QUALIFYING EXAMINATION
AUGUST 2004
MATH 523 - Prof. Petrosyan

1. Consider the initial value problem

a(z,y)us +b(x,y)uy = —u
u=f onS={(z,y):2%+y*=1},

where a and b satisfy
a(z,y)z +b(z,y)y >0 for any (z,y) € R*\ {(0,0)}.

a. Show that the initial value problem has a unique solution in a neigh-
borhood of S. Assume that a, b and f are smooth.

b. Show that the solution of the initial value problem actually exists in

R?\ {(0,0)}.
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2. Let u € C?(R x [0,00)) be a solution of the initial value problem for the
one dimensional wave equation

U — Uz =0 in R x (0, 00)
u=f, uy=g onR x {0},

where f and g have compact support. Define the kinetic energy by
1 o0
K(t) = 5/ ul(z,t) de

—00

and the potential energy by

P(t) = %/OO W2 (z, 1) da.

—0o0

Show that
a. K(t)+ P(t) is constant in ¢,
b. K(t) = P(t) for all large enough times .
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3. Use Kirchhoff’s formula and Duhamel’s principle to obtain an integral
representation of the solution of the following Cauchy problem

u — Au = e tg(x) for x € R3, t >0

u(z,0) = uy(z,0) =0 for z € R3.
Verify that the integral representation reduces to the obvious solution u =
et +t—1 when g(x) = 1.
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4. Let ©Q be a bounded open set in R™ and g € C§°(2).

solutions of the initial boundary value problem
Au—u; =0 forzeQ, t>0
u(z,0) = g(z) for xz € Q
u(z,t) =0 forz € 0Q, t>0
and the Cauchy problem
Av—v; =0 forz e R™, ¢t >0
v(x,0) = |g(z)| for z € R™,
where we put g = 0 outside €.
a. Show that

—v(z,t) <u(z,t) <v(z,t), foranyxzecQ, t>0.

b. Use a to conclude that

lim u(z,t) =0, for any z € Q.
t—o0

Consider the



5

5. Let Py(z) and P,,(x) be homogeneous harmonic polynomials in R™ of
degrees k and m respectively; i.e.,

P,(\z) = NPy(z), Pn(Az) = NP, (z), forany z € R", A >0,
AP, =0, AP, =0 inR"

a. Show that
OP,(z) 0Py (z)
5 = kPy(x), £ =mPy,(x) on 0By,

where B; = {x € R" : |z| < 1} and v is the outward normal on 0B;.

b. Use a and Green’s second identity to prove that

/ Py(2)Po(2)dS = 0, it k # m.
0B,



