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1. Let X1, . . . , Xn and Y1, . . . , Yn be linearly independent vector fields defined in

neighborhoods about p ∈ M and q ∈ N , respectively, where M and N are mani-

folds of dimension n. Let η1, . . . , ηn and ω1, . . . , ωn be the the corresponding dual

frames of T ∗M and T ∗N . Let f : M → N be a smooth map satisfying f(p) = q.

(a) Calculate the matrix of f∗ : T ∗qN → T ∗pM in terms of the matrix of T∗f at p.

(b) If g =
∑n

k,l=1 gk,lωk⊗ωl is a Riemannian metric defined in a neighborhood of

q ∈ N , and if G =
∑
Gi,jηi ⊗ ηj is defined near p by G = f∗g, then calculate

the matrix [Gi,j ] in terms of the matrices of g and f∗.

2. Let O(N) denote the set of n× n real matrices A, such that tA : A = I where tA

denotes the transpose of A. Show that A is a compact manifold.

3. Show that the de Rham cohomology group Hn(M) has positive dimension if M

is compact and orientable.

4. Using differential forms, show that real projective space Pn is not orientable if n

is even.

5. Let f(x, y, z) be a smooth positive function in W = Rn/{0} and define

F : W →W by F (x, y, z) = f(x, y, z)(x, y, z). Let

T = {F (x, y, z); (x, y, z) ∈ S2 and x, y, z > 0},

where S2 = {(x, y, z); |x|2 + |y|2 + |z|2 = 1}. If µ is the standard orientation on

S2, let T be given the orientation F∗µ. Calculate∫
T

xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy
(|x|2 + |y|2 + |z|2)3/2

.


