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CHAPTER 3 Determinants

. If A and S are n x n matrices with S invertible, show
that det(S™'AS) = det(A). [Hint: Since S~!§ = I,
how are det(S~!) and det(S) related?]

If det(A3) = 0, is it possible for A to be invertible?
Justify your answer.

Let E be an elementary matrix. Verify the formula for
det(E) given in the text at the beginning of the proof
of P8.

Show that
x y 1
X1 Y1 1 =0
x2 ¥ 1

represents the equation of the straight line through the
distinct points (xq, y;) and (x2, ¥2).

Without expanding the determinant, show that
1 x x?
Ly =0 -aE-0)6-y).
1z 22

If Ais an n x n skew-symmetric matrix and n is odd,
prove that det(A) = 0.

Let A = [aj,ap,...,a,] bean n x n matrix, and let
b = cja; + cxap + - - - + ca,, wWhere ¢y, 2, ..., Cp
are constants. If B;, denotes the matrix obtained from
A by replacing the kth column vector by b, prove that

det(By) = cxdet(4), k=1,2,...,n.

¢ Let A be the general 4 x 4 matrix.

(a) Verify property P1 of determinants in the case
when the first two rows of A are permuted.

57.

58.

59.

60.
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(b) Verify property P2 of determinants in the case
when row 1 of A is divided by k.

(c) Verify property P3 of determinants in the case
when k times row 2 is added to row 1.

¢ For a randomly generated 5 x 5 matrix, verify that
det(AT) = det(A).

¢ Determine all values of a for which

QAW
A WO =N
W =N W
N = N W A
—_ N W kA Q

is invertible.

o If
14 1
A=132 1/,
34 -1

determine all values of the constant k for which the
linear system (A — kI3)x = 0 has an infinite number
of solutions, and find the corresponding solutions.

¢ Use the determinant to show that
1234
2123
A=13212
4321

is invertible, and use A~! to solve Ax = b if b =
[3.7.1,—4]".

Gool

Cofactor Expansions

We now obtain an alternative method for evaluating determinants. The basic idea is that
we can reduce a determinant of order n to a sum of determinants of order n — 1. Continuing
in this manner, it is possible to express any determinant as a sum of determinants of
order 2. This method is the one most frequently used to evaluate a determinant by hand,
although the procedure introduced in the previous section whereby we use elementary
row operations to reduce the matrix to upper triangular form involves less work in general.
When A is invertible, the technique we derive leads to formulas for both A~ and the
unique solution to Ax = b. We first require two preliminary definitions.

DEFINITION 3.3.1

Let A be an n x n matrix. The minor, M; 1o of the element q; - 1s the determinant of
the matrix obtained by deleting the ith row vector and jth column vector of A.
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Remark Notice thatif A is an n x n matrix, then M; j 1s a determinant of order n — 1.
By convention, if n = 1, we define the “empty” determinant M1 to be 1.

Example 3.3.2 If

aip aiz aiz

azy ax a3 |,
as| asp asj
then, for example,
My = apy ap and May = |412 @3] 0
as) asp azz azs
Example 3.3.3| Determine the minors M1, M3, and M3, for

21 3

A=| 14 =2
31 5

Solution: Using Definition 3.3.1, we have
4 =2 21 1 3
Mll—l 5 22, M23—3 1——1, M31—4 2’ 14 U

DEFINITION 3.3.4
Let A be an n x n matrix. The cofactor, C;;, of the element g;;, is defined by

Cij = (1) My,

where M;; is the minor of a;;.

From Definition 3.3.4, we see that the cofactor of a;; and the minor of a;; are the
same if i 4 j is even, and they differ by a minus sign if i + j is odd. The appropriate
sign in the cofactor C;; is easy to remember, since it alternates in the following manner:

-+

Example 3.3.5

Determine the cofactors C11, C3, and C3; for the matrix in Example 3.3.3.
Solution:  We have already obtained the minors M, M»3, and M3, in Example 3.3.3,
so it follows that

Cii=+Mp =22, Cy3=—My =1, C31 = +M31 = —14. U
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Example 3.3.6 ‘ IfA= |:Z“ le ] verify that det(A) = a;1C11 + apCro.
21 A2

Solution: In this case,
C11 = +det[axn] = axn, Ci2 = —detlaiz] = —an,
so that
anCi +anCi = anjan + ap(—az) = det(A). U

The preceding example is a special case of the following important theorem.

LG s (Cofactor Expansion Theorem)

Let A be an n x n matrix. If we multiply the elements in any row (or column) of A by
their cofactors, then the sum of the resulting products is det(A). Thus,

1. If we expand along row i,

n
det(A) = a;1Ci1 + ainCia + -+ + ainCin = Y _ aitCix.
k=1

2. If we expand along column j,
n
det(A) = a1;C1j + azjCaj + -+ + anjCoj = > _ ax;Cij.
k=1

The expressions for det(A) appearing in this theorem are known as cofactor expan-
sions. Notice that a cofactor expansion can be formed along any row or column of A.
Regardless of the chosen row or column, the cofactor expansion will always yield the
determinant of A. However, sometimes the calculation is simpler if the row or column
of expansion is wisely chosen. We will illustrate this in the examples below. The proof
of the Cofactor Expansion Theorem will be presented after some examples.

Example 3.3.8 | Use the Cofactor Expansion Theorem along (a) row 1, (b) column 3 to find

4
—1 1]
0
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Solution:
(a) We have
4 —-11 11 1 -1
1-11|=2 -3 +4 = -6+ 18 + 36 = 48.
30 60 6 3
6 30
(b) We have
1 —11]=4]! "N 423 L0236+ 1240 =48, 0
6 6 3 63

Notice that (b) was easier than (a) in the previous example, because of the zero in
column 3. Whenever one uses the cofactor expansion method to evaluate a determinant,
it is usually best to select a row or column containing as many zeros as possible in order
to minimize the amount of computation required.

Example 3.3.9 | Evaluate

03-10
50 82
72 54
61 70

Solution: In this case, it is easiest to use either row 1 or column 4. Choosing row 1,

we have
gg_ég 582 502
=-3|754|+(-1|724
72 54 670 610
61 70

=-3[2(49—-30)—-4(35—-48)4+0]—-[5(0—-4)-0+4+2(7—12)]
= —240.

In evaluating the determinants of order 3 on the right side of the first equality, we have
used cofactor expansion along column 3 and row 1, respectively. For additional practice,
the reader may wish to verify our result here by cofactor expansion along a different row
or column. (]

Now we turn to the

Proof of the Cofactor Expansion Theorem: Itfollows from the definition of the
determinant that det(A) can be written in the form

det(A) = a;1Cit +a12Cin + - + ainCin (3.3.1)

where the coefficients C; j contain no elements from row i or column j. We must show
that
Cij = Cij
where C;; is the cofactor of a;;.
Consider first a11. From Definition 3.1.8, the terms of det(A) that contain a;; are
given by
ar ZU(I» P2, P35> pn)02p2a3p3 s dupy s
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Example 3.3.10

where the summation is over the (n — 1)! distinct permutations of 2, 3, ..., n. Thus,

CAv]l = Za(l, P2, P35> Pn)02p203p3 ccApp,, -

However, this summation is just the minor M1, and since C1; = M1, we have shown
the coefficient of a;; in det(A) is indeed the cofactor Cy;.

Now consider the element a;;. By successively interchanging adjacent rows and
columns of A, we can move a;; into the (1, 1) position without altering the relative
positions of the other rows and columns of A. We let A’ denote the resulting matrix.
Obtaining A’ from A requires i — 1 row interchanges and j — 1 column interchanges.
Therefore, the total number of interchanges required to obtain A’ from A isi + j — 2.
Consequently,

det(A) = (=)t det(A") = (—=1)'T7 det(A)).

Now for the key point. The coefficient of a;; in det(A) must be (—1)"*/ times the
coefficient of a;; in det(A”). But, a;j occurs in the (1, 1) position of A’, and so, as we
have previously shown, its coefficient in det(A”) is M i |- Since the relative positions of
the remaining rows in A have not altered, it follows that M il = M;;, and therefore
the coefficient of a;; in det(A’) is M;;. Consequently, the coefficient of ¢;; in det(A) is
(=it M;; = C;j. Applying this result to the elements a;1, a2, . . . , a;, and comparing
with (3.3.1) yields
Cij = Cij, ji=12...n,

which establishes the theorem for expansion along a row. The result for expansion along
a column follows directly, since det(A”) = det(A). [ |

We now have two computational methods for evaluating determinants: the use of
elementary row operations given in the previous section to reduce the matrix in question
to upper triangular form, and the Cofactor Expansion Theorem. In evaluating a given
determinant by hand, it is usually most efficient (and least error prone) to use a com-
bination of the two techniques. More specifically, we use elementary row operations to
set all except one element in a row or column equal to zero and then use the Cofactor
Expansion Theorem on that row or column. We illustrate with an example.

Evaluate
21 86
14 13
—12 14
13 —-12
Solution: We have
21 86 0-7 6 0 7 6 0 7 6 0
14 1311 4 1 3|2 3 4
—-12 14 0 6 2 7 1 -2 1 -2
13-12 0—-1-2-1

1. Axi(—2), Ax3(1), Axa(—1) 2. Cofactor expansion along column 1
3. A3 (7) 4. Cofactor expansion along column 3
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Determine all values of k for which the system

10x; + kxo — x3 =0,
kxi + x2 — x3 =0,
2X1 + x2 — 3x3 = 01

has nontrivial solutions.

Solution:  We will apply Corollary 3.2.5. The determinant of the matrix of coefficients
of the system is

10 k —1 0k -1
det(A) =k 1 —1|£[k—10 1—k 02—
21-3] | =28 1-3k 0
= —[(k — 10)(1 — 3k) — (=28)(1 — k)] = 3k> — 3k — 18 = 3(k> — k — 6)
=3k —3)(k+2).

k—10 1 —k
—28 1-—-3k

1. App(—1), A1z3(=3) 2. Cofactor expansion along column 3.

From Corollary 3.2.5, the system has nontrivial solutions if and only if det(A) = 0; that
is,if and only if k = 3 or k = —2. O

The Adjoint Method for A~!

We next establish two corollaries to the Cofactor Expansion Theorem that, in the case
of an invertible matrix A, lead to a method for expressing the elements of A~! in terms
of determinants.

If the elements in the ith row (or column) of an n x n matrix A are multiplied by the

cofactors of a different row (or column), then the sum of the resulting products is zero.
That is,

1. If we use the elements of row i and the cofactors of row j,
n
> anCjr =0, i# . (3.3.2)
k=1
2. If we use the elements of column i and the cofactors of column j,

n
Y aiCiy =0, i#j. (3.3.3)
k=1

Proof We prove (3.3.2). Let B be the matrix obtained from A by adding row i to row
j (i # j)inthe matrix A. By P3, det(B) = det(A). Cofactor expansion of B along row
j gives
n n n
det(A) = det(B) = Y “(ajx + ai)Cjx = »_ajuCix + Y _ aiCjk.
k=1 k=1 k=1
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That is,
n
det(A) = det(A) + > aixCji.
k=1

since by the Cofactor Expansion Theorem the first summation on the right-hand side is
simply det(A). It follows immediately that

n
Zaikcjk =0, i # ]
k=1

Equation (3.3.3) can be proved similarly (Problem 47). [ ]

The Cofactor Expansion Theorem and the above corollary can be combined into the
following corollary.

(oL ETA KR Let A be an n x n matrix. If §;; is the Kronecker delta symbol (see Definition 2.2.19),
then

n

n
D anCji = 8;j det(A), > axiCij = 5ij det(A). (3.3.4)
k=1 k=1

The formulas in (3.3.4) should be reminiscent of the index form of the matrix
product. Combining this with the fact that the Kronecker delta gives the elements of the
identity matrix, we might suspect that (3.3.4) is telling us something about the inverse
of A. Before establishing that this suspicion is indeed correct, we need a definition.

DEFINITION 3.3.14

If every element in an n x n matrix A is replaced by its cofactor, the resulting matrix
is called the matrix of cofactors and is denoted M¢. The transpose of the matrix of
cofactors, M, g , is called the adjoint of A and is denoted adj(A). Thus, the elements
of adj(A) are

Example 3.3.15 Determine adj(A) if
2 0-3
A= -1 5 4
3-2 0

Solution: We first determine the cofactors of A:

Ci1=8, Cpp=12, Ci3z=-13, Cy =6, Cp=9, Crx=4,
C31 =15, Cz;p=-5, Cz3=10.

Thus,
8§ 12 —13
Mc = 6 9 4 |,
15 -5 10
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so that
86 15
adj(A)y =Ml =] 129 -5 1. a
—134 10
We can now prove the next theorem.
(The Adjoint Method for Computing A~')
If det(A) # 0, then
4 1 .
A adj(A).

~ det(A)

Proof Let B =

adj(A). Then we must establish that AB = [, = BA. But,
det(A)

using the index form of the matrix product,
n n 1 1 n
AB); = ikbri = ik - -adj(A); = i«Cjk = 6ij,
( )lj kz_‘:alk kj kz_‘:atk det(A)  ( )k] det(A) I;alk Jjk ij

where we have used Equation (3.3.4) in the last step. Consequently, AB = I,,. We leave
it as an exercise (Problem 53) to verify that BA = I, also. [ ]

For the matrix in Example 3.3.15,

det(A) = 55,
so that
! 86 15
A= — 129 -5 |. O
51 2134 10

For square matrices of relatively small size, the adjoint method for computing A~!
is often easier than using elementary row operations to reduce A to upper triangular
form.

In Chapter 7, we will find that the solution of a system of differential equations can
be expressed naturally in terms of matrix functions. Certain problems will require us to
find the inverse of such matrix functions. For 2 x 2 systems, the adjoint method is very
quick.

2 -t
. 1 _ e e
Find A7"if A = [3@2’ 6o~ i|

Solution: In this case,
det(A) = (&) (6e™") — (3e*)(e™") = 3¢,
and ., »
adj(A) = [_g;; o ]

so that
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Theorem 3.3.19

Cramer’s Rule

We now derive a technique that enables us, in the case when det(A) # 0, to express the
unique solution of an n x n linear system

Ax=Db

directly in terms of determinants. Let By denote the matrix obtained by replacing the kth
column vector of A with b. Thus,

aip ayy ... by ... aiy

ar| axy ... by ... ayy,
By =

anl Ap2 ... by ... ayy

The key point to notice is that the cofactors of the elements in the kth column of By
coincide with the corresponding cofactors of A. Thus, expanding det(By) along the kth
column using the Cofactor Expansion Theorem yields

n
det(B) = b1 Cii + b2Cot + -+ byCue = ) _biCix, k=1.2,....n, (33.5)
i=1
where the C;; are the cofactors of A. We can now prove Cramer’s rule.

(Cramer’s Rule)

If det(A) # 0, the unique solution to the n x n system Ax = b is (x1, x2, ..., Xp),
where
det(B
= BY s (3.3.6)
det(A)

Proof If det(A) # 0, then the system Ax = b has the unique solution
x=A"'b, (3.3.7)

where, from Theorem 3.3.16, we can write

1
A7l = dj(A). 33.8
det(A) adj(A) ( )
If we let
X1 b
X2 by
X = and b =
Xn by,

and recall that adj(A);; = Cj;, then substitution from (3.3.8) into (3.3.7) and use of the
index form of the matrix product yields

n n
1
xe=Y (A b=y adj(A)xibi
— det(A)

i=1
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n

1
= Cirbi, k=1,2,...,n.
det(A) ; ki "
Using (3.3.5), we can write this as
det(B
xi = UBO —1,2,....n
det(A)
as required. |

Remark In general, Cramer’s rule requires more work than the Gaussian elimination
method, and it is restricted to n x n systems whose coefficient matrix is invertible.
However, it is a powerful theoretical tool, since it gives us a formula for the solution of
an n X n system, provided det(A) # 0.

Example 3.3.20  Solve

3x;1 + 2xp — x3 = 4,
X1 + xp — S5x3 = =3,
—2x1 — xo +4x3 = 0.

Solution: The following determinants are easily evaluated:

3 2-1 4 2 -1
det(A)=| 1 1 —5|=8, det(By) =|-3 1 =5|=17,
-2 -1 4 0-1 4
3 4 -1 3 2 4
det(By) =| 1 =3 —5|=—6, det(B3) =| 1 1 =-3|=7.
-2 0 4 -2 -1 0
Inserting these results into (3.3.6) yields x; = 17‘7, Xy = —g = —%, and x3 = %, SO
that the solution to the system is (%, —%, %). [l
'Exercises for 3.3
Key Terms e Be able to use the adjoint of an invertible matrix A to
—1
Minor, Cofactor, Cofactor expansion, Matrix of cofactors, compute A~
Adjoint, Cramer’s rule. e Be able to use Cramer’s rule to solve a linear system

of equations.
Skills
True-False Review

e Be able to compute the minors and cofactors of a For Questions 1-7, decide if the given statement is true or

matrix. false, and give a brief justification for your answer. If true,
you can quote a relevant definition or theorem from the text.
e Understand the difference between M;; and C;;. If false, provide an example, illustration, or brief explanation

of why the statement is false.

e Be able to compute the determinant of a matrix via

. 1. The (2, 3)-minor of a matrix is the same as the (2, 3)-
cofactor expansion.

cofactor of the matrix.

e Be able to compute the matrix of cofactors and the 2. Wehave A-adj(A) = det(A) - I, for all n x n matrices
adjoint of a matrix. A.
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3. Cofactor expansion of a matrix along any row or col-
umn will yield the same result, although the individual
terms in the expansion along different rows or columns
can vary.

4. If A is an n x n matrix and c is a scalar, then
adj(cA) = c - adj(A).
5. If A and B are 2 x 2 matrices, then
adj(A + B) = adj(A) + adj(B).
6. If A and B are 2 x 2 matrices, then
adj(AB) = adj(A) - adj(B).
7. For every n, adj(1,) = I,.

Problems

For Problems 1-3, determine all minors and cofactors of the
given matrix.

2103
3.A=[0-10
4. If
13-12
34 12
A=171 46|
50 12

determine the minors My, M31, M»3, M4y, and the
corresponding cofactors.

For Problems 5-10, use the Cofactor Expansion Theorem
to evaluate the given determinant along the specified row or
column.

1 -2

5.1 3,I‘OW1.
-12 3

6. 1 4 =2|, column 3.
31 4

, Tow 2.

N
i
N = =
|
N W A

, column 1.

*®
[\SREN OS]
Q) =t
(O 3 (SN

, Tow 3.

W O N
S W

10. , column 4.

— o A =
DN —= O N
D W J W
S BN O

For Problems 11-19, evaluate the given determinant using
the techniques of this section.

10 -2
11. |31 —1).
72 5

-1 23
12.| 0 14|
2-13

13.

W LN
[OSTN NS
N - W

14.

—_— N O
W O N
I
S W

15.

|
O = O =
—_ O = O
|
S = O =

16.

—_—O == N
|

D = o W

A O W=

(SO O N
|

35 =5
5 =3 —16|
—6 27 —12

17.

O D W

-7 43
5-317
2 63
245

18.

Lo NV I \S]
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20 -1 0
03 12
19. 101 3 04|
10 1-10
3 2 5
20. If
0 x vy z
—x 0 1 -1
A= -y -1 0 1}
-z 1 -1 0

show that det(A) = (x + y + 2).

21. (a) Consider the 3 x 3 Vandermonde determinant
V(r1, 2, r3) defined by

I 11

V(ri,ra,r3) =|r1 2 r3|.
2 2

2
ryrrs
Show that

V(ri,ra,r3) = (r2 —r))(r3 — ri)(r3 — r2).

(b) More generally, show that the n x n Vandermonde

determinant
1 1 ... 1
L or ... Iy
2 2 2
V(V17r29---yrn): rl r2 T rn
n—1 _n—1 n—1
S R
has value
Vi, ra, ..o ) = l—[ (rm —ri).

I<i<m=<n

For Problems 22-31, find (a) det(A), (b) the matrix of co-
factors Mc, (c) adj(A), and, if possible, (d) AL

(31
22.A__45:|.
[—1 =2
23.A__ 4 1]
5 2
24.A=__15_6].
2 -30
25. A=|2 15
[ 0-12

3.3  Cofactor Expansions
23 -1
2. A=| 21 5
| 02 3
1 —12
27. A=|3—14|.
5 17
0 127
28. A=| —-1-13
| 1-21
(2 -3 57
2. A=[1 2 1
0 7 -1
11 1 1
—11-1 1
0-A4=1 2o
-1 11
103 5
211 3
SLA=1 390 2
203 -1
1 —2x 242
32. LetA=| 2x 1—2x%2 —2x
2x2 21

(a) Show that det(A) = (1 + 2x2)3.
(b) Use the adjoint method to find AL

In Problems 33-35, find the specified element in the inverse

223

of the given matrix. Do not use elementary row operations.

111
33. A= 122 {; (3,2)-clement.
| 123
(2 0 -1
3. A=|2 1 1]; (3,1)-¢clement.
| 3-1 0
1 0 10
2—-1 13
35. A= 0 1-12 (2, 3)-element.
-1 1 20

In Problems 36-38, find A~1.

'3et eZt
%A= |50 262,}.

[ e sin2t —e ™! cos2t
3. A= _e’ cos2t e !sin2t :|

“main”
2007/2/16
page 223

BRC



224 CHAPTER3 Determinants

t t —2t

e te' e 46.
38. A= ¢ 2te! e
el e e
39. If
123
A=1|345],
456

compute the matrix product A - adj(A). What can you
conclude about det(A)?

47.

For Problems 4043, use Cramer’s rule to solve the given
linear system.

2x1 — 3xp = 2,
40. X1 + 2xp = 4.
49,
3x;1 — 2xp + x3 = 4,
41. X+ x—x3=2,
X1 + x3 = 1. 50.
x1 —3x 4+ x3 =0,
42. x1 +4x — x3 =0,
2x1 4+ xp — 3x3 =0 51.
X1 — 2x0 + 3x3 — xq4 = 1,
2x1 + X3 =2,
43. X1 + x — x4 =0,
X2 — 2x3 + x4 = 3.

44. Use Cramer’s rule to determine x; and x; if

2t

Xy = 3sint,

4cost.

e'x; + e
elx; — 2e x, =

45. Determine the value of x, such that

X1+ 4xp — 2x3 + x4 =
2x1 + 9xp — 3x3 — 2x4 =
X1+ Sxp 4+ x3 — x4 =
3x; + 1dxy + Tx3 — 2x4 =

AN W N

48.

52,

53.
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Find all solutions to the system

(b+o)x1 + alx2+x3) = a,
(c+a)x1 + b(xz+x1) = b,
(a+Db)x1 + c(x1 +x2) = c,

where a, b, c are constants. Make sure you consider all
cases (that is, those when there is a unique solution,
an infinite number of solutions, and no solutions).

Prove Equation (3.3.3).

¢ Let A be a randomly generated invertible 4 x 4 ma-
trix. Verify the Cofactor Expansion Theorem for ex-
pansion along row 1.

¢ Let A be a randomly generated 4 x 4 matrix. Verify
Equation (3.3.3) wheni =2 and j = 4.

¢ Let A be arandomly generated 5 x 5 matrix. Deter-
mine adj(A) and compute A - adj(A). Use your result
to determine det(A).

¢ Solve the system of equations
1.21x; + 3.42x; + 2.15x3 = 3.25,
5.41x1 + 2.32xp + 7.15x3 = 4.61,
21.63x1 + 3.51x2 + 9.22x3 = 9.93.

Round answers to two decimal places.

¢ Use Cramer’s rule to solve the system Ax = b if
12344 68
21234 =72
A=1]32123], and b= | 87
43212 79
44321 43

Verify that BA = I, in the proof of Theorem 3.3.16.

3.4

Summary of Determinants

The primary aim of this section is to serve as a stand-alone introduction to determinants
for readers who desire only a cursory review of the major facts pertaining to determinants.
It may also be used as a review of the results derived in Sections 3.1-3.3.

Formulas for the Determinant

The determinant of an n x n matrix A, denoted det(A), is a scalar whose value can be

obtained in the following manner.

1. If A = [ay1], then det(A) = ay;.



