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MATH 544 QUALIFYING EXAMINATION
January 2019
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Instructions: There are a total of 6 problems in this exam. A problem appears
on each of the following pages. Problems are worth 20 points each. Use the space
provided for the solutions, using back pages as needed.



Problem 1 (20-pts) Let (X,F, u) be a o-finite measure space. Let f and g be
nonnegative measurable functions with the property that

plaeXigle)> < [ @,
{zeX: f(x)>A}

for all A > 0. Prove that [, gPdu < [, f*'du, for every 0 < p < oo.



Problem 2 (20—pts) Consider [0, 1] with its Lebesgue measure m. Suppose {fx} is
a sequence of continuous functions on [0, 1] such that fi — f uniformly on [0,1] and
m{z : fi{x) <0} = 0, as k — oo. Prove that f > 0



Problem 3 (20-pts). Let (X,F, u) be a measure space and let {f,} be a Cauchy
sequence in L!(u). Prove that for all £ > 0 there is a § > 0 such that for all n,

/ |faldpe <,
E

whenever u(FE) < 4.



Problem 4 {20-pts). Suppose {f,} is a sequence of Lebesgue measurable functions
on [0, 1] with the property that every subsequence {f,, } has a further subsequence
{fnkj} such that f,, () = 1, as j — oo, for each z € [0,1]. Prove that if |f(z)| <

g(z), where g € L'[0,1], then f, — 1 in L0, 1], as n — oo.



Problem 5 (20—pts). Let m denote the Lebesgue measure. Let o > 1. Prove that
there exist I C [0,1] such that if Q = U, Ik, then

t
u(t) = / xadm > 0
0

for all + > 0 and
u®

tﬂ!

-0

as t — 0%. Show that v’ = X (w0}



Problem 6 (20-pts) Let 3 > 1. Prove that the limit
k r
lim [ (1+7) e P dy

k= Jy

exists and find it. Justify all your steps.



