QUALIFYING EXAMINATION
JANUARY 2005

MATH 544 - PROF. NEUGEBAUER

Name:

Instructions. Standard notation is used throughout. There will be 5 problems with the
space provided for your solution. I have also included a 6! problem that is only intended
to test your mathematical “intuition” and “feeling”. It will have no influence upon the
outcome of this examination. You may even leave it blank.

1. Let (X, M,u) be a measure space and let 1 < p < oo. If {f,, f} € LP(u) and
/ frngdp — / Fgdp for every g € L (u),1/p+ 1/p = 1, show that
X X

[ Fllp < Y inf [ fo[p.
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2. Let (X, M, 1) be a measure space, f : X — R M- measurable, and let 1 < p; < ps < 0.
Assume there exist constants 0 < ¢1, ¢y < oo such that

plo: [f(@)] >y} < -2 j =12,

L)
J

for every y > 0. Show that f € LP(u),p1 < p < pa.
(Hint: [|£|[P =p [~ y? " u{z : | f(2)| > y}dy.)
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3. Let f, : I — R, be non-decreasing on I = [a,b] with ||fn|lecc < M < oco,n=1,2,---.
Assume that {f,} converges on a dense subset of I. Show that {f,,} converges at every
point of I except perhaps a countable set.
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4. Let {f,} c AC(I),I = [a,b]. Assume that f, — f(L') and {f}} is Cauchy (L'). Show
that there exists g € AC(I) such that f(x) = g(z),a.e.x € I.
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5. Let f:I — R, I =[a,b], and let M € N. Show that the following two statements are
equivalent.
1. fe AC().
2. For every € > 0 there exists 6 = J(e) > 0 such that for every collection of intervals
{Ji = [a;,b;] C I} with > xy,(z) < M and > |J;| < 6, we have > |f(b;) — f(a;)| <e.
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6. What can be said in problem 5 if M = oo is allowed?
REMARK: You will only be graded on the first 5 problems even if you have no comments
on problem 6.



