
QUALIFYING EXAMINATION

MA 544

Spring 1995

Name:

Instructions. Standard notation is used throughout. In particular, R ={reals}, R+ =
{x ∈ R : x ≥ 0}, I is a compact interval in R, and |A| is the Lebesgue measure of A, a
measurable subset of R.

There will be 6 additional pages with a problem on each page. Use the space provided
for your solution of the problem.
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1. Let {fn} ⊂ C(I) such that for x ∈ I, f1(x) ≤ f2(x) ≤ · · · → f(x) pointwise on I. Show
that {fn} is equicontinuous on I if and only if f ∈ C(I).
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2. Let f : R→ R+ be measurable, and let 0 < r <∞. Show that
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for every I ⊂ R.
(Hint:|I| =

∫
I
f tf−t.)



4 SPRING 1995

3. Let {fn} be a sequence of non-negative measurable functions in Lp(R) for some 1 <
p <∞. Show that fn → f(Lp) if and only if fpn → fp(L1).
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4. Let f : R → R+ be measurable, and let ε > 0. Show that there exists g : R → R+

measurable such that (i) ||f − g||∞ ≤ ε and (ii) for every r ∈ R, |{x : g(x) = r}| = 0.
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5. Assume that f ∈ AC(I) for every I ⊂ R. If both f and f ′ are in L1(R) show that

(i)

∫
R
f ′ = 0, and (ii)f(x)→ 0 as |x| → ∞.
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6. For f : I → R let

Df(x) = lim sup
h→0

f(x+ h)− f(x)

h
,

Df(x) = lim inf
h→0

f(x+ h)− f(x)

h

If −K ≤ Df(x) ≤ Df(x) ≤ K < ∞ for every x ∈ I, show that |f(x′) − f(x′′)| ≤
K|x′ − x′′| for every x′, x′′ ∈ I.


