QUALIFYING EXAMINATION
January 2009
MA 519 (M. D. Ward)

1. Each roll of a die is equally likely to show one of the six values 1,2, ... ,6.

la. Consider a Poisson (A) random variable N. Find the expected value and variance of
the sum of the values from N rolls of a die.

1b. Roll 100 dice and let X denote the sum. Toss 700 fair coins and let ¥ denote the
number of heads. Approximate P(|X — Y| > 10).

lc. Roll 10 dice. Find the exact probability that the sum of the rolls is equal to 14.

1d. Roll a die repeatedly until a “6” appears, and stop afterwards. The jth roll of the die
is considered a “record” if the value of the jth roll exceeds all of the values of the first j — 1
rolls. Find the expected value and the variance of the number of records that occur.

le. Roll a die repeatedly until all six values have appeared. Let R denote the total number
of rolls required. Let T" denote the total number of distinct values that appear during the
first six rolls. Find the conditional expectation E(R | T = 3).

2. Consider a collection of n + 1 independent, continuous random variables Uy, U, . . . , Uy,
each uniformly distributed on the interval (0,1). Define X; = 1if U; < Uy, and X; = 0
otherwise. Define S, =} | X;. Find the probability mass function of S,.

3. Consider a group of n individuals. The individuals are (independently) each assigned
a random integer value between 1 and N, with all N values equally likely. Find an exact
expression for the probability that no two individuals share the same random value.

4. Fix two positive real numbers n and m with n > m > 1. Consider the triangle AABC
with corners at the following three points in the plane: A = (0,0), B = (0,n), C = (m,0).
Consider a pair of jointly distributed continuous random variables X and Y such that (X,Y)
is uniformly distributed on the triangle AABC. Calculate the following:

4a. The mean and variance of X.
4b. The conditional mean and conditional variance of Y, given that X = 1.

4c. The mean and variance of max(X,Y).

5a. Consider an exponential random variable V with mean 1/)\. For each real number ¢, let
|t] denote the greatest integer less than or equal to ¢. Find the distribution of |V|. Specify
the traditional name and parameter(s) of |V] if you recognize them.

5b. Consider independent exponential random variables W and X, each with mean 1/).
Find the joint density of the variables min(W, X) and |W — X|.
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TABLE 5.1: AREA ¢(x) UNDER THE STANDARD NORMAL CURVE TO THE LEFT OF x
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