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QUALIFYING EXAMINATION
August 2022
Math 544

Instructions: There are a total of 6 problems. A problem appears on each of the following pages.
Problems are worth 20 points each. Use the space provided for the solutions, using back pages as

needed. Remember that for an interval [, b] with its Lebesgue measure m we simply write f flx
for [, ;1 fdm, and similarly for open or half open intervals.

Write your solutions to each problem in clear, concise and correct English. Solutions must contain full
details and should be presented clearly so that the grader can follow your argument.



(i) (5-pts) Define, carefully, what it means for a function f : [0,1] — R to be of bounded
variation.

(i) (5-pts) Define, carefully, what it means for a function f : [0,1] — R to be absolutely contin-
uous.

(iii) (10-pts) Suppose f € LP[0,1] and g € L[0,1}, where 1 < p < o0 and g is its conjugate

o8 g e
exponent. Thatis, 5, +, = 1. Set

F@) = [ f®gta.

Prove that F is absolutely continuous on [0, 1].




(Extra page for work as needed)



(i) (10-pts) For x € [—%, 2], consider th
justifying all your steps) e sequence fy(x) = Lj_psin‘(x) and compute (fully

H—00

lim f_ i Fa(x)dx

o0 1 b o0 :
(i) (10-pts) Let Q = {g;}$°, be any countable subset of [0, 1]. Define the function f on [0, 1] by

oo, JCEQ

o o—k__1
f(x)m{zkﬁlz Vix—aed” *£Q

Prove that fﬂl flx)dx < oo




(Extra page for work as needed)



(20-pts) Let (X, F, u) be a finite measure space. Suppose {f,} is a sequence of functions with
Jx |fuldu = 5 for all n. Suppose further that there exist measurable sets E; C E;... increasing
to X (ie, UE, = X) such that f; |fyldy — 0, asn — co. Prove that the function g(x) =

sup,, |fa(x)| & L'(p).




(Extra page for work as needed)



(20-pts) Suppose (X, F, i) is a measure space with p(X) < co. Let {ci}o; be (strictly) increasing
sequence of positive numbers converging to infinity with the property that Ac; < ¢ forall k
for some 0 < A < 1. Prove that that a non-negative measurable function f belongs to L! () if and
only if

o«
cri{x € X o < f(x) < G} < oo
=1




(Extra page for work as needed)



(20-pts) Suppose f is measurable on a the o-finite space (X, F, ) with the property that for all
r >0,

p{x: [f@] >} < 5.

[ \flau < 2/uE),

Prove that

forall E € F.




(Extra page for work as needed)



Problem 6

(i) (5-pts) Let (X, F, ) be a measure space. Define convergence in measure.
(ii) (15-pts) For the two measurable functions f and g, define

— ol?
p(f.8) = fx%f%d#-

Suppose p(X) < . Prove that f, — f in measure if and only if p(fx, f) — 0.




(Extra page for work as needed)



