MATH 52300 PDE QUALIFYING EXAMINATION AUGUST 2015

1—|z| if|z| <1,

1. (30 pts) Set g(z) =
(30 pts) Set g(z) {o if |2 > 1.
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Let u(z,t) denote the bounded solution for each of the three problems below. In

each case express u in terms of g. Use the representation to explain why or why not
u(z,1) € CH(R).

a) U — Ugy =0 0<t, —oc0o<z<o00,
u(z,0) = g(z) —00 < x < 00,
ut(z,0) =0 —00 <% < 00.

b) ut — Ugr =0 0<t, —oco<z<00
u(z,0) = g(x) —00 <z < 00.

C) Uy + Ugy =0 0<t, —o0o< <00,
u(z,0) = g(x) —00 < < 0.



2. (15 pts) Let u(z,t) € C? and solve

Ut — Uz + 33U +u =0 O<x<mt>0
(2.1) u(0,t) = u(m,t) =0 0<t,
u(z,0) = g(z), w(z,0) =h(z), 0<z<m.

7T
a) Show that £(t) = / [uZ 4+ u2 + u?]dz is nonincreasing.
0

b) Show that (2.1) has at most one solution.

c¢) Find the solution to (2.1) is the case when g(z) = sinz and h(z) = 0. (Hint; look
for a separable solution.)



3. (20 pts) Let h(u) € C*(R) such that 0 < h(u) < 2 and h/(u) < 0 as pictured below
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Let Q C R™ be a bounded domain with smooth 9. Assume Q C B1(0).
a) State the maximum principle for a function u € C?(Q) (N C(Q) with Au > 0 in (.
b) Set up = 0 and let u; € C?(Q) solve

Auy = h(ug) = h(0) in Q,
up =0 on 0f).
Show that u; < 0 in .
c) Let uy € C?(9) solve
Aug = h(u(z)) in Q
ug =0 on 09.
Show that us < uy in Q.

d) Find a function v C C?(Q) so that

Av>2 inQ
v<0 onQ

and show that v < wus in €.



4. (20 pts) Let f(z,t) € C*(R™ x [0,00)) such that f(z,t) = 0 if |z| > 4. Let u(z,t)
solve
ur — Au = f(z,t) for (z,t) € R™ x (0,00),
u(z,0) =0 for € R™.

a) Use Duhamel’s principle to derive a representation for a solution u(z,t).

b) Use the representation to show:

t
sup |u(z,1)] < / sup |f(z, 7)ldr,
T ERM 0 z€eR™

5. (15 pts) A bounded function u(z,t) is a weak solution to
(5.1) ug + 2ung = 0 in R?
if // (upy + u? @g) dzdt =0 for all p € CL(R?).
RZ
a) For ¢ € R define v.(z,t) by

ve(z,t) =2 if x <ct,
=0 if x > ct.

Determine c so that v, is a weak solution to (5.1).

b) Use the method of characteristics to find a classical solution to

U + 2uuy =0 reR, 0<t<T,
u(z,0) = — rzeR

for some 7. Find the maximum value of T possible.



