PROBLEM OF THE WEEK
Solution of Problem No. 6 (Spring 2011 Series)

Problem: The possible scores in the game of tossing two dice are the integers 2,3, ...,12.
Is it possible to load the dice in such a way that these eleven scores are equally probable?

Remark. “Loading” the dice means assigning probabilities to each of the six sides coming
up. The two dice do not have to be loaded in the same way.

Solution 1: (by Landon Lehman, Senior, Physics, Purdue University)

Let the two dice be called A and B. Let a be the probability that die A rolls a 1, and let b
be the probability that die B rolls a 1. Similarly, let ¢ be the probability that die A rolls
a 6, and let d be the probability that die B rolls a six.

Then the probability of getting a score of 12 when tossing the two dice is cd, and the
probability of getting a score of 2 is ab. If the dice are loaded in such a way as to make all
11 scores equally probable, ab = 1/11 and cd = 1/11. The probability of getting a score
of 7 is ad + bc + otherterms = 1/11. So
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We can rewrite this as
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But it is easy to show that, for any two positive numbers x and y
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This means that
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11c + 11a — 11
which is a contradiction. Therefore it is not possible to load the two dice so that each of
the eleven scores is equally probable.

Solution 2: (by Gruian Cornel, Cluj-Napoca, Romania)

Let us assign probabilities z; to the side 7 of the first die and y; to the side j of the second
one. Now the probability to obtain the score k is pp = Z ziy;, k€ {2,3,...,12}.
i+j=k



Suppose that po = p3 = -+- = p12 = p € (0,1]. Consider the polynomials P,Q, R € C[Z]

where P(2) = x1+x22+- - +262°, Q(2) = y1+y22+- - -+ys2° and R(2) = 1+2+2%2+-- -+
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210, Therefore for any z € C, P(2)Q(z) = Z Z ziy; | 2" = Z pri2z” = pR(2).
r=0 \i+j=r+2 r=0

This is a contradiction because deg(P) = deg(Q) = 5 and so each of them has a real root.
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On the other hand the roots of R are €,€2,...,e1% € C\ R where ¢ = cos % + ¢ sin 1—71T

Hence it is not possible to load the dice such that the eleven scores are equally nonzero
probable.
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