PROBLEM OF THE WEEK
Solution of Problem No. 4 (Fall 2014 Series)

Problem:

Show that if f is a continuous function on the reals such that f(¢) > —t for all ¢,

d
then if g(z) is a solution of the initial value problem d—y = f(y), y(0) =1, there
x

is no positive z such that g(z) = 0.

Solution 1: (by Rustam Orazaliyev, Senior, Actuarial Science, Purdue University)

f(t) > —t, VteR;
y'(x) = fly(z)), y(0)=1

Note then, y'(z) = f(y(z)) > —y(z) =y'(z)+y(x) >0
Let F(z) = y(z)e*. Then F(0) =1 nd Fl(z) = e"(y'(z) + y(:z:)) > 0, z > 0, so by the
mean value theorem F(z) > F(0) =1, x > 0, and so y(z) > e %, z > 0.

Solution 2: (by Tairan Yuwen, Graduate Student, Chemistry, Purdue University)

Suppose there exists certain positive x that g(z) = 0 and let’s assume the smallest positive

value can be found is z¢. Since g(z) is a solution of j—i = f(y), it has ¢'(zo) = f(g(x0)) =
f(0) > 0. Since g(xg) = 0 and ¢'(xp) > 0, we can find an interval (zg — €, x() such that
g(x) <0 for x € (xg —e,x0)(e > 0). Thus g takes on both positive and negative values in
[0, 29) and since g is continuous the intermediate value theorem guarantees there is a y in

(0, o) such that g(y) = 0 which contradicts our assumption that zy was the smallest 0 of
g.

The problem was also solved by:

Undergraduates: Sameer Manchanda (Fr. CS), Bennett Marsh (Jr. Physics & Math),
Yang Mo (So. Phys), Bryan Rainey (Jr. CS)

Others: Vanio Beccaccioli (Terni, Italy), Charles Burnette (Grad Student, Drexel Univ.),
Pierre Castelli (Math Teacher, Antibes, France), Hongwei Chen (Professor, Christopher
Newport Univ. Virginia), Gruian Cornel (Cluj-Napoca, Romania), Hubert Desprez (Paris,
France), Tom Engelsman (Tampa, FL), Ghasem Esmati (Sharif Univ. of Tech), Sachin
Kalia (Graduate Student, U of Minnesota), Peter Kornya (Retired Faculty, Ivy Tech),
Steven Landy (Physics Faculty, [UPUI), Wei-Xiang Lien (Miaoli, Taiwan), Matthew Lim,
Perfetti Paolo (Roma, Italy), Benjamin Phillabaum (Visiting Scholar, Physics, Purdue),



Sorin Rubinstein (TAU faculty, Tel Aviv, Israel), Krishnaraj Sambath, Luciano Santos
(Teacher, Portugal), Craig Schroeder (Postdoc. UCLA), Rick Shilling (Orlando, FL),
Aaron Tang (Student, National Univ. of Singapore), Bjorn Vermeersch (Postdoc, Purdue
Univ.)



