MA 54400 QUALIFIER, 1/4/2016

Each problem is worth 5 points. Make sure that you justify your answers. In
problems 4 and 5 a measure space (2, A, i) is given.

Notes, books, crib sheets, and electronic devices are not allowed. You need not
copy down the formulation of the problems.

1. Given a bounded function f: R — R, let

g(x) =limsup f(y) (= lim sup{f(y) : 0 <|e—y| <r}).

Yy—x

Prove that g is upper semicontinuous.

2. A subset X C R is called an F,—set if it can be written as the union of
countably many closed subsets of R. If h : R — R is continuous, and X C R is Fj,
prove that h(X) is also Fj.

3. Consider a function ¢ : R — R with the property that whenever a sequence
fn:R—=R, n=1,2,... converges uniformly, so does the sequence ¢ o f,,. Show
that this property is equivalent to ¢ being uniformly continuous.

4. Suppose () < oo, and F':  — R is bounded and measurable. Prove that

/qu:sup{/Gd,u : GSFiSSimple}.
Q Q

5. Let 1 <a<b<ooand € L*(Q, A, pn) ﬁLb(Q,A, 1). Denoting LP—norm by
|| - ||p, prove that the function

[a,0] 3 p = [l €R

1S continuous.

6. Consider functions u,v : [a,b] — R, u continuous, v absolutely continuous.
Suppose that at almost every = € [a, b] the derivative of v exists and equals u(x).
Prove that then v must be differentiable everywhere, and v = u on all of [a, b].

7. Let f : [a,b] — R be absolutely continuous and suppose E C [a, b] has measure
0. Prove that f(FE) also has measure 0.
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