QUALIFYING EXAMINATION
January 2007
MATH 544—R. Banuelos

PUID:
(PLEASE PRINT CLEARLY)

Instructions: This exam consist of 6 problems. A problem appears on each of the following
six (6) pages. Some problems have multiple parts which may or may not be related to each
other. Each problem is worth 20 points for a maximum total of 120 points. Use the space
provided for the solutions of the problem.

IMPORTANT: If there is anything in the statements of the problems that is not clear,
please ask the person proctoring the exam to clarify it for you.



Problem 1. (20 points) Let f:[0,1] — R.

(i) (5 points) Define what it means for f to be absolutely continuous.

(ii) (5 points) Define what it means for f to be of bounded variation.

(iii) (10 points) Let V¢(0, z) be the total variation of f on [0, z]. Prove that if f is absolutely
continuous on [0,1] so is Vf(0, ).



Problem 2. (20 points)

(i) (10 points) Suppose that f : [0,1] — R is non-decreasing with f(0) = 0 and f(1) = 1.
For a > 0, let A be the set of all x € (0,1) for which
flz+h) - f(x)

lim sup > a.
h—0 h

Prove that m*(A) < 1, where m* denotes the Lebesgue outer measure.

(ii) (10 points) Prove that there is no Lebesgue measurable set A in [0, 1] with the prop-
erty that m (AN I) = tm(I) for every interval I.

Hint: Consider the function f(z) = xa(z)



Problem 3. (20 points) Let {E;}32; be Lebesgue measurable sets in [0, 1] and let £ =
U2, Ej and suppose there is an € > 0 such that » 22, m(E;) < m(FE) +e.

(i) (10 points) Show that for all measurable sets A C [0, 1],

Zm(AﬁEj) <m(ANE)+e
j=1

(i) (10 points) Let A be the set of all z € [0, 1] which are in a least two of the Es. Prove
that m(A) <e.



Problem 4. (20 points) Let (X, F, ) be a finite measure space. Let f,, : X — [0,00) be a
sequence measurable functions and suppose that || f,||, <1, 1 < p < oo, and that f, — f
a.e. Prove:

(i) (5 points) f € LP(p)

(ii) (15 points) ||fn — flli — 0, as n — oo.



Problem 5. (20 points) Let (X, M, u) be a measure space and let {g,} be a sequence
of non-negative measurable function with the property that g, € L'(u) for every n and
gn — g in LY(p). Let {f,} be another sequence of non-negative measurable functions on
(X, F, ).

(i) (10 points) If f,, < g, a.e. for every n, prove that

lim sup/ fndu < / lim sup f,, du.
X X

n—oo n—oo

Hint: Start by considering a subsequence f, such that

lim / frr dp = lim sup/ fn du
n’—»oo X n—oo X

and let g,» be a subsequence of g, such that g,» — g a.e.

(ii) (10 points) If f,, — f a.e. and if f,, < g, a.e. for all n, then ||f, — f||1 — 0 as n — oo.



Problem 6. (20 points) Let f € L'(R). Consider the function

Fla) = /R oL

(i) (10 points) Show that F' € L*°(R) and that F is continuous at every x € R. Moreover,
if |t|¥f(t) € L=(R) for all k > 1, show that I is infinitely differentiable, i.e., F €
C*>(R).

(ii) (10 points) Suppose f is continuous as well as in L' (R). Show that limy,|_, F(z) = 0.

Hint: Using e " = —1, write F(z) = § [; (e™ — ™) f(z)dp



