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Problem 1. (20 points) Let f € L'(R™) N L?(R") be a function such that for some s > n/2 its
Fourier transform f(£) = [p, e72™<%*> f(z)dx is such that

1) | IR d < .

1) Prove that f € L*(R™).
2) You can assume as known that if f, f € L'(R"), then the following inversion formula holds

(2) flx) = / e2mSTE> f(€) d¢,  for ae. z € R" .

Use (2) and Part 1) to prove that if f € L'(R™) N L?(R") is a function such that (1) holds for
some s > n/2, then f coincides a.e. with a continuous function on R™.
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Problem 2. (20 points) Prove that if f(z) = xr(x), where R = (a,b) x (¢,d) C R? and xr
denotes the characteristic function of R, then the Fourier transform of f verifies f (&) — 0 as
&l = oc.

Hint: Start by computing the Fourier transform X(_4, 4) of a symmetric interval on the line,
then...
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Problem 3. (25 points) Consider the function K (z) = (47) "2 exp(—|z[?/4), z € R", and let

Ki(z) = t "?K(z/Vt), t>0.

Given a measurable function f : R" — R, define

Ff(r) = Kix f(z) = - Ki(x —y)f(y)dy .

1) Prove that for every 1 < p < oo, one has
lim [IP.f = Flluogny = O, for every f € LP(R").
t—

and that moreover for every 1 < p < oo
Pl ze@ny < [ fllLe@n) -
2) Prove that if 1 < p < oo one also has P; : LP(R") — L*(R") with
|PfllLoe@ny < (0) "% (4mt) 2P| || Loy
where 1/p+1/p = 1. Here, one must take (p')~"/?' =1 when p = 1.
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Problem 4. (20 points) Let
N(z,y,2) = ((@*+ )+ )", (2,y,2) €R?.
Using the change of variable
_ . 1/2 o - 1/2 _ 2
x = pcosfsin/ ¢, y = psinfsin/“¢p, z = p°coso,

with (p,0,¢) € Q = (0,00) x (0,27) x (0, 7), identify all values of p € R for which N=? € L'(E),
where E = {(z,y,2) € R3 | N(z,y, z) < R}, with R > 0 fixed.



Problem 5. (20 points) Use Lebesgue dominated convergence theorem to compute the limit

1 _l=?

. —e k

hm Tﬂdl‘ y
k—o0 JB(0,1) ||

where B(0,1) = {z € R" | |z| < 1}.
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Problem 6. (25 points) Let S"~! = {w € R" | |w| = 1} be the unit sphere in R™ and for every
A > 0 consider the function

() def / e—iﬁ<x,w> do(w) . reR",
Sn—1

where do(w) indicates the induced Lebesgue measure on S~ 1.
1) Prove that f € C?(R") and satisfies the equation

Af = =AF,

2
where Af = Z?:1 ‘37?;
2) Prove that if n = 3, then
flz) = 4W78in(ﬁ]x\) .
VAlz|
Hint: Use spherical coordinates in R? and then express the integral on the unit sphere S? =
{w € R3 | |w| = 1} as an iterated integral over the one-parameter family of circles Ly = {w €

$? |< w, & >= cosf} forming an angle § with the fixed direction % € S2.

] |]



