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Notation: Let F' be a field, let n be a positive integer, and let V' be an n-dimensional vector space
over F. Let S and T be linear operators on V.

1. (13 pts) If T" has n distinct characteristic values and S commutes with 7', prove that there exists
a polynomial f(t) € F[t] such that S = f(T).

2. (7 pts) Prove or disprove: If S commutes with 7" and a € F, then the null space of T'— al is
invariant for S.
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Notation: If K is a commutative ring and m and n are positive integers, then K™*" denotes
the K-module of m x n matrices with entries in K.

3. (6 pts) State true or false and justify: If F C C*** is a subspace of commuting matrices, then
dim F < 4.

4. (12 pts) Consider the abelian group V = Z/(5%) @ Z/(5%) @ Z.

(a) Write down a relation matrix for V' as a Z-module.

(b) Let W be the cyclic subgroup of V generated by the image of the element (52,5,5) in
Z/(5*) ® Z/(5%) © Z. Write down a relation matrix for W.

(c) Write down a relation matrix for the quotient module V/W.
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5. Let K be a commutative ring with identity, n a positive integer, and let D : K"*" — K be a
function.

(a) (3 pts) Define “D is n-linear”.

(b) (3 pts) If D is n-linear, define “D is alternating”.

(c) (3 pts) Define “D is a determinant function.”

(d) (4 pts) If n =3 and K is a field, what is the dimension of the K-vector space of all 3-linear
functions on K3%3 ?

(e) (5 pts) If K is the polynomial ring Q[{x;;}], where 1 <i <5,1<j <5, and A = (z;5) €
K5%5 then det A is a sum of monomials in the z;;. How many terms are in this sum?
Explain.



Math 55400 Qualifying Exam August, 2011 W. Heinzer

6. (8 pts) Let V' be an n-dimensional vector space over the field F' and let T': V' — V be a linear
operator. Assume that ¢ € F' is such that there exists a nonzero vector o with Taw = cau.
Prove that there exists a nonzero linear functional f on V such that T f = c¢f, where T is the

transpose of T

7. (8 pts) Let F be a field and let L be a linear functional on the polynomial ring F[z] having the
property that L(fg) = L(f)L(g) for all polynomials f,g € F[z]. Prove that either L = 0 or
there exists ¢ € F such that L(f) = f(c) for all f € F[x].
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8. Let V be a finite-dimensional vector space over a field F', let T : V' — V be a linear operator,
and let p(z) € F[z] be the minimal polynomial of 7. Assume that p(z) = p}*---p*, where
the p; € F[x] are distinct monic irreducible polynomials, ¢ = 1,--- ,k, and the r; are positive
integers. Let W; = {v € V' | p;(T)"(v) = 0}.

(a) (8 pts) Describe how to obtain linear operators E; : V. — Vi = 1,...,k, such that
Ei(V)=W,;, E?=EF,foreachi, E;E;=0ifi# j, and E1+---+ Ej = I is the identity
operator on V.

(b) (8 pts) If p(x) is a product of linear polynomials, describe how to obtain a diagonalizable
operator D and a nilpotent operator N such that T'= D + N, where D and N are both
polynomials in 7.
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9. (8 pts) Prove or disprove: if V is a vector space over a field F'and T : V' — V is a linear operator
such that every subspace of V is invariant under 7', then T is a scalar multiple of the identity
operator.

10. Let F be a field and let g(x) € F[z] be a monic polynomial.

(a) (4 pts) Describe the F[z]-submodules of V' = Fz]/(g(x)).

(b) (5 pts) If g(x) = 23(x — 1), diagram the lattice of F[z]-submodules of V = F[z]/(g(x)).
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11. (16 pts ) Let D be a principal ideal domain and let V' and W denote free D-modules of rank
3 and 4, respectively. Assume that ¢ : V — W is a D-module homomorphism, and that B
= {v1,v2,v3} is an ordered basis of V' and B’ = {wy, we, w3, wy} is an ordered basis of W.

(a) Define what is meant by the coordinate vector of v € V' with respect to the basis B.

(b) Describe how to obtain a matrix A € D**3 so that left multiplication by A on D? represents
¢V — W with respect to B and B’.

(c) How does the matrix A change if we change the basis B’ by replacing ws by we 4+ aw; for
some a € D?

(d) How does the matrix A change if we change the basis B by replacing ve by vy + avy for
some a € D?
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12. (20 pts) Let p be a prime integer and let F' = Z/pZ be the field with p elements. Let V be
a vector space over F' and T : V' — V a linear operator. Assume that 7T has characteristic
polynomial 2* and minimal polynomial z3.

(a)

Express V' as a direct sum of cyclic F[x]-modules.

How many 3-dimensional cyclic T-invariant subspaces does V have?

How many of the 3-dimensional cyclic T-invariant subspaces of V' are direct summands of
V7

How many noncyclic 3-dimensional T-invariant subspaces does V have?

How many of the noncyclic 3-dimensional T-invariant subspaces of V' are direct summands
of V7
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13. (14 pts) Let V be an abelian group generated by elements a, b, c. Assume that 3a = 6b,
3b = 6¢, 3¢ = 6a, and that these three relations generate all the relations on a, b, c.

(a) What is the order of V7 Justify your answer.

(b) What is the order of the element a? Justify your answer

10
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14. (10 pts) Let V be a vector space over an infinite field F. Prove that V' is not the union of finitely
many of its proper subspaces.

15. (6 pts) Let F be a finite field with |F| = ¢, and let G = {A € F3*3 | det A #0 }.
(a) What is |G| ?

(b) Let H={A€ G| det A=1}. What is |H| ?

11
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16. (6 pts) Let A € R™*"™ and let f1,..., f, be the diagonal entries in the normal form of I — A.
(i) For which matrices A is f; # 17

(ii) For which matrices A is fp,—1 = 17

17. (9 pts) Let A € R3*3 be such that det A = 3 and let adj(A4) € R3*3 denote the classical adjoint
of A.

(a) What is the product adj(A)A ?

(b) What is det(adj A) ?

(¢) What is adj(adjA) 7

12
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18. (6 pts ) Let V be a 4-dimensional vector space over the field F' and let 7 : V' — V be a linear
operator such that rank 7" = 1. List all polynomials p(z) € F[z] that are possibly the minimal
polynomial of T'. Explain.

19. (8 pts) Let F be a field and let V = F**4. Let W be the subspace of V spanned by all matrices
of the form C = AB — BA, where A, B € V. Prove that W is the subspace of V of matrices
having trace zero.

13



