should I do if I make a wrong choice ?
ANSWER: Don’t worry ! Go back, and work with another choice (YoV)
(5) Interesting problems: No matter what choice you make, the problem dose not
seem to become any simpler.

e Example Problem: e cosz dr
Step 1. Apply Integration by Parts to /ez cos xdzx.

u = €e* , v = sinz
du = ¢€%dx , dv = cosxzdzx

/ e’ cosxrdr = / udv
= uv— / vdu

= €* sin:c—/sin:cexd:c
= sinze® — /ew sin zdx

Step 2. Apply Integration by Parts one more time to /ez sin xdx.

u e’ , v = —COosST
du = €°dx , dv = sinzdz

/ez sinzdr = /udv
uv — /Udu

= ¢e"(—cosz)— [ e“(—cosz)dx

= —ecosx + [ e”coszdr
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e Step 3. Combine Steps 1 and 2.

/ez cosxdr = e€"sinz— / e” sin zdx
= ¢€%sinz — (—ez cosx + /ez cos xdz)
= ¢€%sinz+e*cosx — /ex cos zdzx.

Oh, NO. We came back to the same integration we started with !
Happy Conclusion !

Moving — / e” cos zdx on the right hand side to the left, we get

2/ezcosmday:ezsinx—i—ezcosm—l—C: e“(sinz + cosz) + C

and hence

1
/ez coszdx = iel (sinz + cosz) + C.

Note: We replaced the old “C” with the new “C”, which is % of the old “C”.
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Topics: Trigonometric Integration Part 1
Computaion of the integration of the form

. m n
/sm xcos x dx

Section Number: 8.3
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 10. This should serve as a review for Lesson 10.
e Review for Lesson 10
e MyLabMath Homework for Lesson 10
(2) Case: m odd or n odd (Smiley face case (Vo))
e Strategy:
(D Take one from the odd power one and combine it with dz, say, sin zdz (resp.
cosxdx).
@ Then apply the substitution © = cosx (resp. u = sinx), using the relation
22 =1—cos®x (resp. cos’x = 1 —sin? z).
e Fxample Problems

sin
. 3 2
Example Problem 1: /sm xcos” x dr
. 3 2 . 2 2 .
sin“xzcos” x dr = sin”“ x cos” x sinx dx

=cosz,du = —sinz dx)

(1 — cos® z) cos® ¢ sinz dx

(u
/

= /(1 —u®)u? (—du)
[

(u* —u?) du

1
= 7u5—§u3+0

= 5cos5m—§cos3w+0

Example Problem 2: /cos3 T dr = /sin0 zcos’ z dr

3 2
/ cosx dxr = cos” xcosx dx
(u = sinz,du = cosx dz)

/(1 — sin® z) cos = dz

/(1 —u?)du

uf%u3+c

sinz — gsin3m+C



(3) Case: Otherwise (i.e., m even and n even (Frowning face case (TVT)).
e Strategy: Use half angle formula to reduce the total degree
e Example Problem

/sin2 xcos’ ¢ dz (total degree = 4)

Use
. 9 1 —cos 2z
sin“x = ——/—
2
5 1+ cos2x
cos'z = ————

/ 1—cos2m) <1+cos2x>
> dx

1
= = [(1—cos®2z) dx

.2 2
/sm rcos” x dx

Since the last one has total degree =2(< 4), it is “simpler” than before !
In fact, we know how to compute it as follows:

/1dm = z+4+C
/cos22x der = /% dx
1 1 .
= §x+§51n4x+0

Finally we have

(1 — cos® 2z) dx

/1dx—/cos Qxd:c}

(2m+ gsm4m)] +C

:c—3—251n4x+0

.2 2
/sm rcos“x dr =

OOl R = =] =
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Topics: Trigonometric Integration Part 2
Computaion of the integration of the form

/tanm zsec”" z dx

Section Number: 8.3
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 10. This should serve as a review for Lesson 11.
e Review for Lesson 11
e MyLabMath Homework for Lesson 11
(2) Case: m whatever and n > 0 even
e Strategy:
@ Take 2 from even n > 0 and combine it with da to have sec® xdz.
@ Then apply the substitution u = tanz (du = sec? zdz), using the relation

sec?z =1+ tan?z.

e Example Problem: / tan® zsec z dzx

4 2 2
/tan3xsec rdr = /tan3 xrsec” x sec” x dr
(u = tan z, du = sec? zdx)

/tan3 z(1+ tan® ) sec’ z dx
/u3(1 +u?) du

Il
—
IS

w
_|_
IS
(o8
IS

= Ztan4:r+6tan6m+0

(3) Case: m odd and n > 0 whatever
e Strategy:
@ Take tan x secx and combine it with dz to have tan x sec zdx.
@ Then apply the substitution u = secz (du = tan x sec zdz), using the rela-
tion tan?z = sec? z — 1.

e Example Problem: / tan® zsec® ¢ da

3 3 2 2
/tan rsec’x dr = /tan rsec” x tanxsecx dx
(u = secx,du = tanzsecx dz)

2 2
(sec”x — 1) sec” z tanx sec xdx
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(4) Case: n=0
e Strategy:
@O When m = 1, we compute tanz dz = —In|cosz|+ C = In|secz| + C.
@ When m > 1, use tan? = sec?z — 1. For the fisrt part, use substitution
u = tanx. For the second part, observe m has decreased and hence it has become
simpler.

e Example Problem: / tan® & do

/tan3 zdxr = /tanm tan® z dz

/tanm(sec2 x—1) dz

= /tanmsec2x dxf/tanm dx

(u = tanz for the first part), (m = 1 < 3 for the second part)

= udu—/tanxdw

1
= -u’— [tanz dz

= §tan2—ln|sec;r\ +C

(5) Case: Otherwise i.e., m even and n > 0 odd
e Strategy:
@ Using tan® z = sec? z — 1, reduce the problem to the case where m = 0.
@ When m > 1, use Integration by Parts to decrease m so that the problem
becomes simpler.
@ When m = 1, we have

2

secx dr = In|secz + tanz| + C.

e Example Problem: / tan?  sec zdx

@
/tan2 xsecr doe = /(sec2 x — 1) seczdx

= /sec3x dx—/secx dx

@ We only have to compute /sec3 z dz, since we know [ secz dz from ().

2
/sec3x dx:/secxsec x dx

u = secx , v
du = tanzsecx dxr , dv

tanx
sec? zdx

3
/sec rdr = fsec:csec2x dx:/udv

uv — vdu

= secwtanm—/tanxtanxsecx dx

2
= secmtanm—/tan rsecx dx
2
= secz:tanz:—/(sec z — 1)secx dx
3
= secmtanm—/secx da:—/sec T dr



Moving — / sec® z dz on the right hand side to the left, we obtain

3
2/sec mdm:secxtanx—/secm dx

and hence

1
/sech dr = 3 (secxtanx— /secx d;r:)

® Finally we have

2 3
/tan rsecx dr = sec :vda:—/secx dx

secmtana:—/sec:r dm) —fsec:p dx

secxtanx — 3/secx d:v)

= = (secztanz — 3In|secx + tanz|) + C.

o] »—ll\J\»—km\)—A\

Memo:

Distribute the document “Strategy for Trigonometric Integration”.
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Topics: Trigonometric Substitutions Part 1
Section Number: 8.4
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 12. This should serve as a review for Lesson 12.
e Review for Lesson 12
e MyLabMath Homework for Lesson 12
(2) Explain the Main Theme: Kill “, /7" in the integration.
Note: There are cases where we use our trigonometric substitution for othe
than killing “\/*”.
(3) Summmary of 3 Types of the Trigonometric Substitution
e Type I: Va2 — z2 (a > 0: some constant)

T = asin 6
dx = acosfdb
a?—12%2 = acosf

e Type II: va? + 22 (a > 0: some constant)

T = atanf
dx = asec?0do

vat+ 2 = asect
e Type III: v/z2 — a? (a > 0: some constant)

T = asecf
dx = asecftan6dl
2 —a? = atanf

(4) Discussion of Type I by Example Problem

e Type I:/ < - :/ du
(16 — 12)3/2 (16 — x2)/16 — 22

T = 4sin 6
dx = 4cos6db
42 — 22 = 4cosf

/ dx _ / 4 cos 0do
(16 — 22)V/16 — 22 {16 — (4sin6)?}4 cos
do

_ B do

N 16 — 16sin?0 J 16(1 —sin?9)
1 o 1 2

= 16/ cos 16 / sec” 0df

= % tanf + C

How to go back from the variable “0” to the variable “x”

o Draw the picture of the right triangle with
hypotenuse = 4 and vertical = x — bottom = /16 — z2
Final Conclusion:

/diffitanewfiLw
(16 —22)3/2 ~ 16 16 /16 — 22



20

Topics: Trigonometric Substitutions Part 2
Section Number: 8.4
Lecture Plan:

(1) Use the first 20 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 13. This should serve as a review for Lesson 13.
e Review for Lesson 13
e MyLabMath Homework for Lesson 13
(2) Discussion of Type II and Type III by Example Problems

dx
e Type II: _—
yp 91 22
T = 3tand
dx = 3sec20dl

VI+az?2 = 3sec
dzx 3sec? Ad6
= = = 0do
= A
= In|secf +tand| + C
How to go back from the variable “f” to the variable “x”

o Draw the picture of the right triangle with
base = 3 and vertical = x — hypotenuse = /9 + z2
Final Conclusion:

dx VI+zx2 =z
———— = In|secO+tanf|+C=In|—+ =|+ C
| = | | RAad

1n%|\/9+x2+x|+C=ln%+ln\\/9+$2+$|+0
In|v9+22+z|+C.

1
Note: In the last step, we set the “Chew” to be equal to In 3 + Cod”.

2 _
e Type III: /Md;t

T
T = 5sect
dx = 5secxtan x6db

Va2 —-25 = 5tan 6

2 —
/xi%dx = /5tan95se00tan9d9
T 5sect

5tan®0df = 5 [ (sec’> —1)d
= b5(tanf —0) + C.

How to go back from the variable “0” to the variable “x”

o Draw the picture of the right triangle with
hypotenuse = z and base = 5 — vertical = v/x? — 25
Final Conclusion:

/72 —
/Mdm = 5(tanf —0) +C
x

5 (VR e (2)) 4o

5



Challenging Questions:

2 _
O Is it true sec™! (%) =sin"! <@> ?

xT

@ Can I replace sec™" (%) above with sin™* (

2 — 25

T

)?

21
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Topics: Summary of Trigonometric Integrations and Trigonometric Substitutions

Section Number: 8.1, 8.2, 8.3, 8.4

Lecture Plan:

The subjects of Trigonometric Integrations and Trigonometric Substitutions are formi-
dable both in quantity and difficulty for the students to digest. Most likely the instructor
cannot cover everything scheduled to be covered in Lessons 11, 12, 13, 14. This lesson is
reserved as a shock absorber so that the instructor can catch up with the schedule and/or
review the materials.
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Topics: Partial Fractions Part 1: How to compute the integration of the form

| 6 e

where Q(z) and P(x) are polynomials
Section Number: 8.5
Lecture Plan:

(1) Explain the algorithm to compute the integration of the form / % dx using

the following example problem

* —22° 4 227 —2
e Example Problem: x 1:3 + 23: + 9z dzx
3 —x? — 22

Part I: Long division

at —20° 422" + 92 — 2= (z — 1)(a® — 2® — 2z) + 32° + Tz — 2

and hence

4 3 2 2
x* —2x° +2x° 4+ 9x — 2 _ 3z +Tx —2
/ S S dw—/(w 1)d$+/7x3,x2,2xd:€

2
-2
o [ (x —1) dz Easy | — Concentrate on computing st w2 dz
x3 —a? —2x
. . 32 + Tz —2
Part II: Partial Fractions Compute / SuT T2 dzx
x3 —x? —2zx
Step 1: Factor the denominator =3 — 22 — 2z

2= —2r=x(x+1)(z—2)

Step 2: Determine the type
3¢ +7x-2 _ A B C
zz+1)(z—-2) = =z+1 -2
Step 3: Determine the coefficients A, B, C'
Multiply x(z + 1)(x — 2) to the above equatuion to get

3P +7r -2 = Az +1)(x—2)
+ Bz(z—2)
+ Cz(z+1)

= (A+ B+ O)z?

+ (-A-2B+QCO)x
+ (—2440+40)1
Method 1: Solve the equations

A+B+C = 3
-A-2B+C = 7
—2A = 2.

Method 2 (Easier !):
Plug in the values z = 0,—1,2
—2=A4-(-2)— A=1
—6=B-3—B=-2
-24=C-6—C=4




Step 4

/3m2+7x72dx _ / 322 4 Tz — 2
3 —x2 — 2z B z(z+1)(z —2)
—2

dx

- 1’+$+1+1:—|—2
= Injz|—-2njz+1|+4ln|z—-2|+ C.

Part III: Final Conclusion

4 3 2 2
" — 22" + 22 + 9z — 2 3x° +Tx — 2
[ e = [e e [

1
= §x2—x+ln|x|—21n|x+1|+4ln|x—2\+0.

2 p—
(2) Discuss the Exercise Problem (Optional): / @ _9113(2;221 7361_ ) dx




Topics: Partial Fractions Part 2: How to compute the integration of the form

| 6 e

where Q(z) and P(x) are polynomials
Section Number: 8.5
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 16. This should serve as a review for Lesson 16.
e Review for Lesson 16
e MyLabMath Homework for Lesson 16
(2) Explain the types of Partial Fractions by example
e Introduce “Indecomposable Quadratic Forms”
o How to judge a given quadratic form is decomposable or indecomposable
by completing the square

e Example
O _ O
(z — 1)(x + 2)(2? 4 5z + 6)(x? + 5)2(z2 + 2z + 3) (z —1)(x +2)2(x + 3)(x2 + 5)?{(z + 1)2 + 2}
- z—=1
LB o
x+2  (r+2)?
+ D
z+3
Fx+F Gx+H
* 2 +5 + z2+5
Iz +J
22z + 3
(3) Discuss the example problem reviewing the alogorithm in Lesson 16
7o’ — 13z + 13
e Example Problem: / @D —20+3) dx

o How to compute the integration associated to an indecomposable qua-
dratic factor
Part I: Long division Already done v/
Part II: Partial Fractions
Step 1: Factor the denominator (z — 2)(2® — 2z + 3). Already done v/
Note: (2% — 2z + 3) is an indecomposable quadratic form.
Step 2: Determine the type

72 —13z+13 A Bz 4+ C
(x—2)(22—-20+3 =z—-2 x2-2z+3
Step 3: Determine the coefficients A, B, C'
Multiply (z — 2)(z? — 2z + 3) to the above equatuion to get

722 — 13z 4+ 13 = A(z? =2z +3)
+ (Bx+C)(z—2)
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Method 2:

Plug in the values z = 2 and any other two distinct values, say, x = 0,1
z=2| —-15=A-3—A=5

x=0| 13=154+C-(-2)—C=1

x=1| 7=10+(B+1)-(01) — B=2

Step 4
/ 72 — 13z + 13 / 5 2z + 1
= + dz
(z —2)(x? =2z +3) r—2 z2—-2x+3

o % dx = 5In|z — 2| + C Easy to compute !
Z —

2 1
o How should we compute / #j;_’_g dz 7 (Difficult !)
2¢+1 (22 —2)+3
————dz = —t—d
/x2—2x+3 v /1:2—230—1—3 “

_ /ﬂdx 4 /*dm
o 2 -2+ 3 2 -2+ 3
_|_

= (@ u—substitution part) (@ arctan part)

@
2z — 2 du
_H T = = @y
/m2—2x+3 v /u v
(u=2%—2x +3,du = (2z — 2)dx)
= Infu|+C

In|z? — 2z + 3|+ C
In(x? — 22 + 3) + C.

@Howabout/Adm:g%/;dx?

2 — 21+ 3 2 -2+ 3
1
Let’ t —— dx.
et’s compute PR T
1 1
/x272x+3d:€ - /(x71)2+2d$
(u=x—1,du = dx)
1
= /7u2+2du
(u=+/2tané, du—\/iseCQGd@)
V2 sec? 6d6 V2
= —— = ~"14df
/ 286C29\[ 2
2 U
= —9+C’——tan ( )—I—C
Vo i v
2 2 (-1
= —tan + C.
e ()
Part III: Final Conclusion
72% — 132 4 13 2z + 1
der = 7d —_—d
/(x72)(:v272x+3) v / +/x272x+3 “
2r — 2 3
= 7d — = d —_d
/ +/$2—2x+3 x+/w2—2az+3 *

V2 _ rz—1
= 5ln|lz—2|+In(z® + 2z +3) +3~"tan"! + C.
o2+ In )+3% =
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Topics: Improper Integrals
Section Number: 8.9

Lecture Plan:
(1) Use the first 15 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 17. This should serve as a review for Lesson 17.
e Review for Lesson 17
e MyLabMath Homework for Lesson 17

(2) Explain the 3 Types of Improper Integral
e Type I: One of the integration limit is oo (or —oo)
e Type II: The integrand is not defined at one of the integration limit

e Type III: The integrand is not defined at one of the points in the interval of

integration
(3) Discussion of Type I

e Example Problems
<1
- dx := lim — dx.

Example Problem 1: 3
b—oo x

1
Example Problem 2:

o0 1 . 1
/0 71 T 22 dx = hm;,_,oo / 71 i 22 dx
= limpoeo [tan_1 :c]f) =7/2

Note: Explain the last step of the computation using a picture.
Example Problem 3: Analyze the behavior of

1 1
/ — dx = lim — dz
. xP b—oo TP
depending on the value of p.
(4) Discussion of Type II
e Example Problems

Example Problem 3:
b

r = lim [sin_1 (g)]o =7/2

SR SRR Ly,
/0 V9 — 2?2 T bir;l*/\/9—x2 b—3—
Note:
o Explaination of lim,_,;— (why approaching from the negative side)
using a picture
o Explaination of the last step of the computation using a picture

(5) Discussion of Type III
Example Problem 4:
1 dx

fim, o [ QN T A / ’
11m — ———— 5 ar 1m ——V 7
c—2 L (IE _ 2)1/3 d—2t 4 (.T _ 2)1/3
6

8 1
———dx =
| e
-3/2 +
9/2

Note:
o Explaination of lim,_,,- (why approaching from the negative side) and
lim,_,,+ (why approaching from the positive side) using a picture
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(6) Common Mistake
oo
2
e Problem: Determine whether / ze”® dx coverges or diverges. If it con-
— 00
verges, comoute its value.
o Correct Answer:

R 2 0 2 b 2
/ rze ¥ dxr = limcﬁ,oo/ ze ¥ dx + limd_mo/ ze ¥ dx
%) ) c . o . 0 . 4
= limesy_o |—=€F xe * dxr + limg oo |—=€™ "
], -5,
= ~1/2 + 1/2
= 0

Therefore, the improper integral coverges to the value 0.
o Fake Answer:

> 2 b 2
/ ze * dr = lim ze " dr =0,
o b—oo J_y

since ze~® is an odd function. Therefore, the improper integral coverges to
the value 0.

It is also brilliant, as it avoids the complicated computation as in the Correct
Answer. We reach the same asnswer any way | What matter is the final answer,
ha, ha, ha !

Warning: This isa WRONG argument. We should NOT take the “combined”

e b
limit “limp_ o0 fib”.

oo
Consider the following example: / x dx
o Correct Answer: -
oo 0 e}
/ rdxr = limcﬁfoo/ rdx + limd_mo/ x dx
— o0 c 0
1,]° 1 ,]?
= liMes oo | =22 +  limgoeo | =22
2 c 2 0
= —00 + o0
Therefore, the improper integral / x dx diverges.
— o0

o Fake Answer:

%) b
/ z dr = lim x dx = 0.
o b—oo b
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Topics: Sequence and its limit

Section Number: 10.1, 10.2

Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW

for Lesson 18. This should serve as a review for Lesson 18.

e Review for Lesson 18
e MyLabMath Homework for Lesson 18

(2) What is a seqeunce ?
e Answer: A bunch of numbers indexed by the natural numbers n € N.
Note: lindexing most of the time starts from n = 1, but not always.
Notations: {a1,az2,as, ...}, {an}tnen etc.
e Examples

1 1 1 1
@an:27,{a1:§7a2:?,a3:§,...}.
(_

@ an = 1) {alz—l,agzl,agz—i...}.

n2+1’ 2 5 10’
@ a sequence defined by a recurrence relation
al = 1
py1 = 2an, + 1.
al = 1,
a2 = 201 +1 = 3,
as = 200 +1=17,
as = 2a3+1=15,

@ a geometric sequence defined by the recurrence realtion
(ni1 = Ta, with r being some constant — a, = a - "'
(3) Limit of a sequence lim,— o0 an
e Easy Examples

(=D"

with a = a1

@ an = n2 + 17
lim = lim —D"
n—oo0 An = n— 00 n2+1 =
since
-1 1
< <
n2+1 - an - n2+1
Squeeze Th.
n — 0o s s
0 0 0

® an = cos(nw),
limp— 00 Gn = limy o0 cos(nm) DNE
o Explain using a picture.

©®
ai =1 _ (_o\n—1
{ an4+1 = —2an T an _( 2)
limy, s 00 @n = limy, 00 (—2)""' DNE
4n?
© an = PN

4n3

nd+1

limp oo @n = limy oo
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e Difficult Examples

@ an = (n + 5) 9’
n
Exercise from MA 165: Show limg e L—l-f) = e,
T
limy oo @n = liMy— 00 (n : 5) =¢°

@ an = nl/n7
Exercise from MA 165: Show limg_seo zV/* =1,
limp— oo @n = liMp— oo n'/" =1
e Limit of a geometric sequence a, = a-r"" ! witha =a; #0

0 if |rl<1
limy, 0o Gn = a if r=1
diverges otherwise

(4) Monotone Sequence Theorem

e Statement:
A monotone bounded sequence converges to some finite number !

That is to say, if {a»} is a monotone bounded sequqnce, then
lim a, = L (exists as a finite number)
n— o0
e Fxplanation of the key words
o what is a monotone sequence ?

o what is the meaning of “a sequence being bounded” ?
e FAQ: Isn’t it an abstract existence theorem, which is useless to compute the

actual limit ?
Answer: NO.
Example Problem: A sequence {an}nen is defined by the following recurrence

relation
a1 = 100
1
An+1 = ian + 100.

Find lim, 00 an.
Solution:
Step 1: Check the following two conditions by mathematical induction.

@ The seqeuence is monotone.

@ The seqgeuence is bounded.
Step 2. Using the Monotone Sequence Theorem, we compute the limit.

Recurrence relation 1
An+1 = 5% + 100

1
limp oo (Gnt1) = limpsoeo <§an + 100)

| . I
L 5L +100

lim a, = L = 200.

n—o00
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Topics: Introduction of the Series (Telescoping Series)
Section Number: 10.1, 10.3
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 19. This should serve as a review for Lesson 19.
e Review for Lesson 19
e MyLabMath Homework for Lesson 19
(2) What is a series ?
Answer: Given a sequence {ax}pe1,
the series is the sum of all the terms > 77 | ax !
That is to say,
given {ar}72, = {a1,az,as,...},
we add all the terms to get the series
Z:o:lak =a1+az+ a3+ -.

WARNING [ Since we can NOT add infinitely many time, we have to make

it clear the meaning of > 7> | ax.

Definition: Given a sequence, we define the partial sums

Sl = al

Sy = ai+az

S3 = ar+ax+as

Sn = a1+a+az+---+an

Then we define

oo

E ar = lim S,.
n—r oo

k=1

Terminology: Convergence and Divergence

The series is { convergent . { lim, o0 Sn exists and finite
divergent limy, 00 S, = o0 or DNE

(3) Telescoping Series

Example Problem 1: Given a sequence {ay}72; where a = k(k;—kl)’
compute the series > ;2 a.

Solution:

Observe

ar = ——— =

k(k+1) k k41
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We compute

Sn = ax
+ a2
+ a3
+ an—1
+  an

and hence

Therefore, we conclude

- 1 1
E ar = lim S, = lim <7— >:1_
=1 n— oo n—oo \ 1 n—+1

Example Problem 2: Given a sequence {ay}7>; where aj =

compute the series Y oo | a.

Solution:
Observe
v - 1
KT 92y 15k + 4
S S N
T 3 \3k+1 3k+4
S B
T3 13k+1 3(k+1)+1
‘We compute
Sn = ai
+ a2
+ a3
+ An—1
+ an
_ 1 1
h 313- 1+1 T 3941
1 1
t o3 /3/+1 T 3541
1 1
+ 5 3/+1 3 4+1
. 1
3 }n/—i-l
1
+ 5{ n+1)+ }

1

9k2 + 15k + 4’
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and hence

g - 1 1 _ 1
"T 313 1+1 3(n+1)+1
Therefore, we conclude

ia—lims—lim1 ! — 1 L
k_n~>o<> o 3-14+1 3(n+1)+1 12

k=1

(4) Geometric Series

Problem: ZZOZQ ar =7 where ax+1 = r - ar for some constant r.
Note:

(D The starting number o may not be 1.)
@ We assume aq =a # 0. If a =0, then }"7 ar =0.

Solution:
Sn = Qq + Ao+1 + + Qn
= a + a-r + + a-r
N\ N\ N\ N\
- ) rS, = a-r + + a-r 4+ g.pnot!
1-7r)S. = a a-rhott
=a(l — 7"t
—
1 n—a+1
S, = a(lrfr) when 7 #1
na when r=1
—
oo a .
— f <1
Zak: im S, = 1—r ! Il
pyd n—roo diverges otherwise

Example Problem: Dtermine whether >_;7 . ax converges or diverges where

19 . gk+2
Gk = Topp—1
Solution:
19 . g4(k+1)+2
5(k+1)—1 3
Skl _ I9( ;;H == r is a constant.
ak .
5k—1
3
ar} is a geometric sequence with r = —.
75
Now
19 - 34-3+2
@ = W= e
3t
ro= o with|r| < 1.
—
19 . 34-3+2
> peg Gk converges to 1i = 75-3;’1
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Topics: Divergence Test
Section Number: 10.4
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 20. This should serve as a review for Lesson 20.
e Review for Lesson 20
e MyLabMath Homework for Lesson 20
(2) Divergence Test
e Statement: limp_oo ar # 0 => > 70 1o o ar diverges.

Strong WARNING: Do NOT make up your FALSE “Convergence Test”:
The statement (limg—oo axr = 0= 1o L 1niover @k CONverges) is FALSE.
e Examples

o Kk oo . k
D > o il Do Zk with ap = P
limg oo ar = limg o0 Pl 1#0 =317 sahtover Ok diverges.
@ Zk:l T = Zk:l ag with ar = T
ar = ﬂ > i _ 3 k
k= o = S
k— o 1 1
o0 00

limp 00 Gr00 # 0 == D 700 1o Gk diverges.
oo 1 o0 . 1

@ >, —=> 72, ar with ap = —.
k=1 k‘ k=1 k‘

We compute limg oo ar = limg 0o — = 0.
This means that Divergence Test is INCONCLUSIVE.

1
Note: Actually > 2, T diverges (as we will see using the Integral Test).
1 . 1
@ >, Eh > ne, ak with ax = e
We compute limg— 00 ar = limg— o0 % =0.
This means that Divergence Test is INCONCLUSIVE.
1
Note: Actually 377, - converges (as we will see using the Integral Test).

(3) Proof of Divergence Test (Optional: HARD for the students since it uses LOGIC.)
e Explantion of “contrapositive”
o A = B is equivalent to (not B) = (not A)
e Our case
o A: limg_, oo axoo # 0
0 B: 3777 hatever @k diverges.
o (not A): im0 ar, =0
o (not B): D 77 hatever Gk COLVErgeS.



e Enought to show
> e whatever @k coOnverges. == limg_o0o ax =0
(Proof)
SUPPOSE Y pe hatever @k CONVETEES.
—>
lim,, 00 Sn = L exists where L is some finte number.

limgso ar = limp oo (Sk — Sk—1)
= limpoo Sk — limp—y00 Sk—1
= L—-L=0.
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Topics: Integral Test and p-Series
Section Number: 10.4
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 21. This should serve as a review for Lesson 21.
e Review for Lesson 21
e MyLabMath Homework for Lesson 21
(2) Integral Test
e Explain the main idea in the case of the harmonic series using a picture
e Statement: Suppose we are given {ax}je; a sequence.
Suppose we have a function f(z) defined over [1,00) satisfying the following
conditiions over [1, 00):
O ar = f(k),
@ continuous,
@) positive,
® decreasing (in the sense that f(z) < f(z') if x < 2').
oo}
Then Y77, ax and / f(z) dz shares the SAME destiny.

1
That is to say,

> ho, ar converges <= / f(x) dxconverges
1 oo

> one, ak diverges <= / f(z) dzdiverges
1

Note:
(i) When they converge, the value of 7 | ar may not be equal to that of / f(z) dx.
1

(ii) The starting number for the series may not be equal to 1.
(iii) The conditions for the function to satisfy should only be checked for the inetr-

val [a, 00) for some «, and we only have to compute / f(z) dz accordingly.
e Example Problems ¢

1
Example Problem 1: Determine whether the series > 7> | ar with ar = Pl
converges or diverges, using the Integral Test.

Solution: Set = —.
olution: Set f(z) po]

Then f(z) satisfies (over [1,00))
© ar = f(k) ? Yes, obvious v/
@ continuous ? Yes, obvious v’

@) positive ? Yes, obvious v’

-2
® decreasing ? Yes, since f'(z) = ﬁ <0

We compute

=) b
/ f(z) dz = limb%oo\/\ f(z) dz
1 1b )

= limp_eo [tanf1 x]b
= limpooo [tan™"b—tan™" 1] =7/2 — /4 = /4.

Integral Test 0o
— > 7| Gk CONVEIges.
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Note:
(i) Explain why limj_,. tan™' b = /2, using a picture.
(ii) Actually > 02 ar =D ooy Pl > /1 f(x) dx.
Example Problem 2: Determine whether the series ZZO:1 ar with ar = Wi]j—l
converges or diverges, using the Integral Test.
Solution: Set f(x) = P
Then f(x) satisfies (over [2,00))
© ar = f(k) ? Yes, obvious v/
@ continuous ? Yes, obvious v’
@) positive ? Yes, obvious v’
® decreasing ? Yes, since f'(z) = ﬁ <0
g7 Yes, = @)

‘We compute

/ " fw) d

b
limbqoo/ f(z) dz
2

b

T

z u=z>+1 du=2zdx

b b +1
2 5
b24+1
= limb—>oo/ l <1du)
5 u \2

2
= limpyeo = [lnu}g +

= limp_eo 5 [ln(b2 +1)—1In 5] = 0.
Integral Test

(3) p-Series
e What is a p-series ?

. .
> he ax diverges.

1
Answer: It is a series of the form >~77 , o where p is some fixed number.

e Statement: The p-series converges for p > 1, and diverges for p < 1.
That is to say,

Lo convergent . p>1
the p-series is { divergent { p<1

Proof: L
oy, o converges for p > 1 <— Use Integral Test.

oY e, kip diverges for 0 < p < 1 +— Use Integral Test.

1
o> e, w diverges for p < 0 «<— Use Divergence Test.
e Examples

1
o>, ﬁ a p-series with p = 1/2 <1 — diverges.

1 . . . . .
oY, 7, & p-series with p =1 < 1 (harmonic series) — diverges.

1 . .
oY e, 72 @ p-series with p =2 >1 —» converges.
o Y po, k a p-series with p = —1 < 1 — diverges.
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Topics: Comparison Test & Limit Comparison Test
Section Number: 10.5
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 22. This should serve as a review for Lesson 22.
e Review for Lesson 22
e MyLabMath Homework for Lesson 22
(2) Review on Geometric Series and p-Series
e Geometric Series with initial term a # 0 and ratio r s.t. axt1 =7 - ax

a .
3 converges to T if |rl<1
[e} ar = —
diverges if |r|>1

e p-series with ay = W

converges if p>1
o> ak = { diverges if p<1
(3) Comparison Test
e Statement:
{aw}, {br} two sequences with a,br > 0
Case: ar < bi: > ar converges <= > b, converges.
Case: by < ag: Y. by diverges = > ay, diverges.
Note: In practice,
given a sequence {ay}, you try to find another sequence {by}
which satisfies the required inequality, and
which is simpler and hence you know whose convergence (or divergence).

e Example Probelms
1

Example Problem 1: Determine whether the series 22021 ar with ap = m

converges or diverges, using the Comparison Test.

Solution.
Setbk:ﬁ.
Then we have a *;<i*b
R R T A

Observe Y by = >
S
> pe, Gk converges.

1 . .- . .
= converges, since it is a p-series with p =2 > 1.

. . . 1
Example Problem 2: Determine whether the series Z:": 4 ar With ap = i3

converges or diverges, using the Comparison Test.

Solution. L
Set by = —.
T Vk X 1
Thenwehavebk:ﬁg 4_3:%
1 1

Observe Y b, = >

p=1/2 <.
=
> opey ax diverges.

> iz diverges, since it is a p-series with

i
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(4) Limit Comparision Test
e Statement:
{ar}, {br} two sequences with ay,bx > 0
limy— 00 Z—: =L #0= > ar and ) b)k shares the SAME destiny.

That is to say,

> a converges <= Y byconverges
> ay diverges <= > bpdiverges

Note: In practice,
given a sequence {ay}, you try to find another sequence {by}

. .. . . ag
which is similar to aj in the sense limg_0o — = L # 0,

b

which is yet simpler and hence you know whose convergence (or diver-

gence).
e Variants of L.C.M.
(1) limg— oo T L=0& > by converges => > ai converges.

by
(ii) limg—oo % =00 & > by diverges => > aj diverges.
k

e Example Problems

) ) o . 5k* — 2k +3
Example Problem 3: Determine whether the series Zk:l ar with ax = S —ki5
converges or diverges, using the Limit Comparison Test.
Solution. .
k 1
Then limy o0 dk _ 5 =L #0.
b 2

L.C.T.
S

> ak and Y b)k shares the SAME destiny.
& 1

k=Y, 72 converges, since it is a p-series with p =2 > 1.
—

> ak converges.

Ink

Example Problem 4: Determine whether the series > 77 | ar with ax = Sz
converges or diverges, using the Limit Comparison Test.

Solution.
1st Attempt
1
Set bk = ﬁ
2
Then limg_ oo Z—: = limg o % = limg oo Ink = 0.

1
On the other hand, >, by = > 72, 7z converges, since it is a p-series
with p =2 > 1.
We can NOT use L.C.M. or variant (ii) of L.C.M.

2nd Attempt

1
Set bk = E )
. a . Ink/k . Ink
Then limg_ b*: = limg o0 1//k = limg 00 7]6 =0.
(Note: T, oy 102 VHowts Moy 12 g
X
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On the other hand, > 37, by =
series.

We can NOT use L.C.M. or variant (i) of L.C.M.

1 . . - .
p e % diverges, since it is the harmonic

3rd Attempt

Set by = #

(Note: k—t(used in 1st attempt) < by = kT1/2 < %(used in 2nd attempt).)
Then limy o CbL: 1 o0 lf/]]iéli = 1m0 :11/’2 =0.

(Note: limy o0 ;‘I /”; L'Hoepttal's Rule oo #g/z = limy_, o0 ﬁ =0.)

Moreover, Y 72 bk
p=3/2>1.

variant (i) of L.C.M.
—

_ oo . s _ . .
=3, w2 converges, since it is a p-series with

> he, ar converges.
Example Problem 5 (Optional): Determine whether the series .7, ar with

ar = = converges or diverges, using the Integral Test.
Solution. |

nx
Set f(z) = 7

Then f(x) satisfies (over [2,00))
© ar = f(k) ? Yes, obvious v/
@ continuous ? Yes, obvious v’
@) positive ? Yes, obvious v/

® decreasing ? Yes, since f'(z) = w <0.
T

‘We compute

> b

1
/ ln:r

= 11mb—>oo
= Inx , v = 1
1%

= ldw , dv = —dz

b
= limp—oo uv]l /vdu)

= limpse
= limp oo

= limp oo

= limpseo
= 0+1=

Integral Test
—

%
(

P
r—1 Ak converges.

In

=3
8

xT -

'—'Af\f\

— 8l 8 H\r—‘

+

L ~—
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Topics: Alternaating Series Test & Absolute/Conditional Convergence
Section Number: 10.6
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 23. This should serve as a review for Lesson 23.
e Review for Lesson 23
e MyLabMath Homework for Lesson 23
(2) What is an alternating series ?
Answer: It is the sum of a sequence whose terms alter their signs.
It is either of the form 3(—1)*by or S°(=1)*bs (bx > 0).
e Examples

1 1 E . 1
1o S 2 24 2. =50 (L)t th by = —
’ 12_:31441—51 Zk:l( ) o ' k].
e e — e — e =30 (—1)Fby, with by = ———
o 3+4 5+6 7+ Zk:l( ) E W1 k k+2

(3) Alternating Series Test
e Statement:
An alternating series S (—1)*"1by  (by > 0) (or S(=1)%bs,  (bx > 0))
converges if the following two conditions are satisfied:
Condition (D by is decreasing (in the sense by > br41),
Condition @) limg_e0 b = 0.

Note:
(i) The failure of condition (2 implies that the alternating series diverges by
Divergence Test.
(ii) The failure of condition (D by itself does NOT guarantee that the alternating
series diverges.

(4) Examples

Example 1: Consider the alternating series > 5 (—1)*"'bx with by, = %

Then we check
Condition (D by, is decreasing ?
1
= > =
Yes, because by 2Tl br+1 vV
Condition @ limg—eo b =07
Yes, because limg_ 00 by = limg— o0 % =0. v

AS.T.
=5

The alternating series > 7°(—1)*"'b;, converges.
Note: Actually we have S (—=1)"1b;, = Z(—l)kﬂé =In2.
Isn’t it amazing !
Example 2: Consider the alternating series ZTO(—I)'“ku with by, = w

k
Then we check
Condition ) by, is decreasing ?

k+1 _ k+2
Yes, because by, = % > Pl =br+1 vV
kE+1 k42 1

> 0.

Note: — =
T TR+l Kkt 1)
Condition @) limg—yeo by =0 7
1
No, because limy o0 by = limg 00 ki =1#0.

k
—

limy— 00 a, DNE where aj, = (fl)k“bk.
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Divergence Test
—

The alternating series 3°7° ar = > 55 (—1)""'b;, diverges.

(5) Estimation Theorem for Alternating Series

e Statement: Suppose we have an alternating series > (—1)*"'b, (bx > 0) (or
S (=1)*by,  (br, > 0)) satisfying the following two conditions:

Condition (D by is decreasing (in the sense by > br41),

Condition @) limg—e0 by = 0.

Then A.S.T. says it converges to a finite number, i.e., S3(=1)*"'b, = S.

We have the estimate

|S — Sn| < bpyi.
e Explanation using a picture
e Example Problem: Mean Boss (whose name is Kenji Matsuki) tells you to
compute the value of the alternating series
D> (=1 by = Z(—1)’“% = —% + % - % + % — - with by = %
k=1 k=1
since he knows it satisfies conditions () and @) stated in A.S.T. and hence that
it converges to a finte value S. When you refuse to compute, saying it is an
impossible task to add and subtract infinitely many times, he goes “O.K. I'll give
you a break. You don’t have to add and subtract infinitely many times. Just
compute the partil sum S,, (adding from k£ =1 to k = n). As long as the error is

1 .
smaller than 1000° ie., X
|S - Sn‘ < m,

you can go back home.”

You want to finish the job as soon as possible, and hence you want to make n
(the number of terms to add and subtract) as small as possible. But you want to
make sure that the error requirement is satsisfied in order for you not to be fired.

What is the smallest n that gurantees

1
|S — S| < 1000
via the Estimation Theorem ?

Solution.

The Estimation Theorem says

S = S| < buta.

Therefore, it is enough to have
b _ 1
"= ) S 10007
which is equivalent to
(n + 1)! > 1000.
We construc the table
1] (n+ 1)
2
6
24
120
720 < 1000
5040 > 1000

SN IV O =]
N O Ok W N+

isn =6.

Therefore, the smallest n which satisfies b1 < ﬁ
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(6) Absolute Convergence Test
e Statement: Y |ar| converges = > aj converges.
e Absolute Convergence vs Conditional Convergence

> lak] > ak

convergent | convergent absolutely convergent
divergent | convergent conditionally convergent
convergent | divergent N/A (cannot happen)

divergent divergent | may happen, just say divergent

e Examples
1
0 3% ak with ap = (—1)"' =

k
Mlar] = > 1 diverges <+— harmonic series
Sar = Y p comverges ¢— AS.T.
HZ ay, conditionally convergent.
0 Y po, ar with ax = sikn2k
Slak| =37 SIkHQk| is convergent GompgrisonTest (we have |511€112k| < k—12 = by

and Y by converges.)

A.C.T.
.

> axr absolutely convergent.
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Topics: Ratio Test & Root Test
Section Number: 10.7
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 24. This should serve as a review for Lesson 24.
e Review for Lesson 24
e MyLabMath Homework for Lesson 24
(2) Ratio Test
e Statement: Given a sequence {ay},

r<l >~ ar (abs.) converges
lim |ak+1] _ ) r=1 inconclusive
k—oo |a| r > 1 (including the case =o0) 3 ax diverges

D.N.E. inconclusive

o Explanation of the rough idea: The series acts “almost” like a geometric
sequence with ration r.

Note: It is absolutely crucial to take the absolute values of the terms before
taking the ratio.

e Example Problems

. . o . 10*
Example Problem 1: Determine whether the series Zk:l ar with ap = W
converges or diverges, using the Ratio Test. '
Solution.
10k+1
. |akt1] . (k+1)! . 10
1 o =1 o ———— =1 o ——=0
1My — |a | — 10k 1Mp— )
k!
Ratio Test
—
> ne, ax absolutely converges.
. : o . (—1)*K*
Example Problem 2: Determine whether the series Zk:l ar with ap, = T

converges or diverges, using the Ratio Test.

Solution.
(k+ 1)kt (k + 1) (et17
|
limgoo 19— gy % = limy 00 Mik’;m
|a| K K"
k! 1
= lim k1 lim lJrl kkr—e>1
Ratio Test
—

S22 | ag diverges
k=1 %k ges.

k
(3) Crucial Limit Computation (Optional): limg_ o (1 + 9) =eb

We compute limg oo (1 + 9) (formally 1°°-form).
T

Sety:(1+é) .
x

Then Iny = zln (1+9>.
x



We compute

b
limg 00 Iny = limz oo x1n <1 + 7)
T
In (1 + é)
. x
= limg 0 -1
) x
= (p.=
i (v
L’Hospital’s rule 1 + ;
= limaz oo L =b.
s
—
limy oo lny =5
—
limy oo y = limg 00 eny = ¢b
b\
limg 0o (1 + E) =eb.
(4) Root Test
e Statement: Given a sequence {ay},
p<1 > ar (abs.) converges
N e p=1 inconclusive
klggo x| = p > 1 (including the case = o0) > ap diverges
D.N.E. inconclusive

Note: The statement as well as the basic idea is almost identical to that of the
Ratio Test.
e Example Problems

34k2)k

Example Problem 1: Determine whether the series Y p- | ax with ax = (7k2 6

converges or diverges, using the Root Test.
Solution.

limgsoo v/ ax] = limpseo

: of (4K = 3\"
e A\ 7h2 1 6

Root Test
—
> ne, ar absolutely converges.
_9)k
Example Problem 2: Determine whether the series 220:1 ar with ax = (kfo)
converges or diverges, using the Root Test.
Solution.
. . —2)F K| 2F
limesoo &/lar] = limgooo { ‘ (klg = limg— o0 i
= 1 2 _ 2>1
= 1Mk — 00 W =2>1.
Root Test
-

> ne, ar diverges.
Note: limr_y oo 107k — 1,
(Exercise: Verify limg o0 xlo/z.)
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Topics: Choosing a Convergence Test
Misleading title !
Wrong Strategy:
Which test to choose ? Too many ! This is a wrong question to ask !
Right Strategy:
What does the given series look like 7 This is the right question to ask !
_>
o Find the close “model” series.
o Judge if the model series conveges or diverges, and guess by comparison or by
analogy if the given series conveges or diverges.
o Justify your guess using a test.

Section Number: 10.8
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 25. This should serve as a review for Lesson 25.

e Review for Lesson 25

e MyLabMath Homework for Lesson 25
(2) Example Problems
2% + cos(mk)VEk

Example Problem 1: Determine whether the series Y7 | ar with ap = ShtT

converges or diverges.

Solution.
k

o The series looks like > 72 | FTa=x except for the annoying the second part

o  cos(mk)VEk
Zk:l 3k+1

o What should we do with the second part > 77,

{ I\;%S(Wk)l 1,

< 2*(Show the graphs and compare.)

cos(mk)VE

2
3k+1 :

A

Observe

‘cos(wk)x/%’ < 2k

Now
|28 + cos(nk)VE
ol =T
< 2k cos(mk)Vk
= 3k+1 3k+1
2k 2k 2
< k1 + gkt 2 3kt 1 1= b

circ Y by converges, since it is a geometric series with r = 3 < 1. By
comparison, our guess is that Y ax also converges.

o We only have to justify our guess.
|ax| < by, and Y by, converges.

C.T.
==
> lak| coverges.
A.C.T.
—
> ak absolutely coverges.
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1
Example Problem 2: Determine whether the series 22021 ap with ap, =

Vk? — 6k +9
converges or diverges.
Solution. 1 ) )
o Observe that ar = m looks like bk = 47162 = W when k

is large, as —6k + 9 is small compared to k2.

1
o Observe that > by = > EYE) diverges, since it is a p-series with p =

< 1. So our guess is that > ax should also diverge.

N | =

o We only have to justify our guess.

1
) . Y2 —6k+0
limp oo 25 = limy_, o, YE2 =649 _
b 1

4k2

Limit Comparison Test
—

> ak and Y by share the same destiny, and Y by diverges.
—
> ay diverges.

. . . _ K?
Example Problem 3: Determine whether the series 72 | aj, with a = ke 2% =

converges or diverges.

Solution.
o We compute

(k+1)?% _ (k+1)?* ¥ 1

Qk+1 = (e2)F+1 — k2 (e2)* T e2
_ (k+1)? 1
T TR e
k+1)?
When k is large, we have % ~ 1 (where “~” means “almost equal”).
1
This implies, when k is large, a1 ~ ax - — . Therefore, the series looks like
e
. . . 1
the geometric series Y by with r = =

o The series Y byconverges, since it is a geometric series with r = — < 1.

o2
So our guess is that Y ax should also converge.

o We only have to justify our guess.

(k+1)?
: lak1] _ .. (e2)kt . (k+1)7* 1
limy s 00 x| = limg 00 - limg 00 T e 2SS 1
(e?)k
Ratio Test
—

> ai absolutely converges.
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s k2 —1

Example Problem 4: Determine whether the series > 7> | ar with ax =

k8 +4
converges or diverges.
Solution.
o Observe that ay = { k-1 looks like by, = 4 kj L when k is large
PV 14 PNV T k2 8¢

as —1 (resp. +4) is small compared to k? (resp. k%).
1
o Observe that > b, = > = diverges, since it is a p-series withp =2 > 1.

So our guess is that > ay should also converge.
o We only have to justify our guess.

K2 —1
8
limy_ o ZT’: = Timy o % =1
3
\V &

Limit Comparison Test
—

> ak and Y by share the same destiny, and > by converges.
—
> ar converges.

k
1
Example Problem 5: Determine whether the series > 7> | ar with ax = (1 — 1—())

converges or diverges.

Solution. .
1
o What does the term ay = (1 — 1—()) of the sequence look like when k
is large 7

1
Since <1 — E) ~ 1 when k is large, is it true ax ~ 1 7

1 1\*
But since (1 - E) < 1, when k is large, (1 - E) could become much

smaller than 1 ?

1 k
= R ~7??
ag (1 10) 777

1
We compute the limit limg— 00 ax = limg— 00 (1

k
— 1—0) = e 1% (See Lesson
25 (3).) So the term ay, looks like by = e~ 1°.
o The series > by = > e~ '? of coures diverges. So our guess is that > ax
also diverges.
o We only have to justify our guess.
limkﬁoo ar = 6_10 # 0.

Divergence Test
—

> ai diverges.
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Topics: Taylor Series Part 1
Subtitle: Approximate functions with polynomials
Section Number: 11.3, 11.1
Lecture Plan:
(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 26. This should serve as a review for Lesson 26.
e Review for Lesson 26
e MyLabMath Homework for Lesson 26
(2) What is a Taylor series of a function f(z) centered at 0 ?
e Terminology:
a power series expression of a function = a Taylor series of a function
e Discussion

f(@) =co+c1x +cox® +esa® + -+ epah + o

Question: How can we find the coefficients ¢, c1,c2,¢3,...,Ck,... 7
Answer:
f(O) =Cco — Co = f(())

f/(x) = c1 + 2com + 3cax® + -+ + kega® Tt 4 -
f1(0) =1 —> 1 = f(0).
f'(x) =2ca+3-2c3x + -+ k(k — e 2 4 -+

f”(O) = 202 —r C2 — @

" (x) =3 23z + -+ k(k—1)(k — 2)cpz™ > 4 - -

f/// (O)

f///(0)=3-203—>03= 3.2

O () =k(k—1)(k—2)---2¢c, + - --

f®(0)
k!

F®0)=k(k—1)(k—2)- 2, — cx =

e Definition:
o Taylor series centered at 0 (Maclaurin series)
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e Examples

; _ 1 s,15 14
@ sinx = T = 5% +5x - O
— 00( )k 1 2k+1
k=0 (2k + 1)!
1 1 1
@ cosx = 1—531:24-1?4_@@64_...
= S e
= (2k)!
@ cosx = 1+%x2+%12+%$3+...
_ o 1
= k=0 717
1
@l—m = l+z+2°+2°+---

= > at

(3) Taylor polynomials
e Definition:
o n-th order Taylor polynomial centered at 0

o f(k)
P.(z) = S0 k:!(O) z*
k=0
e Idea behind it:
Taylor polynomial P,(z) approximates the function f(x) !
The bigger n is, the better the approximation is.

fla) = I LR
g C S » g e
PnH(a:) + RnH(x)
n —th 0]|r‘der T.P. Remf!inder

where the difference between f(z) and P,(z), i.e., |f(z) — Pu(z)| = |Rn(z)| is
small when |z| is small, since we have the estimate

|Rn(z)] < el

M
(n+1)!
where

|F" T (¢)| < M for any ¢ € [0,2] (or ¢ € [,0]).
o n-th order Taylor polynomial centered at a

LI .
Pn(x):zf k!( )(xfa)

k=0
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Taylor polynomial P,(x) approximates the function f(z) !

fo) = D TR
oo e — o - S TPy
e ; oo
n—th Oﬂder T.P. Rem&llinder

where the difference between f(x) and P,(z), i.e., |f(z) — Pn(z)| = |Rn(z)| is
small when |z — a| is small, since we have the estimate

n+1

| (z)] < |z — al

M
(n+1)!
where

|£" D (c)| < M for any ¢ € [a,z] (or ¢ € [z,a)).

Note: 1st order Taylor polynomial ceneterd at a is nothing but the

linear approximation !

*) (g
Pi(z) = E/lczo Z/lczo ! k'( )(ac —a)

O (g T W
f '( )(m_a)0+f1'( )(x_a)l

f(a) + f'(a)(@ — a) = L(x).

e Examples

@
flz) = Inz
1
f@ =
1
@) = 2
1st order Taylor polynomial for f(z) = Inx centered at 1
(0) (€]
P(X) = f '(1) (xr—1)° + ! 1,(1) (x — 1)

= fO+fQ)(z-1)
_ 0+%(x71):x71.

2nd order Taylor polynomial for f(z) = Inx centered at 1

(0) (1) (2)
= )+ PO -1+ (e 1)
1

= 0+%(x—1)+¥(m—1)2:(x—l)—%(x—l)Q.
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sin x

cosx

—sinx

—cosx

sinx

and the pattern repeats itself

(
0
1
0
-1

0
(and the pattern repeats itself

Taylor polynomials for f(x) = sinz centered at a = 0.

Pl(l‘)

I
P2 (ac)

P3 (m)

[
Py(x)

P5(.T)

Pﬁ(ac)

=
— L

_ L s, 15
= x—gx —&—gx
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Topics: Taylor Series Part 2

Subtitle: Approximate functions with polynomials
Section Number: 11.3, 11.1

Lecture Plan:

(1) Use the first 15 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 27. This should serve as a review for Lesson 27.
e Review for Lesson 27
e MyLabMath Homework for Lesson 27
(2) Approximating the value (of a function) using the Taylor polynomial
e Example Problems
Example Problem 1:
(i) Approximate the value of v/18 using the 3rd order Taylor polynomial
for f(z) = \/(z) centered at a = 16.
(ii) Estimate the error ‘\/ﬁ — P3(18){.

Solution.
‘We compute
fla) = yE=a'l?
F@) = g
f”(l') _ _im73/2
f”'(m) — §1’_5/2
15 _
fP) = T v
and hence
f(ae) = ‘i
fae) = <
4 1
" 16 - =
77 (16) 70
" _
P00 = e
(4) - 2.
£ 16) 16 47
Therefore, we have
(0) (1) (2) (3)
Py(z) = fT('lfi)(m —16)° + fli(,m)(m —16)' + fT(,w)(x —16) + fT(,m)(x —16)3
| 1 ! ! !
= 44 —(x—16) — —(x — 16)? —16)3
+ @16 = pp (@ = 1074 g5y (@ —16)
and hence
1 1 1
Ps(18) = 4+ - — —— + ——— = 4.24267578125

4 128 2048
(ii) We have (See Lesson 27 (3): n-th order Taylor polynomial centered at a)

M
V18 — P3(18)| = | £(18) — P5(18)| < G |18 — 16>,

where we can set

BECIES
S 16 47
since we have for ¢ € [16, 18] we have
@ ‘: Sty o 115 1
0 16 2| =16 1672 16 47
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We finally conclude
15 1
M 341 _ 16 47 ,a_ 5
(3+1)!|18716| = 002t = o

Example Problem 2:

VIS - P(18)| <

1
(i) Approximate the value of In <§> using the 3rd order Taylor polyno-
mial for f(z) = In(1 — z) centered at a = 0.

Bl

(ii) Estimate the error

Solution.
We compute
f@@) = In(l-a2)
f@) = —(1-2)"
@) = —1-(1-=z)7?
fa) = —1-2-(1—=)7°
fP@) = -1.2.3-1-2)*
and hence
f0) =0
Fo) = -1
f/l(o) — _1
f///(o) - _9
fO0) = -6
Therefore, we have
(0) (1) (2) (3)
Ps(z) = f 0!(0)3304- ! %!(O)xl—l- ! 2!(0)332—1- ! 3!(0)333
= O—x—i 2—§x3
and hence
1 11 /1\* 1/1\°
PB(i) = 0‘5‘5(5) ‘§<§)
= —2=-0.66666"--.

(ii) We have (See Lesson 27 (3): n-th order Taylor polynomial centered at 0)

3+1
(D) Zpn (DY 2l (B =y (LY« M 2P
2 2 2 2 B+ |2
where we can set
M=6-2"
1
since we have for ¢ € [0, 5} we have
1\ 4
]f<4><c>\:|—6<1—c>*4|S6(1—§) =6.2'=M.

We finally conclude

(x/E—Pg,(lS)’ < % ’%

3+1_6-24 14_1
T4l 2/ 4




Topics: Properties of Power Series Part 1
o radius of convergence
o interval of convergence

Section Number: 11.2

Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 28. This should serve as a review for Lesson 28.
e Review for Lesson 28
e MyLabMath Homework for Lesson 28
(2) Main Question: Given a power series centered at a

oo
Z cx(z —a)F,
k=0

for what value of z does the power series converge (or diverge) 7
(3) Example Problems
Example Problem 1: Given a power series centered at a = 2

X [ 1\k
k=

for what value of z does the power series converge (or diverge) ?

o

Solution. Set _ D 2)k
olution. Set ax = =5 (z —2)~.
Step 1. Ratio Test
‘We compute
(=D k1
‘ak+1| 4k+1 (x — 2)
limg— 0o = limgsoeo %
|a| (=1 k
w9
o — 2| <1 > ar converges
= =1 inconclusive

>1 > ap diverges
—
<4 > ap converges

|z — 2] =4 inconclusive

>4 > ap diverges
—

R: the radius of convergence = 4.
Step 2. Check at the end points.
z=06
oo (_1)k oo (_1)k
2 k=0 T(w —-2)F =373, 7M

diverges.

oo -1 k oo
2 ko ( 4k) (z—2)" = 2 ke %M
diverges.
Step 3. Conclusion

o Explanation using a picture.
I: the interval of convergence = (—2,6).
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Example Problem 2: Given a power series centered at a = 0
oo}
1 &
> neo
k=0
for what value of = does the power series converge (or diverge) 7

1
Solution. Set ar = —z*.

k!
Step 1. Ratio Test
We compute
MR
k+1)!
hmk—)oo ‘ak+1| = hmk—)oo ( * )
|a| 1o
[k
lim L z|=0<1 (fixing x)
= o | —— = X
k— kot 1 g
1
This implies that, no matter what the value of « is, the power series >~ ywk

converges.
Step 2. N/A
Step 3. Conclusion
o Explanation using a picture.
I: the interval of convergence = (—00,0).

Example Problem 3: Given a power series centered at a = 0
o0
Z k:!a:k,
k=0

for what value of = does the power series converge (or diverge) ?

Solution. Set ax = k!z®.
Step 1. Ratio Test
We compute

. Ap+1 . (k + 1)!l‘k+l
limg o0 7‘ x| | = limpsoe 7| ez |
= limpseo [(k+ 1)z =00<1 (fixing x)
This implies that, no matter what the value of « is, the power series > 7, klz
diverges.
Step 2. N/A
Step 3. Conclusion
o Explanation using a picture.
I: the interval of convergence = [0, 0].

k

Example Problem 4: Given a power series centered at a = 2

for what value of = does the power series converge (or diverge) 7



Solution. Set ap = (z — 2)'“.

Step 1. Ratio Test
‘We compute

Sl-

‘ 1 (l‘ _ 2)k+1
ak
—(z—2)*
’@ (=-2)
lim vk
= k— o0
— \/7
1 > ar converges

= |z -2 inconclusive

1 > ar diverges

f—/h\
\Y

o Explanation using a picture.

R: the radius of convergence = 1.
Step 2. Check at the end points.
=3

L
??‘
??‘

N

L
S

I

L
ol
<»~

ol
Il
=}

1 =1
733_2 —
=2 ie-

diverges, since it is a p-series with p =

N | =

£
IN i
—

r=1

0

%\

=1
kzzo\/Ex_Q Z\[l—z

converges by the Alternating Series Test.
Step 3. Conclusion
o Explanation using a picture.

I: the interval of convergence = [1, 3).

57
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Topics: Summary of Taylor Series and Applications
o How to find the Taylor Series of a function easily
o Computing the limits using the Taylor Series
Section Number: 11.3, 11.4

Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 29. This should serve as a review for Lesson 29.
e Review for Lesson 29
e MyLabMath Homework for Lesson 29
(2) Summary
e Taylor series
o Taylor series centered at a

= 4(k) (g X
@) =3 1D a)

o Taylor series centered at a = 0 (has the name Maclaurin series)

N~ M0

k=0
e Examples
1
. oo k k
@ ST = k:O(_l) WQ'Q +1
_ L3, 4+ 5 1 7
A TR TR
1
) k 2k
@ cosz = reo(—1) Wa:
_ L o 4 6
TR TR AR
x e’} 1 k
@ e = b0 Ew
_ 1 1 1 5 1 4
= +ﬁx+5x —|—§x +

(3) Example Problems

Example Problem 1: Find the Taylor series (power series expression) centered

at a = 0 for 1
f@) =1

Find also its radius of convergence and the interval of convergence.

Solution.
We compute

f(m) = 1_33:(1737)71
fllz) = 1-(1—2)2
ffx) = 1-2-(1—x)73
f(k)(x) = 1.2.3....k(1_$)—(k+1)
and hence
0) =1
fo = 1
o) = 2
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Therefore, we have
1—2z k=0 " [
= >0 yxk =30 at
= 14+z+a®+234- -

|
8

Note (Easier Solution): Just carry out the long division !

What is R 7 What is [ 7

Set a = z".

Step 1. Ratio Test
‘We compute

=4
T
limg— 0o M = limgsoeo TR
|ak| |z*]
<1 > ar converges
= |z =1 inconclusive

>1 > ap diverges
o Explanation using a picture.
R: the radius of convergence = 1.
Step 2. Check at the end points.
r=1

>oat =3
k=0 =0
diverges.

S-S

k=0 k=0
diverges.
Step 3. Conclusion
o Explanation using a picture.
I: the interval of convergence = (—1,1).

Note: The function is defined by the formula f(z) = and hence
f(=1) = %(1) = % is well-defined, while the power series 3 3>, 2" is di-
vergent at x = —1.

Example Problem 2: Find the Taylor series (power series expression) centered

at a = 0 for
5

T
fa)= .
Find also its radius of convergence and the interval of convergence.
Solution.
We have
z® 5 ok o Lk
1-2 % '(Zk:om ) =2 hes

We also have

{2 (352, =) converges} < {332, 2" converges} <= {z € (-1,1)}
—

R=1&1I=(-1,1).
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Example Problem 3: Find the Taylor series (power series expression) centered
at a = 0 for

1
fl@)=3—_-
Find also its radius of convergence and the interval of convergence.
Solution.
Set 2z = X.
Then we have
1 1
1= = 1-%° S, X* (See Example Problem 1)

1—
= Ezio(Qx)k = heo 25"
Moreover, we have

{302, X* converges} <= {X € (—1,1)}
—

1
{302, (22)F converges} «= {2z € (—1,1)} <= {z € (—5, 5)}
1 11
= &I=(-=2).

R 2 & ( 272
Example Problem 4: Find the Taylor series (power series expression) centered
at a =0 for

1
1@ =130

Find also its radius of convergence and the interval of convergence.
Solution.

Set —z? = X.

Then we have

L = L -1 372 o X* (See Example Problem 1)
1+ 22 1—(-2?) 1-X k=0

= D=t = (- ke
Moreover, we have
{352, X" converges} < {X € (-1,1)}
—>
{302 (=2*)" converges} <= {—z® € (-1,1)} + {z € (-1,1)}
H
R=1&I=(-1,1).
(4) Some Applications
e Computation of limits
o Example 1: Compute

. x?+2cosz—2
lim ———MM—.
£—0 3zt
Solution.

Since it is formally of the form (6) , we could compute the limit using .’Hospital’s

Rule.
Here we compute the limit using the Taylor series of the functions as follows.
Since 1
cosx = Zio(—l)kwx%
= 1- %xz + ix‘* + (higher terms than z*),

we have
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224+ 2cosx —2

limz%O 3$4 ) ,
;;/2/-&- 2 {X—Zp/ ﬂx + (higher terms than )} A
= hmm—»O . 3£E4
—2* 4 (higher terms than z*)

= lim, 0 1 31 1

= limgz_s0 {% + (higher terms than xo)} =3
o Example 2: Compute

limg oo [st - sin (l) - 6z* + m2]
v (777)
D D ! !
oo X 0 - oo + o
It is hard to compute the given limit as it is.
1 1
Sett==(—z=->).
T t

We have t — tT as 2 — co.
Now we compute

I 5 . 1 4 2| 1 . 1 1

Mg oo |62° - sin p —6x" +x = lim;_ g+ 6-t—5-smt—6 75—4—|—t—2

, 6sint — 6t + ¢
= hmt*)(H» t75

Since the last limit is formally of the form (%), we could compute the limit

using L’Hospital’s Rule.
Here we compute the limit using the Taylor series of the functions as follows.
Since

1
. _ oo _1\k & 42k41
sint = sV G
1
= t— 6753 + E0155 + (higher terms than t°),
we have )
) 6sint — 6t +t
hmt—>0+
6 {]{ Kfé—’_ ﬁoﬁ (higher terms than ¢ )} — 61+ 1
= llmt_>0+ 5
t
1
—t% 4 (higher terms than t°)
=lim; g+ 5
= lim; 0 {% + (higher terms than to)} = %
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Topics: Properties of Power Series Part 2

Section Number: 11.2, 11.4

Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW

for Lesson 30. This should serve as a review for Lesson 30.
e Review for Lesson 30
e MyLabMath Homework for Lesson 30
(2) Differentiating and Integrating Power Series

e Principle: Term by term
e Summary

@)=Y erle —a)*

o Differentiation

fl(z)= ch k(z —a)"!

R remains the same
I may change
o Integration

/f(x) d:c:ch-kil(mfa)kHJrC

R remains the same
{ I may change

e Examples

We know (See Exampole Problem 1 of (3) in Lesson 30.)

_ 1 2 3 Nk
f@)=——=l+aeta’+a’+. =3 2
k=0
ith R =1 :radius of convergence
W I =(-1,1) :interval of convergence.

o Differentiating, we have

= m =O+1+21‘+3x2+---22kxk71 :kakfl.

k=0 k=1
The radius of convergence remains the same, i.e., R = 1. This implies that the
center is 0, and the end points are +1. After differentiating, we may observe that
the interval of convergence changes. Therefore, in order to determine the interval
of convergence, we have to check the behavior at the end points.

r=1
ST S
k=0 k=0
diverges.
io: k$k71 _ i k- (_1)/971
k=0 k=0

diverges.
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Therefore, we conclude
I=(-1,1).

o Integrating, we have

2 28
de=—-In|l —z|=2+ %+ 5 +— C= My
/f(a:) n|l—z|=x+ = + +4+ S+ Zk +
The radius of convergence remains the same, i.e., R = 1. This implies that the
center is 0, and the end points are £1. After integrating, we may observe that
the interval of convergence changes. Therefore, in order to determine the interval
of convergence, we have to check the behavior at the end points.
r=1

k+1
k+1 o= Zk+11 +C= Zk+1 e

dlverges since it is the harmonic series.

1 — 1 1)k 1)k+1
> e Zk+1 + Z k+1 +
k=0 k=0

converges by the Alternating Seroes Test.
Therefore, we conclude
I=1[-1,1).
(3) Example Problems
Example Problem 1: Find the power series expression for

f(x) = tan™ " (x)

and its radius of convergence and the interval of convergence.

Solution.
Set f(z) = tan™'(z).
Then 1
F@ =
= ZZO x?* (See Example Problem 4 in Lesson 30 (3)

= —x? gt — a8
The power series has
R =1 :radius of convergence
{ I =(—1,1) :interval of convergence.
Therefore, by the principle and summary above, we have

@) = [ d

_ N 2k+1
= > o(=D) 72k+1x +C.

In order to determine what the integration constant C is, we plug in = 0.

Then we have
f(0) = tan™'(0)=0

= Z;o:()(_l)k
—>

1
—tan—la = S (_1)k 2k+1
f(z) an” x =37 (-1) 2k+1x
By the principle and summary above again, we have

R =1 :radius of convergence
1 =777 :interval of convergence.

1
2k+1

021 4 O — C=0



64

We have to analyze the behavior of the power series at the end points to
determine the interval of convergence 1.

o0 1 o0
Zk:o(*l)kmx%+1 = > (=D)*

converges by the A

1
) -1 k__ -
S a1 g

converges by the A
—
I=[-1,1].

1

2k +1
lternating Series Test.

1
2k +1

1

(_1)2k:+1 —

S (-1

S = e (1)

Iternating Series Test.

1
Example Problem 2: Find the power series expression for f(z) = In (1 i_ z)

and its radius of convergence and the interval of convergence.

Solution.

Observe
Inl—-z) =
In(1+ x)

o 1
_Zk:1 Exk
In(1—(1-=x))

- oY (o)

i

= - 220:1 E(_l)kxk
Therefore, we compute

1+
= 1
f($) n 1—2
= In(1+2z)—In(l—=x)
o 1 o 1
IR >R S S vy
x> . z® ot L z° 22 2® 2t 2P
= x _— e —— - . - _x __________
2 3 4 5 2 3 4 5
= 247+ a::’ + as: -
o 3 5
1
— 2 e} 2k+1
D T
¢ ar = 2k+1
Set ar = 501
Step 1. Ratio Test
We compute
‘ 1 L2(R )+
limk_mo \ak+1| _ limk_mo Q(k + 1) + 1
|ak] 1 22k+1
2k+1
= limg_eo 2k + 1:102
2k +3
<1 > ar converges
= |z]*{ =1 inconclusive

>1 S ap diverges

<1 > ar converges

lz[§ =1

inconclusive

>1 > ap diverges

R: the radius of convergence = 1.

2k +1



Step 2. Check at the end points.
=1

oo

1 oo
2k+1222k+1 2k+1 kZ: k

diverges by the Limit Comparison Test with by =

oo o0 1
2k+1 2k+1_
Zg *_szﬂ

k=0 k=0 k=0

> it

k=0

N‘M—A

diverges.
Step 3. Conclusion
o Explanation using a picture.
I: the interval of convergence = (—1,1).

Example Problem 2: Verify
%(sm ) = cosx
using the power series.

Solution.
Writing down the power series centered at @ = 0 (i.e., Maclaurin series) for
sin x, we have

2k+1

. Z‘X’ 1
sIxr = — X
Pt (2k + 1)!

Differentiating, we obtain

o = {S2 G

oo 1 2k
Dy (Qerl)!(?k:—l-l)x

oo 2k
—— " =cosz.
2i=o (2k)!
Example Problem 3 (Representing numbers as infinite series (and vice versa):
Compute the exact value of the infinite series
1 1

1— =4+ =_—...
3+5

Il
P
\
—
Z

=

Solution.
Step 1. Check the convergence of the series.

Set by = 1

2k +1°
Check

Condition () by, decreasing ?

1
Yes, b se by, = > =b v
es, because 0f %k +1 = 2(/€+1)+1 k+1

Condition @) limg—eo by =0 7

. . 1
Yes, because limg o0 by = limg— 00 Gy =0V
Therefore, by the A.S.T., we conclude that the series Ziozo(fl)kbk = Zzozo(—l)k 2k1—|— .

converges to some finite number S.
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Step 2. What is the Maclaurin series for tan™ 'z ?
We try to figure out the power series centered at a = 0 of tan 'z (even
though this seems irrelevant to our main question “What is S ?77).

For this purpose, we observe
(tan™'z) = 1 _ L
1+22 1-—(—2?)
=) k oo k, .2k
= Zk:()(_IQ) = Zk:()(_l) z?".

Integrating back, we obtain

tan"'x = (tan™' z)’ dzx

_ /{i(—l)kx?‘k} dz

k=0
:L,2k+1 + C

(=1
Finally, plugging in 2 = 0, we obtain 0 = tan~"(0) = C' and hence

o

= Ziogpid

tan" 'z = i (71)16 22Tt
Pt 2k +1 ’

Step 3. What is S 7
We plug in = 1 to the abive power series expression for tan~! z cneterd at
a = 0 to obtain

1
2k+1°

/4 =tan (1) =1— % +%_... :i(_l)k

item Representing functions as power series or vice versa (Optional)
e Examples
o Example 1: Consider the power series

(1 —22)F

kKt
k=1

and we look for its expression as a function.
Reacll that

x =1k
k=0

Setting X = 1 — 2x, we obtain the desired expression

122 = (1 —22)"
€ - Z k! '
k=0

o Example 2: Consider the power series

[e’s) (71);6 ok oo $2 k
4k kz 7Zk T4

k=1 k=1

and we look for its expression as a function.
Observe

1 S
—x -2
k=0

Differentiating, we obtain



and hence

Finally setting

we obtain

oo k—
> = P kX!

1 9] k—1
(1-X)2 L kX
X _x S kXF = S kXx*®
1-x)2 ° Z - Z :
k=1 k=1

67
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Topics: Polar Coordinates (Basics)
Section Number: 12.2
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 31. This should serve as a review for Lesson 31.
e Review for Lesson 31
e MyLabMath Homework for Lesson 31
(2) Comparison between Cartesian coordinates and polar coordinates
e Explanation using a picture
e Basic relations
o (z,y) Cartesian coordinates
o (r,0) Polar coordinates
{az = rcosf {7" = Var+y?
; & -1 (Y
y = rsinf 0 = tan (7)

x
Warning: Even if we fix a point, its polar coordnates are not uniquely de-

termined, while its Cartesian coordinates are uniquely determined. The second
rlation holds for one choice of its polar coordinates.
e Example: Explanation using a picture
o (z,y) = (2,2) Cartesian coordinates
o (r,0) = (2v/2,7/4 + 27n) or (—2v/2,51/4 + 27n) forn € Z
Polar coordinates
Note: Emphasize that “r” can be negative.
(3) Equation of figures in Polar coordinates
e Examples (Explanation using a figure)

Do= g (line)

5
@r= 3cosf +4sinf
® r = 3 (circle)
@ r = sin(20) (four-leafed clover)
® r = 2sin0 (circle)
o Geometric meaning as well as the algebraic manupulation
Exercise: 7 = 2cos6
®r=2-5cosf+2-12sin0 (circle)
@ (cardioids)
r = f(0)=1+sin6
r = f(0)=1+0.7sin6
r = f(0)=1+2sind

(line)
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Topics: Calculus in polar coordinates Part 1

Section Number: 12.3

Lecture Plan:

(1) Use the first 15 mimutes to discuss some difficult problems from MyLabMath HW

for Lesson 32. This should serve as a review for Lesson 32.

e Review for Lesson 32
e MyLabMath Homework for Lesson 32

(2) Slope of a tangent

e Formula
dy dy/df
dr —  dz/df
r = rcosf
y = rsinf
B %sinﬁ—&—rcos&
T dr .
@cose—rsmﬁ

{r = f(0) emphasizing r is a function of 0

f'(0)sin6 + f(6) cos
f'(0) cos @ — f(0)sin 6

e Example Problems
Example Problem 1: Consider the circle of radius 5 with center being the
origin.
What is the slope of the tangent to the circle at point (g\[, gﬁ) ?

Solution.
Draw a picture !
It is clear from the picture that

dy
dr
We confirm and check this fact using our formula above
dy  dy/d0  r'sinf+rcosf
de ~  dx/dd  r'cos® —rsind
=0 cos 0 o=n/4

1.

sin 0
Example Problem 2: Consider the cardioid given by the equation
r=1—-—cosf —nwm<0<m.
Find the points on the cardioid where the tangent is horizontal.
Note: Since the cardioid has a singularity at the origin, where the tangent
is not well-defined, we exclude the corresponding angle # = 0 from the con-

sideration. Also when 6 = —7 or 7, we are at the point (—1,0) where the
tangent line is vertical. We also exclude these angles from consideration.
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Solution.

Draw a picture !

‘We compute

dy
dx

dy/d0  r'sinf +rcosd

dz/df ~— r'cosf —rsinf
(1 —cosB) sin@ + (1 — cos @) cos

" (1 —cosf) cosf — (1 — cosf)sin 6

sin? 0 4 (1 — cos6) cos 9

~ sinfcos® — (1 — cos)sind

(1 — cos? 0) + (1 — cos @) cos
sin f{cosf — (1 — cos )}
—2cos? 0 + cos 6 + 1
sinf{2cosf — 1}
(2cosf + 1)(cosf — 1)
sinf{2cosf — 1}

Therefore, we conclude

tangent being horizontal <= % =0
YZEL0 2cosh+ 1=
< cosf = —3
I

Exercise: Show that

tangent being vertical <= 0 = 4, +T

3
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Topics: Calculus in polar coordinates Part 2
Section Number: 12.3
Lecture Plan:

(1) Use the first 10 mimutes to discuss some difficult problems from MyLabMath HW
for Lesson 33. This should serve as a review for Lesson 33.
e Review for Lesson 33
e MyLabMath Homework for Lesson 33
(2) Area of the region bounded by polar curves
e Explanation of the idea using a picture
e Formula

71, P10
A= o do = §f(é?) do

with the last formula emphasizing that r is a function of )
e Example Problem: Find the area of the four-leafed rose defined by the polar
equation

r=3cos(20) 0<6 <27

Solution.

Step 1. Discuss how to draw the four-leafed rose.
Step 2. Compute the area of half of a petal.
Draw a picture.

We compute

/4 1 9 /4 1 9
/ 12 49 - /  Beos(20))? do
0 0

2
/4
= ? / cos®(20) do

2 Jo
double angle formula g /ﬂ-/4 1+ COS(40) do
N 2 /o 2
9

/4
1. I
Z |:9 + Z Sln(49):| . = E
Step 3. Total area = 8 x (area of half of a petal) = 8 x % = 9%

(3) Arc Length
e Formula

b 2
L = / 1+ (@) dx
@ dx

b
/ v dz? + dy?

r = rcosf
y = rsinf
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B
/ V(r' cos @ — rsin )2 + (r'sinf + rcos§)2 df

(r' cos @ — rsin )2 4 (r’ sin @ + r cos 0)?
= (1")%cos® 0 + r*sin® 0 + (+')?sin® 6 + 2 cos® 0
—2r'reosBSin 0 + 2rrsrf cos 0

— (7'/)2 + 7,2
B
= / V(r')2 +r2 do
. Examploé Problem: Compute the arc length of the cardioid defined by
r=1cosf 0<6<2m.

Solution.
Draw the picture.

We compute
27

L = / )2 + 12 db
027r

V(=sinB)2 + (1+cos6)2dd «— (r' = —sinb)

0
2m
/ \/sin29+ (14 2cosf + cos?0) df
0
2m
/ V24 2cosf db
0

cos 0\ _ 1+cost
2) 2

—

4 cos? (g) =2+ 2cosb

27
= / 1/4 cos? (Q) dé
0 2
27
= / 2 cos <Q> ‘ do
o 2
Now we continue our computation paying attention to when cos g is positive
™ 27
/ 2 cos <Q> d0—|—/ {—QCos <§)} do
0 2 T 2
) 9 T ) 0 27
4sin | - + |—4sin | =
2 0 2 ™

= 444=28.

or negative.
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Topics: Summary of Polar Coordinates

Section Number: 12.2, 12.3

Lecture Plan:

The subjects of Polar Coordinates and Calculus in Polar Coordinates (especially the
latter) are formidable both in quantity and difficulty for the students to digest. Most
likely the instructor cannot cover everything scheduled to be covered in Lessons 32, 33,
34. This lesson is reserved as a shock absorber so that the instructor can catch up with
the schedule and/or review the materials.



