
August 2007 MATH 523QUALIFYING EXAMSHOW ALL YOUR WORK. EACH PROBLEM IS WORTH 20 POINTS.1) (a) Show that inversion with respe
t to S(0; 1), i.e. the mapping � �! �� = �j�j2 , mapsthe quarter plane 
 = �(x; y) 2 R2 ; x > 1; y > 1	 onto the lens shaped domain 
� boundedby the two 
ir
les �x� 12�2 + y2 = 14 ; x2 + �y � 12�2 = 14 :(b) Solve the Diri
hlet boundary value problem for Lapla
e's equation in 
�, with u� = 1on the top boundary of the lens, and u� = 0 on the bottom boundary of the lens.[Hint: The solution 
orresponding to the Diri
hlet problem in the quarter spa
e x > 1,y > 1 is easily found to be u(x; y) = 2� � = 2� ar
tan y�1x�1 ;where � is the polar angle with (1,1) as the 
enter of the polar 
oordinate system.℄2) Consider the initial value problem for the 
onservation law �u�t + �f(u)�x = 0 for x 2 R,t > 0, with initial 
ondition u(x; 0) = h(x) for x 2 R, where f is stri
tly 
onvex (i.e.f 00(u) > 0 for all u). Show that, if there is a point �x at whi
h h is de
reasing, thenthe initial value problem does not admit a 
lassi
al solution, i.e. one that is 
ontinuouslydi�erentiable for x 2 R and t > 0.[Hint: Use the impli
it fun
tion theorem to 
ompute the partial derivatives ut and ux.℄3) Let L > 0 and 
onsider the following initial-boundary value problem:8><>:ut � uxx = 0; 0 < x < L; 0 < t;u(x; 0) = '(x); 0 � x � L;u(0; t) = 0; u(L; t) = 1; 0 � t;where ' is 
ontinuous with se
tionally 
ontinuous derivative on [0; L℄, '(0) = 0, and'(L) = 1.(a) Find the solution u(x; t) of the problem.(b) Is the solution C1 for t > 0? Justify your answer.(
) Find limt!1 u(x; t).



4) Find the solution of the initial value problem8><>:utt � uxx + u = 0; in R � (0;1);u(x; 0) = f(x); in R;ut(x; 0) = g(x); in R;where f; g 2 C10 (R).[Hint: Let v(x; y; t) = h(y)u(x; t), and �nd h so that v solves the two-dimensional waveequation.℄5) State the Cau
hy-Kovalevskaya Theorem. Under what assumptions on f (if any) doesthis theorem guarantee the existen
e of a unique real analyti
 solution to the Cau
hyproblem ( (sinu)ux � uy + uuz = tanu;u(x; y; x2) = f(x);near the point (2; 1; 4)? Justify your answer.


